
Univ.of

Toronto

Library





Digitized by tine Internet Arciiive

in 2009 witii funding from

University of Toronto

littp://www.arcliive.org/details/p2proceedingsofs15akad





^ KONlNKLljKE AKADEMIE ^
y,"^ ^ VAN WETENSCHAPPEN -

/y.

-.- TE AMSTERDAM -:

PROCEEDINGS OF THE

SECTION OF SCIENCES

VOLUME XV
( — 2ND PART _ )

JOHANNES MULLER. - AMSTERDAM

: AUGUST 1913 :

i^ ^



(Translated from: Verslagen van de Gewone Vergaderingen der Wis- en Natuurkundige

Afdee'.ing van 28 December 1912 tot 23 April 1913. Dl. XXI.)

a

J- IS)

-pr.2

/::



CONTENTS.

Page

Proceedinors of the Meeting of December 28, 1912 and January 25, 1913 . 789

» , , » » February 22, 1913 1039

, » » , » March 22 and April 25, 1913 1237

<#«





7^^

KONINKLUKi: \KVI»KMIi: VAX WKTKNSOHAIM'KN

TK AMSTERDAM.

l'i:()('KKI)IN(4S OK TIIK MKKTIN(;

of Saturday December 28, 1912 and January 25, 1913.

I'li'slilfiil : I'rof. II. A. LoiiKNTZ.

Secvi'tiii'ij : I'rol'. 1'. Zkkman.

( Traiij^lated from; Vetslug van de gewoiie veigadeiiiig der Wis- cii iN'atuurkiiiidigc

Afdeeling van Zatcrdag 28 Decemlier U)l-2 en To Januaii 1<J18, Dl. XX 1).

C02SrTE2SrTS.
C. .1. C. VAN IliiOGKMH ^ ZK :mk1 J. NiKiAVKMiTTYSK : "Influence K)i tlie st'iiijons un respiratory

exclmnge durin}; rest iind during niusciUiir exercise.". (Communicated by I'rol'. C. Evkman},
p. TflU.

W. E. Kix<iKK and II. v. Tkiut: "The influence of the reaction upon the action of ptyalin."
i^Comniiinicatcd by Trof. C. A. l'KKKi.nAuiN(i), p. 7119.

W. 1)K, SiTTKit: "On ;ili,>iiu-pli(in ul' t;riivitatiiin and tln^ moon's lon<;itude." part. I, p. 808
part II, p. 824.

Krxst Coiikn: "The et[uilihriuni 'I"fti:ig<ina! Tin Uhninbir Tin.'' Coniinunicated by I'rof.

1*. VAN Ko.Miaii(iii), p. 8.39.

C \YiNKi.Ki:: *^(>n localised atrophy in tiie hiteral j^enicuhite l)ody cuusin;: nuadraiiti- liLMni-

anopsia of both the riijht lower fields of vision'
, p. 840. .With .3 i)latcs).

L. VAN IiAiiiK and .1. .1. van Eriv: "On the occurrence of metals in the liver" (Coinniuni-
Cii'-d bv I'nil. W. EiNrfiiiVKN

,
)i. S.MI.

F A. II. SniiiKiNKMAKKits : "IvpuHbria in ternary systems". I'art II, p. 8.i3, Part II I, |). 867.

.Iax 1)F. Vuiks: "Uii ciiniplcxes which can be built ii)) of linear con<^ruences", p 879.

A. SMrrs, .1. \V. Tk.I'.wkn, and II. \j df Lkkiw : "On the system i)ho:phorus." (Communicated
by Tnif. A. F. IIoi.i.k.man), p. 88.').

Hkndk. I)K Vkiks: "On loci, C(Ui^rncnci*s and focal systems deduced from a t^yistod cubic and
a twisted bii|U!idratic curve" 111, p. 890.

J. D. VAN DKU Waai.s: "Soiuc remarkable relations, either accurate or approximative for

difterent substances." p. 903.

Jan ok Vrik.s; "On metric jjroperties of bic|uadratic twisted curves." p. 910.

.I.\N DF. Vuiks : "On the corrt^spoiidence of the ; aiis of points separated liarmonically bv a
Twisted quartic curve. ' p. 9 8.

Jan ok Vuiks: .. On a line complex determined by two twisted eubics." p. 92a.

L. H. SiKitTsKMA: "Determinations of th" refractive indices of f;ases under high pressures,"
f2nd Communication: On the dispersion of air and of larbon dioxide'. (Communicated by
Prof. II. KAMKUi.iNiiM Onnks), p. !I2J.

M. \Y. Hki IKUIXCK : "On the composition of tyrosinase from two enzymes." p. 9.32.

W. viN OKR Wot'iiK; "O'l SrKiNKUiAX pciiuis in conni'xiun wiih .systems of nine ;.fjld points
of plane curves of order 3;." iCommunicated by Prof P. II. Siiioite;, p. 938.

II. Kamkkunoii Onnf.s and liKNirr l5KrKM\N: "On the change induced by pressure in

electrical resistance at low temperature.' I Lead. p. 947.

II. KiMKRi.iNoii Onnf.s and C. A. Crommei.in: "Isotherms of monatomic substances and of
their binary mi.xtures. XIV. Calculation of some thermal quantit es for argon p 952.

E. Matihas, II. Kamkri.ingii Onnf.s, and C. A. Crommki.in : "Ou the rectilinear diameter for
argon". Continued), p. 960.

II. KamkuuN(;ii t)NNKs and E. OosTKRinis: "Magnetic researches VII. On paramagnetism at

lo\v temperatures." (Continued), p. 90").

J. D. VAN UKR Waai.S: "The law of corresponding states for different substances." j». 971.

II. Kamkri.inoii C>nnks anil Bknot Bki kman : "On ihe IlArLcflict, and on the change in

resistance in a magnetic field at low temperaiures. VI. p. 981, id. VII, p. 988, id VIII
fi. 997.

T. Tammks: "Some conelation|)henomena in hybrids." Communicated bv Prof. J. W. Mui.i.\
p. 1004.

.Ion. II. VAN III Kivo.M : "On the connection bet^veen phyllotaxis ami the distribution oi the
late of growth in the stem." Coinmniiicatcd by Prof'. Wknt';, p. 1015.

I'll. KoUNsTAMM and J Timmkk.mans: "Exi)eiiinental investigations concerning the miscibilily
of iinuids at pressures up lo .'iOuo atmospheres." ^Coininunicated by I'rof. J. D. van uf.r
Waai.s), p. 1U2I.

J. P. VAN IJKR SroK : "On the interdiurnal change of the air temperature", p. 1037.

Proceedings Royal Acad. Amsterdam. Vol. XV.



790

Pliysiology. — "Injhienco of the sensons on n'spirntori/ crchauije

(liiiiiii/ rest ami dur'tiHi miiscuhir lurrcise" . I'>\ l>r C .1. (.'.

VAN HOOGKMIIYZI'. ailil Dr. .1. Nlll WKMRYSE.

(Goiiiiniiiiicaktl hy Prof. C. Eijkman in llit- meeting of Oclober '26, 19! 2).

Tlie |niniarv objecl nf our iii(|iin'v lias lioen to liiid out. w hotlier

muscular exercise increases the metabolism iii mau ;t> luucli iu the

cold as in the warm season.

We have taken the consumption of oxyjicii as the index of the

metabolism.

Since it is still a matter of coutrover.s\ , whether the seasons in-

lluence metabolism even (hiring rest, we have thought fit to deter-

mine also the absorption of o.Kvgen iluring rest in the same two

persons, who were subjected to the muscular tost. Besides, the gas-

e.xchangc has also been examined with two other subjects only

during rest.

A. Respiratory Gns-e.vchamfe during rest.

In 1859 E. Smith ') presented to the Royal Society of London a

series of observations upon the iidluence of different factors (i. a. the

seasons) on the gas-exchange in man during rest. The amount of

oxygen consumed was not determined, only that of carbon dioxide

given off. If we are to take the latter as a quantitative index of the

metabolism, Smith's experiments would prove that it is more intense

in the cold months and less so in the warm season.

Emkman') made similar experiments in lSil7 with improved means,

and moreover measured the quantities of oxygen. As known, the latter

afford a more reliable index of the intensity of the yielabolism. He

found no difference for the different seasons.

His opinion that the mctal)olism is the same in warm and in cold

seasons is also corroborated by his previous investigations ') made

in the East-Indies, from which it appeared that the amount of meta-

bolism of man in the tropics agrees with that of people in our parts.

b Philosophical Transactions of the Royal Society of London 1£59 p. C81.

^) C. EiJKMAN. Over den invloed van het jaaigelijdo o|) dc inenseliolijke slof-

wisseling. Verslagen van de Koninklijke Akadeniie van Welenscliappen In A dam,

8 Dec. 1897.

') C. E1.IKMAN. Beilrag zur Kennlniss des Stoffweclisels dor Tropenbcwohnei-.

Virchow's Arciiiv. Band 133. 1893, p. 105.

Idem. Ueber den Gaswechset der Tropcnbewohner. Pfliiger's Archiv. liand 64,

1896, p. 57.
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Sliorllv iK'forp \vr l:!i(l hroiiglit oiu- ex|)erimciil.s to a close, liiNn-

iiahd'i |iuhlisli('(| ;iii ;;i!i('lo, in whicli lie reports llio llncliialions of

i'es|iii-;iiiii\ i'\i'li;mtii' III the (lillcniii reasons, wliieli accord iiif^ to

liiiii inn |iaralli'| id ilic inlcnMl\ nl' llic >iuilifi;lit.

Il s(M'ins to us lioue\ef, lliai In-- values of the oxygen intake do

nol (lilftT snfticiently an<l arc loo inconstant to warrant such -a

conclusion.

For onr (tclcinmiaiioiis w c used Zi nt/ and (jki'I'kut's '') method.

The suljjecl. whose nose is shni dlf li\ a spriiifr-clij), breathes

thron{i;h a niout]i-|iiece, coi'res|)ondini; iiy means of a T-shaped tulie

witii two verv inohile .<!;ul-valves, one of whicii tran.sniits only the

air taken in, the other only the air whicli is exhaled, 'i'he latter

passes, without eneounteiing any resistance worth mentioning, through

a slightly aspii-ating gasometer, a constant fi'aclion of the expired

air being continually sejiarated for gas-analysis by means of a special

a|)|)aratns. Furtlieriuorc a Mipplc pig's bladder had been inserted

between the valves and the gasometer. This highly facilitated ex|)i-

ralion, as was a()paront from the working-experiments to be di.scussed

later on.

()ntside air was supplied through a shnrl ami wide india-rubber

tube, connected with the valves. The room whicli faced the Noi-th,

was constantly well ventilated tlii'ough the Ojien wimlows.

We e-X|)erimented every time under similar circumstances, i. e.

the experiments were made in the morning, alwa^'s at the same

hour, and willi the same interval after breakfast.

The breakfast varied for the several .subjects, but for each indivi-

dually it was the same. h"or a (piarler of an hour before ami during

the experiment, the subject reclined in an easy chair, resting (puetly.

The temperature of the room was taken, the readings of the baro-

meter and the sort of weather misty, sunny, frosty etc.) were noted

down.

Likewise the res]iii-ation, the nniiiber of liters of air exhaled, and

the time (in seconds) were recorded on a kymographion (Fig. 1).

The time the experiment took us, was also registered by a time-

keeper. Furtheron the relative moisture in the room was measured too

as well as the temperatui'e ami the degree of moisture under the

clothes.

Olii' subjects were four adults, all of ihcm employeil every day

'
) J. LiNDHARD. Seasonal peiiodicity in respiration.

Skandinav. Areliiv. f. Physiologie XXV'l p. !221.

-) Magnus-Lkvy. Ueber die Grosze des respiratorisclien Gaswechsels u. s. w.

Pfliiger's An-liiv. f. die ges. Pliysiologie. Bd 55. IMti, p. 9.

52*
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Jit ilie livgieiiii' lalioraiorv ;U rtrcclil. Their Itodv-woifrliis wei'e

widely iliHi'reiit ami <liil not i-liaiitre iimcli wiiii ilic saim' imlividiial.

J I.^.|.t>^l,«^^uJlJUM^lUt^^>l.^ u ^^xJ^lLUJ^JUJ.tAVAJ^JJ^JA«J. iii>< < ii>ii> 'r.'tJ.J Time (seconds)

r-inrinnrv ^'j~yy;xy~^j~]nnjru~'j- Hespiration

l^iU'is of ail"

exhaled.

Fisr. 1.

Tlie lowest teiii|ioraliire, al wiiieli we worlied was il^, the

highest 30°.

The experiments were made in Ma\ , .lime, -liilv, Se|iteiid)er,

Oetober, November 191J and in Jamuirv, Febniarv, and .Inly 1912.

There was only a small dilierenoe in the snmmer- and tiie winter-

attire. No overcoat was ever put on in cold weather nor was

any article of attire taken oil' in ihe snmmer. As serious errors

would originate in ease the snlyect should shiver, this was a point

of careful observation.

In looking; over our residls, in ihe lir>t |placc with regard to liie

amoiHit of o.xygeii, we notice raliier consideialijc liiicinalions with

Ihe same subject nniier a|)|iarently similar circumstances, which is

in accordance with the experience of other workers.

BknI'^dict '), for instance, fonnd in experiments with the same

subject under e(pial circumstances the following oxygen-cojisnmption :

194—218—169, sliowing as great a difference as 2(>7„.

We also fonnd with A', on 15—7—'12, at H(P, 7(>5,ri mm. baro-

metric pressure, relative moist ni-e of 52''/„, ihc \;tliu' 2r)(),(S, aiid on

16— 7— '12, at '.W and 7()5,r) mm. baromelric pressure, relative

moisture of 507o. '''e value 292. This yielils ;x difference of rather

more than 1.3" „.

It is obvious, therefore, that if wc wish to deuiDU.'-lralc seasonal

intluence, an extended series of experiments is required, and turllicr-

more, that oidy striking dilferences sliouhl be atti'iidrd lo. if we
lake the average of llii' resulls al a tempeialure l)elow I'A the

months of Nov. Dec. .Ian. Feb.) and of lliose above J l< (the other

months) we note:

') Bkxedict. TIh' inclabolisin ami energy Iraiisfurmalion of lieallliy man during

rest. iCanK'b'ii' Iii.--liliilinii ot Wasliiiiyton. I'ublicatiou no. 126, liJlU, p. 107.)
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The average 02-consumption in 8 experiments at temperatures of 4—13' C.

amounted to

252,4

min. 23Q,b

max. 285,1

The 0>-consumption in 21 experiments at temperatures of 14—30^ C. averaged
256

min. 222,2

max. 292

At the lowest temperatures (4 °) we found 260,7 and 283,1.

,: „ highest „ (30°) „ „ 256,8 292 and 271.7

111 E. Body-weight 83,3 Kilos (without clothing) Height 1,82 m.
Averages of results of all experiments ( 15)

CO2 O2 O2/O2
258,6 294,7 ,801

min. 219,6 min. 250,8— 15," „ below the average

max. 309,7 max. 330,1 = 12 '/„ above „

The a\erage Oo-consumption in 6 experiments at temperatures of 8— I3°C.
amounted to

290,8

min. 272,6

max. 330,1

The average 02-consumption in 9 experiments at temperatures of I4-26°C.
amounted to

297,4

min. 279,9

max. 3284

W. K. Body-weight 58 Kilos (without clothing) Height 1.75 in

Averages of results of all experiments (16)

CO, O, CO2/O2
175,1 200,2 0,874

min. 152 min. 172 i^U'o below the average

max. 205,9 max. 238,6 - 19 "; , above „ „

The average O^-consuniption in 4 experiments at temperatures of 3 -12' 2° C.

amounted to

207,7

min. 177,7

max. 228,6

The Oj-consumption in 12 experiments at temperatures of 14—30° C. averaged:

197.7

min. 172,0

max. 238,6

Our endeavours lo delocl any inllnence of llio seasons on llio

earbon-dioxide oliniinalidii. ilio liilal air, and the niiinher (if lesjii-

rations per minute proved as fniitK'ss as they had lieon iti asicr-

taininfr such inllinMicc on Ihe o.xygen-consnniption.

1). Uisftiialoii/ (Tii.i-t'.rchd 11,1/1' du-riiKj iituscnlitr exi'rcis,'.

I.ilile has been written as yet about ihe inlinenoe of mnscuhir

work on the respiratory cxcljange in the several seasons.
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K. Smith loiiorlcd in liis imlilicatioii, of which ineiilioii lias .ilroivfly

been made, liial e(|ual iiiiiscnlai- work lias a greater iiilliiciice on the

respiratory exchange in vvinlcr than insnininer; his exiierinienlation,

howev(M', docs not, in our o|iiiiioi), \-ouch for liiis conclusion.

Onr ^^\perinlenls wore inaile m llic nionllis of .March, .\|iril. .May,

June, and July 1912.

We proceeded as follows. The e.xperiinenlation look place in the

afternoon, al the same hoiii', shortly hefore dinner, in order to

give scope to the presumable influence of close heat. We were

sitting on a bicycle without wheels, placed on a stand. A rotatory

disk had been iixed at the |)lace of the large chain-wheel. Round

it a steel brake-band could be tightened or slackened to render the

work more severe or lighter (Fig. 2).

Spring-balance

Wire

Fig. 2.

The upper part of the baud was counected witli a spring-balance

by means of a long wire. When the adjusting screw "was tightened

the friction increased and the band was taken along by the disk,

while the pedalling continued, which caused the springbalance to

register a higher figure. The increase, however, was not such as to

alter the static moment materially. P)0lli the bracket-spindle of the

bicycle and the rim ot the disk were eoiitinuallv beins oiled tlui-ino-

the experiment.

The pedalling rate was regulated by a inetronoinc. ticking 133

times per minute.

Uefore the subjects, both skilled cyclists, started pedalling, a deter-

mination was made, while they were quielly seated on the bicycle;

which involved only a very light static muscular activity. In the

subse(|uent period of ih" e\|)eriment the subject was pedalling for

a (piarler of an hour, wiule breathing freely and after this for five

minutes, while breathing through the valves. Only then the estima-

tion was performed, while the subject went on peilalling; we then

could reasonably presume dial a condition of e(pnlil)rium between

internal and external gas-exchange had been establisiied.
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Tlie liieatliing llironirli ilu- valves tor llic space of live iinmilcs

previous lo llii- csliiDHlioii, served 'o |ire\eiil a -nmew hai irregular

res|iiralion thai iniji:lit possiliiv arij^i' in lin- iransiiion iVuiu tree

Itrealliiiif: to re>|tiriM;i: tliroii^li llie valves. In the iiilei-\ ,il I lie tempe-

rature ill llie frasoiiieler attained its new ecpiililirinm.

Tliroii^liont the whole experiment an assistant had to wat<'h the

sprinirl)alance. which was lo iioint to ilie same mark. In case of a

de\iation, tin- liand was at once shu-Uencd or tijrhlened during the

pedalling, which did not canse anv distiirliance.

The work done was calculated hv midtiplving the circnmference

of the disk, i.e. the distance covered after one i-otation. Iw the weight

indicated on the springhalance. Iw the nninher of rotations per tinie-

nnit and b\ a correcting factor',. This siiowed an amount cd' labour

of -l-IHOO K.(;..M. per hour.

The e.xerlion recpiircd for ihc work, was not such as to exhaust

the subjects. Still, at the finish of the experimcni ihey felt tired as

if thev had been cycling a long distance.

Our results are the following:

I [/ w )
sitting qiiictiv (a):

'• ^- "
i pedalling (6):pcaalling

Aviages of all the experiments (12} made in March, April, May, June, July 1912,

lowest temperature 12-, highest temperature 30-:

CO2 per min. O2 CO^

\ ocAo niin. 299 ma.\. 386,8
a

^
^»u,» ^.jn ^

b
) 868,4

The average of 8 experiments below 21 '2°:

CO, O2 ca,

Q2
\ OTJQ "lin 299 max. 358,8

^
I

^'^'^
323,5 U,8448

863,4 0,8643



I,
w (sitting aiiietlvo:

" '^- Ipedalling b:

Averages of all the experiments (14) made in the same months;

lowest temperature 12'^, highest 31°:
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Tlic lowest value of ilic warm period in //'< experiments (1052)
is distiiR'tIv iiigher tiiaii tiie highest of the cold period (988.5).

Likewise with A' viz. the one 977.2, the other 922.7.

On the davs of the higher values either snltject felt, as if the

muscular work rerpiired d greater physical exertion than on other

days, though they were both in good liealili and followed their dailv

routine.

lu iinting ihe average increase of liie alisorpiidu of o.wgen, result-

ing from Ihe pedalling, we find:

with r. //. I.eh.w 2(ti° 863—323.5 =r 441.")

above 21 i° 1277—244.5 = 933.2,

a difference of 491.7 (nearly 112°;).

With A' below 21.1° 791 -2ti8.8 =ir 522.2

above 20^ 1034.9—260.8 zzr 774.1,

a difference of 251.9 (rather intu-e than 48%).
The numbers e.xpressing the carbon-dioxide output are lunning

parallel lt» those indicating the oxygen-intake. This tallies with the

a|)proximale accordance of the respiratory (|U()tients of the experi-

ments made at a temperature higher than 20'/,° and 21'/.^°, with those

of the other experiments.

In the case of A' the tem|)erature under the clothes, on the

cessation of the pedalling was 35 357,° C-'., the relative moisture
65— 90»/„, throughout liie whole period above 20^°. In the period

below 20.;° the former varied from 30° - 34°, iIk- lalici- from
30» „-47»

,..

With r. //. liiose values were:

in the period above 21 i° : 34— 35'/.,°

90—lOOVo
.. „ ,. below 21 J°

: 30— 34",

40- 75"',,

As regards the respirations per miiiule an i the tidal air at llie

end of the |iedalling experiments we find :

number
of

average with I'.//, below 21.i°

above 21.1°

uiili A', lu'low 20i°

a()ove 20.^°

We see, therefore, that the number of respirations per minute
remains fairly constant, whereas in Ihe warm season the tidal air

is considerably augmented, viz.

respii-. per
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with I'. //. ail incrciisi' (if more liiiiii •^•i",„

.V „ 197,,

Wc liiue prcxioiislv i-cin.irki'tl, lli;il llic iricrcascd r('s|iiriit(ir_v

excliaiifje at a liii^lKM' tc'iniicratiirc cannot lie atli'ilnited to this,

sceinji: lliat the (letenninalion had iidt hccn made, until an u(|iiiiiln'iiini

liad presninaiilv heen established lietween internal and exlernal y;as-

excliaiige. Indeed, the O.-eonsiiiniition and the ('().^-e!imiiiatioii iii-

oi'cased more eonsiderahlv than the tidal air.

Our (^\|)Ofiineiital e\ ideiiee si/eiiis to show that nmsculaf work at

a hiij,h tein|)eialiire is less econoiiiical than al a l.iw leniperatm-e,

and also that this dilference is more marked willi one sui)ject tlian

with another.

The inerease of i^jas-e.xchan^e parallel to the rise of tem[)eratiire

was not gradual, but sudden at 21"— 2"2°.

Physiology. — "The injiuenci' of tin' react'ton upon the action of
pti/a/iif. By Dr. W. E. Rin(;kr and H. v. Tkigt.

(Cominiinicatci! by I'rof. Li. A. Pekei.harini; in the meeting of November 30, 1912).

One of us (v. Tr.) has for some time l)een studying the eflect of

diet on the aetion. of the diastatie enzyme of the saliva, to whioli

the name ptyalin has been applied. The results of other researchers

into tills subject are to some extent conflicting with each other').

Nor do v.\N Tkigt's experiments positively demonstrate an inlluence

of diet. Though, taking one with another, they seemed to point to

an intluence, oecasionally there appeared striking deviations without

our being able to lix upon the cause, so that we did not know
what to make of the results.

This experimentation was conducted .as follows: saliva was added

to amylum solutions and after some time the reducing power of

the solutions was determined. This method involves the risk of tluc-

tuations in the reaction of the tluids, e.g. such as are brought

about by the tlask-wall or Ity carbon dioxide from the air, since in

approximately neutral tluids without regidating-mixtures the reaction

may be considerably slul'teil liy a trilling disturbance. This would

account for the striking deviations mentioned just now, recent researches

having shown that slight modilieations of the leaetion markedly

affect the activity of enzymes.

Now if, in prosecuting our experiments, due care being taken all

') Cr. Hammaesten's Lelirbuch der pbysiologiiclien Cliemie.
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the time to obviate a\\\ noxious iiilliience of the tlask-wall or of the

rarlioii-ilioxiile ii|K)n the reaction, we should detect nnniistakaltle

inllnence of llie diet, this might he* owing to various causative fac-

tors. First of all the concentration of the enzyme miirlit have been

altered by the diet. In the st-cond place ihe orLranisni might elli-

ciently alter the coiiccntraiinnv of the ions, which are so material

to the action of the enzyme, especially the II- and (>H-ioiis, as well

as Ihe ('l-ions and others.

We Ihonght pi'Oper-, therefore, In caiilioiisly wuich liie intinenco

of the 11- and <>H-ions in order to asceriain by subsequent experi-

ments, whether variations in the activity of the enzyme are to be

attributed to changes in Ihe concciilralions of ihe said ions. Moreo-

\ei', an accurate knowledge of the inlluencc of these ions may lead

to a clearer insight into Ihe action of the enzyme.

Previous incjuiries into liic I'tfect of acids and alkalis on the action

of ptyalin yielded rallior contradictory results'), tVoni which it was

supposed that either acids or alkalis acted favourably.

As a rule we used in our investigations the methods employed

by SoRENSEN ') in his remarkable experiments on enzymic actions.

We adopted the following course:

tillered saliva, designated "enzyme"' in Ihe following tables, was

made to act at 37° upon J'/o amyluni solutions. After the action of

the enzyme had been arrested by heating il wa^ cslinialed by the deler-

minaliou of Ihe reducing [tower of the digesliou-lluid, of Ihe rotatory

power anil by reaction with iodine. Various reactions were given

to amylum solutions. To obtain ihem and to maintain them constant

three buffing- or regulating-mixtures were applied, viz.

1. |ihosphale-mixlures,

2. cilrale-inixlnres,

3. acetate-mixtures.

The process of digesting lasted 2i) iiiinuii'> for all series of expe-

riments but one.

1 . Erperiinents •vith p/tosphute niLvture.'i.

(all the glass vessels had been exposed to stoairi for 1.") minutes.)

Into Kni.KNMi-,i.ii:R-flasks i Jena-glass), ca|iableof holding :500 c.c. were

placed ;

JO c.c. of a phosphoric acid solulioii 1.4H5 n., varying amounts

of sodium hydrate 0,5670 n., and walcr ii|( lo .-)() o.c. To this 200

1) Cf. Hammarsten's Lelirbuch iler pliysiologischen Clifinie.

-) Gompto.s leiulus iJes travaii.x tin Labora'oire de (Jarlsberg. >ime Vol. Ir. Li-

vraisoQ 1909.
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c.c. dl" the iuiiyliim solution was added liy means of a |)i|)Olt('. As

a matter of etmrse, all tlie tests of the same series were made with

the same freshly |ire|)areil solulioii winch was olitaiiied hy mixing

25 i;r. of dried amyhim with one liiiM' r\' water and heating it to

the boiling point, while sliri-iiig the lliiid and maintaining this tem-

perature for about a minute. After cooling the mixture was made

U|) to 2 liters ') and filtered ihrouLih glass-wool oi' mii'^bii.

The tlasUs holdinu- the |)hospliale-nM.\tures and the amybim, were

first heated to I^T" and then maintained at this temperature in the

thermostat for at least '20 niinut(>s pre\ions lo ilic addition of ihe

enz^'me. After the I'li/.yme had been working imi for 20 iniunles, ilu'

flask was dip|)eil into a boiling water-bath and was constantly and

regularly moved, always in the same maimer, till a temperatui-e of

90° was reached, so that every time the action of the enzyme was

arrested in the same way.

The reducing power of the cooled lluid was deleruiined after

Bkrtkand and was e.xpressed in m. (ir. copper- per 100 c.c. of the

fluid.

The determination of ilie reaction was performed electrometrically.

The hydrogen-electrodes were treated after Hasselbach's ") shaking

method, and measured by means of mercury -calomel-electrodes with

normal and '/lo 'i potassium chloride The reaction is expressed in

p// : the negative logarithm of the hydrogen-ions-concentration.

The following tables show the results of the most important series

of experintents.

1st Series of experiments. Enzyme v. T.

^^°^'
. NaOH H.o' Amy- En- ^'l^"^' Rotation

'

iuni zyme
,

^^ ^-j^.
iodine reaction

c.c.
I

A '
' minutes

'', solution

c.c.
c.c. c.c.

^H

1
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2d Series of c.rperiments. Enzyme R dihited with 3 vol. of water.

.'''!''''".. NaOHIH) Amv- En- ''''.'''''
Rot<.ticui

Nr. pnof'-.a'-""' "
luni zvme '7-" Iodine reaction />«

c.c, ,. minutc'^
(11

XI .
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tlieii, llial |ili(i^|ili,ilt'iiii\ime- arc iiiliilMli\c Id llie ui'lioii; li'ss .'-din

higlilv diliili' lliaii in llic cdiicentrateii sdlnlimis.

2. Kcperniii'uts inth <-ilriit(-iiii.i tiiri s. A cilraie sululidn \s a^ niaiio

from 275 ^i'. df |Hno ritric acid '|)rd aiialysi\ 105 gr. of NaOH
(Mkuck's e nali'id |ird analvsi ami water In I liter. 20 c.e. dl' this

eiti'ate soliitioa (liiiileil with water td 250 {{. \iei(le(l /;//^4.!)15,

4tli Series of e.vperiincius. F-jizyim' A'.

I

Citrate NaOH
Nr. solution '

c.c.

H2O I
Amy- En-

'^f.^",'^" Rotation!
i..n , ,.,„., [ionlum I zyme

c.c. ' c.c. ' c.c
m (Jr.

Cu

Iodine reaction
minntes

Ph

10

10

10

10

10

10

10

14.7 25.3 200

19.57 20.43 200

19. 9420.061 200

20.40 19.6 200

21.3 18.7 2U0

22.1 17.9 200

23 17.0 200

2 247.60 195 bluish-violet 5.99

2 357.15 189
1 reddish-violet 6.49
I

2 380.15 189 red, shade of violet 6.526

2 380.65 188 reddish-brown 6.62

2 396.00 187 reddish-brown 6.73

2 358.65 187 red, shade of violet 7.09

2 1183.15 1 197 ,blue, shade of violet 7.425

Sth Series of experiments. Enzyme R diluted with 1 vol. of water.

Nr.

Citrate NaOH
,
H2O Amy- En- '^j^q^'^' Rotation

solution
c.c

lum
c.c.

zyme
c.c.

m.Gr.
Cu minutes

Iodine reaction Ph

1
]

2

3

4
I

I

5

6
I

I

7

8

9

I

5.0

8.20

9.78

10.20

10.65

10.90

11.05

11.30

11.60

40

36.8

35.22

34.80

34.35

34.10

33.95

33.701

200

200

200

200

200

200

200

200

200
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'A. Erjii'rhiii'nt.i irit/i <irctiiti'-iniitnres. A snlnlit'ri of st»iiiim areialc

170 {ir. per lilcr^ was mixed witli diirerent (|iiaiiliiies of 1 "/„ acelic

aciil. The lollowiii^ pxporiiiionis were iiiad*

;

6th Series of • vpinmcnt-^ 1 n?yme R. diluted with 3 \ol. of water

Acetic I

Acetate acid H.O Amy- En- .-

Nr. solution solut- luni zyme q
c.c. ion c.c. c.c. c.c.

(' c

Reduc-

Lu

Rotation

minutes
Iodine reaction ] ^//

1
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^th Scries of cxpcrimcnls. Eiizymu R ililiited with 1 vol. of water.

H^O Amy- En- '"'[q,^^' Reaction (deterniiiied at 18°)

Rogulating mixture' luin zyme (.

c c, C.C. c.c. ^;,; hi

none 50 200 2 318.20 electrometrical determination
not practicable on account of

the lack of electrolytes. Neutral
behaviour to litmus, so

I 245.0,^ 7.07b 10 c.c.phosphoric acid 19.4 200
20.6 c.c. NaOH

c lOc.c.phosphoric acid 23.75 200
16.25 c.c. NaOH

425.15

d 10 c.c. citrate, 20.45 200 2 221.55
19.55 c.c. NaOH

6.50

6.468

a <'()n)|)aris()n Ijclwrcn cilrale aii<l |)lios|)iial(' shows llial iiiliil)itioii

is luucli stronger with the loniicr Ihaii with the laller.

From llie removal of ihe ()|)timal reaclioii losvards the neiilral

point, as well as from the (esis pnblished in thi.s paper, it is a])pa-

rent, that eilrate inhihiis mosi strouuly on the side of the minor

y^y/'s, and lliat this imi)ediii,u- aclion weaken.s towards tiie neutral

point.

The optimal reactions being identical in phosphate- and acetate-

inixdires, il was likely, that either of them should slacken the action

of the ptyalin in the same way. The following test illustrates the

fact thai, if the reactions are the same, both mixtures equally affect

the enzymic action.

Sth Series of experiments. Enzyme R diluted with one vol. water.

Regulator
H2O Amylum Enzyme Reduction

c.c. c.c. c.c. mGr. Cu Ph

a 10 c.c. of acetate 35 200
5 c.c. of acetic acid

b lOc.c, of phosphoric 26 200
acid 14 c.c, NaOH

2 489.2 5.886

2 483.5 5.886

We now passed on to impiin- how this intluence of the reaction

upon the action of ptyalin is to lie accounted for. It may indeed be

imaiiined, that H-ions favour the i-n/.ymic action, biu how is it then
that lieyoiid Ihi' optimal -•// ilicy largely impede ihe activii\-. Is ii

perhaps to be attributed lo an injiu-y to the enzyme? in order to

lind this out we made the following experiments:

53
Proceedings Royal Acad. Amsterdam. Vol. XV.



s(iri

9''' Series of exprrimmfs.

a. 10 c. 0. of phosphoric ariil. lii c. c. ol" soiliiim hvdralo and

27 c. c. of watri- were mixed at nioiu-leinperatnrc wiili a iiiiMiire

of 25 0. e. of enzyme R -|- 25 c. c. of water. We i-xamincd iliiccllv

llie activity of tliis mixture, in wliich the enzyme liatl been diluted

four times. It was subsequently waiineil to and maintained at 37°,

while at various intervals Uic action was noted, every time by

allowinii' 2 c. c. to act upon mixtures of plio-<pliate and aniyluiii of

the o])timal. reacliini.

Nr.
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Our results sliow Ihat llio iMi/.vnic i> iml \ <;t injiin-d at /;//= 5.5,

lull is ^ii-iulually iiijiiicil ai /*//= 4.095. However, in view oi \\io

i'c'iali\elv short duration (20 iniii.) of the tligestioii-e.xperiinents de-

sci'iheii alioxo, the injury is, even in the case of /;// ^ 4.095

only of small account. We conclude, therefore, that tiie iidnbitorv

iutliu'uco of ihc ll-ions in concciiUalious hi-vond ihr o|)tinial is not

aitrihuialilc to injury to the cn/.vnie.

In addition we have also tried to ascertain, whether the enzvniic

activity is weakened in iluids made sliuhtl_\ alkaline.

c 10 c.c. of phosphoric acid, 27 c.c. of sodium hydrate, J 3 c.c.

of water. Addition : 25 c.c. of enzyme R -f- 15 c.c. of water, all the

Mniylum solutions as in the preceding test, ji// of the eiizyme-

nnxtnre 8.718.

Time (minutes) dining
D„fj,,rtjnn Rotiti

Nr. which the enzyme-nii.xture ^e°l"C ion Kotati

was maintained const, at 37° ^^'^- ^"
on

minutes Ph

1
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mined In |ilms|ili;ilc- ami acclate-niixiiiics, we foniid at pn = 6.0(t

an optimal rca'-lion m the aetion ol' llif enzyme. On either side the

action decreases, first sloulv, al'terwards ra|)i<ll_\ . Even at /*// = 4.r)

and 7.5 it is sto|»ped almost com|ileIel_v. .\t tliese ////'s iiijui-_v to

the enzvmc is out of the (picstion during liie whole time of the test.

The place of the optimal />// does not change even when tiie digestion-

time is five limes the ordinary diiiaiion. Tiu- inllnence of cilrate-

mi.xliires is niwch more inliihitorv than that of pliospliate- and acetatc-

mixlnres. The iidiihition is energetic especially vn the sitle of the

ndnor /'//'s. This accounts for the fact that in cilrato-mixlures the

optimal reaction has shifted towards the neutial point.

Astronomy. — "On Klisorjilioit of i/nivito/ion and the moon's

lonyitude." Hy I'rof. Dr. W. w. Sittkr. Part I.

(Communicated in llie meeting of November 30, 1912).

llv absor|)tion of gra\italiou we mean the hypothesis lliat the

mutual gravitational aiiraciiou of two bodies is diminished when a

third hody is traversed by the line Joining the first two. If this

absorption exists, it will uKUiifest itself by diminishing the attraction

of the sun upon the moon during a lunar eclipse. Therefore, in order

to test the rcalily of our liy polliesis, we must f(unpule liic pertur-

bations in the longitude o'i liic moon which are a conscipieuce of

this decrea.se of attraction, aud compare these computed perturbations

with the well known deviations of the observed longitude from that

derived in accordance with the rigorous law of Newton. Nkwcomb,

in the last paper from his hand (M. N. Jan. Jl»09) has put before

the scientific world the great problem of tliese deviations or "tluctu-

ations" in the moon's longitude. Tiiey can be represented by a

term of long period, for which Nkwcomb tiiids an aiuplitude of

J2".95 and a period of 275 years (great fluctuation), upon which

are su|»erposed irregular deviations (minor fluctuations), wliicli amount

to not more than ± 4" in Nkwco.mhs representation. Mr. K. K. Ross,

Nkwcomu's assistant, iias afterwards represented these minor fluctuations

b\ two empirical terms having periods of 57 and T^ years and

aiuplitiides of 2".!» and ()".8 respectively (SI. N. Nov. 1911;. The

oulsiundinji residuals are very small: after 1850 they .seldom reacii J".

In the years before 1850 the iiiinor tluctuatioiis are not so wril

marked, probaliiy because owiii'.; to the suiallci- nuuibcr and uieatei'

nncerlainty of the avaiialilc obsei\ alioii-^ too iiiaiiy years ha\e

been combined in each mean result.
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Till' i(le;i of cx|i|jiiiiiii'j,- llicsr lliiclnaliniis liy aii aliMir|iliiiii of llie

^raviliUioiiiil atliwtion n!" the miii ii|iiim llio iiiooii li\ ilic cartli

(liiriiif^ lunar eclipses, has t\i\- Ilic liisl iimc hcen |(nliliclv wdrked

(iiil li\ All'. UoTTLiNUKR '), llic iii\ es(iii,ali(iii having been [H'oposcd as

lilt" snbjort of a prize ess'U li.\ the philosophical facnilv of the

University of Mnnicii. I had also towards ihe end of 1909 com-

menced a sinnlar investigation, which was however of a preliminarv

cliaracter and, as it did not lead to jtositive resnits, was discontinued

and not [)ublislicd. Tlic publication of .AIi-. I'lOTTLiNCiKu's dissertation

led me to resume Ihe in\ esti<ialion.

The decrease ot thi' alliaction of ihe sun upon the moon can be

taken into account b\ adding to ihe forces considered in the ordinary

lunar theory a perturbinii- force acting in the direction of the line

joining the sun and the moon, in the direction away from ihe sun.

If the sun and moon are Irea'.ed as material points, this force is

in' ii„'in''a''

II= ^^=-^~(l-2a)^. (1)

The meaning of the letters is :

/»'= mass of the sun,

»', ri' =: mean motion and mean distance of the earth.

)i, a = the same elements of the moon (osculating values),

n„, a„ = the mean values of these elements,

A, /•' =: distance of sun from moon and earth,

a = a^'a' id = ii' jii^.

The elfect on the elements of the moon's orbit can be coniiiuted

by the ordinary formulas. The perturbing forces are:

radial force H cos ^ cos {^—i'),

transversal ,, H cos
t^ sin {^—§')i

orthogonal „ — H sin (i,

where s and s' are the selenocentric longitudes of the earlh and sun,

and ,i is the selenocentric latitude of the sun, the moon's orbital

plane being taken as fundamental plane. For the instant of central

eclipse we have t^— ^' =: 0- The transversal force therefore changes

its sign during the ecli[)sc, and its total elfect is very nearly zero.

The effect of the orthogonal force is entirely negligible. In the

expression of the radial force, we can put cos {^—?') ^ 1. We have

further with sufficient accuracy

(J= .s, S = »• + 180°, ^' = H-\

1) K. V. BoTTLiNGEH. Die Clravilationstheurif uiitl die Hewegung des Mondes.
Inaugural-Dissertation (Miinclien). ivil'2.

See alsu "Tlie Observatory" November IVU-J.
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where

.s=rllic moons latitude,

//', w' = true longitudes of moon and sun.

The radial force thus becomes Hcos.s. It is easily verified that the

moan motion ; whose perturbation must be tirice integrated to give

the jicrturbalion in longitude) is practicalk tlie only element which

need be considered. We find

dii

It' al/i_,
: IJ COI< S=

»/r=^
:CO*-.S (2)

where v is the moons mean anomaly. For the excentricity e we

must use the osculating value. The mean value will l)e denoted by

e„, as for the other elements.

During the eclipse we can for the coordinates and elements of

llie moon use their values for the epoch of central eclipse. We then

lind for the addition to » as the effect of one eclipse:

+ T +/
1—2« /a'\''' rt„ e sin V r

cos s I •/. dt, . (3)
I— e' J

dn
rdn \—2nfa\

T —T

wliere the time is counted from the middle of the cclii»se, and 7'

is the half duration.

Now assume the absorption of gravitation to be proportional to

the mass of the absorbing body. We have then y. = jt.y, where y is

the coefficient of absorption and n the mass of that part of the

earth that is traversed by the "ray of gravitation". This ray of

gravitation, i. e. the infinitely thin cone

enveloping the sun and moon, which

are considered as points, by its motion

(luring the eclipse cuts an infinitely

liiin disc out of the body of the earth.

In the plane of this disc take two

coordinate a.xes, of which tlie axis of

.V is parallel to the line joining sun and

moon at the instant of centrality. If

then It is the density and d\ antl .i\

'ray" enters and leaves the earth, we haveare tiic points where the

->
Further wc iiave
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chi =z . r — . dt
L dt

dw
r—
dt

Consequently :

+ 1

(\ A- a\y rr
'., dii.i-'-'^Hh-

dt

Tli'^ (Innl)le integral must be taken (nor the entire surtuoe of the

alidxc considered section of the earlli, and represents the mass of the

intinilel\ lliin disc, lis \aliie therefore (le|)ends on (lie distribution of

mass within the body of ihe earth. Like Bottlinger 1 take the dis-

tril)ulion accordinu,- to Wieckert, i. e. a central core of density (f, := 8.25

suri-ounded by a mantle of tlensity d, ^ 3-3(). The radius of the core

is A', = 077 R. If we call D the radius of the above considered

disc, we can take D^R. —°^, where 7'„ is the iialf-duration of the

ecli|>se computed with the meaii elements of the moon's orbit, i. e.

the value which is given in OrroLZER's Canon dcr Finsternisse, ex-

pressed in minutes of time. Tiie number 112 is the ma.xinium of

this half-duration.

We then tind easily, in the case when the section is entirely in

the outer mantle

. T.
(J dx dij =r rr /?M,

Jj' \12

and wiien it also traverses the inner core (i.e. for 7'„>71.5).-

£!'(> d..- dy = .T R^-d,
j

1^.5

(i Y2)'-
"•'^'

Now put, in the first case

J„ = luO( —

^

112

an( I in the second case

,/„=rlOO j2.5rAY_O.62
j.

The function .7,, wliich is thus detiue'd, is tabulated m l>r. BoTT-

linger's dissertation, with the argument 1\. We have now
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i y.(ll = (1 4- u).TR'(f,y

_T 100 )• -

(4)

dt

and lliis value niiisi l)e sulititiited in tlie formula (3;. In iloing

lliis. we can eillior express tlie coordinales and veloeilies in llie

osculating eleineuls, or the latter in the former. h\ tlie well known

formulas

1 1 + « cos V dr ane sin v

r
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The coordiii.atrs of itir hkkhi arc develop"'! in lli<' lunar theory

in series dt'peiiilin^ on tlie I'oiir argmneiils /, /', /•' and I), where

/ and /' arc the mean aMt)nialies of the moon and sun, /'' the mean

argument of the moon's hitilndc, and I) the diU'erence of the mean

lonjiitudes (»f tiic nu)on and sun. l"'or the miutn o|)|)Osition \v(> have

/> ^ 0. 'I'hc other thi'cc ar^iitneiits are contained, under the names

of 1, II and 111, in < >1'1H)!,zi;k's "Tafein znr Meroohnung der Mondlin-

sternisse". We have

9
l, = If, l'= ^ I, IF, = ~ (7//—37.66)

' 10 '10 '10 '

l>enoting the mean lony:iludes by ;. and /.', Jviid the true longitudes

l)y ir, in' , we have

w = X
-I-

ril 4- Zi A, w =r A' + dl,

where

5 .

61 =z. 2e sin / -| i>^ sin 21 — y'' sin 2F
4:

represents the elliptic term ( y" ^ .s/n\j] , and L). the sum of all

perturbations in longitude. The perturbations in the motion of the

earth can he neglected. Then, denoting the values for mean opposition

by the sidlix 1, we have

A,— A/ = 180°, "•,— "•.' = 1«0° + d/, + LI, - d//;

for the instant of central eclipse on the other hand we have

w—u-'= 180° — y' sln2F.

We now put

A = («',- (,•/) — (»•-»') = f»/, + a;., — d// -)- y\vm 2F,

Then, » (1

—

c) and n {I—g) being the mean motions of the perigee

anil the node, we have, neglecting perturbations';:

(Iw 5
f«
= - z= n {I

-f- 2ce cos I H ce^ cos 21 — 2(/y' cos 2F),
(It 2

/I = — = iim (1 + 2e' cos I' -\- . ),
dt

The time elapsed between the epochs of mean oppositii)n and

central eclipse is then

fX—ft

At the instant of central elip.se we have thns

/ = /, + ncAt, V — / 4. d/ -f A/.

•) See however the next footuote.
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where Ll^ L). — Lvi, Lo hoing llie peiiurbation in tlie longitude

of llie perigee. Fnrtlier we have, lo the order of accuracy liero

required, ril^ ril,
—

'2i'L cos /. Therefore, neglecting the dilTerence

between the perturbations L/ and L/, at the two epoch?, and |iuttiiig

c = (1— '") t', we lind

i- = /, + d/,' — y' sin •2F,-Lii)-(c—l)L. ... (7)

Now we have aitpro.\imatoly I' =^I^' — mL, and also c'— J differs

not nincli from m, therefore, if Liu is neglected, we lind from (7)

V—r' = /,—/,'— y' Bin 1I\ or /<•—«•' =. P.,— /.,'— y" sin IF.

The term y' sin '2F is tiie reduction from true opposition to central

eclipse. Conserpiently the meaning of these formulas is: The differenco

of the true longitudes of moon and sun at true opposition is equal

to the difference of the mean longitudes at mean opposition.

In the e.vpression (or L, which only occurs multiplied l>y tlie

small factor c' — 1, we can neglect all perturbations e.xcepi the

evection. This latter is very easily applied by replacing t\ in d/ Ity

()

- e„ (see e.g. Tisskuand 111 p. 134. We have thus
7 •

12 . ^ . ,A r= — e sin /, — 2e' sin /,'.

7

We must now develop the (piantity

(a'\'' <' sin V
- cos s —— .

r y l-\-e cos V

we must introduce the value (7). We can take withwhere for ;

suflicient accuracy

l + 2e' cost'.

Fnrtlier we can take coss^l, and we put

tie = wx cos X, t'o^<^ -^^ ^^ '"" '"'

It appears, in fact, on investigation that all pertui'bations wliicli

need be considered, are of this form. We then tind easilv

K=e, sin /,-
1 6 ,

12 7^
'

in 2l,-\-(c'+l)ee'sin (l,+l,') +i:xsin (/,-.r).

The perturbations Lc and Atrj are not as such contained in the

existing lunar theories. 1 have therefore derived them, neglecting all

perturbations that do nnt exceed 0.01 <•„. The only remaining term

is again the evection. Those terms in the perturbing function, which

in longitude give rise to the variation, ])roduce a large perturbation

in ' and v>, but its argument is ,c= / ± '2D, and c(.>nsei]uently the
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(()riv.s|K)ii(iiiit; (crm in A' ij^ /.ci-o, siiicc 2 /^, =: <>
'j. The evfcti(jii-lcriii

has the aff^iinieiit .('^2/— '2/>. The rosiilliiig term in A' therefore

lias the same argiiinent as the ]>rinci]ial term. Finally I fuuml in this way

K=i\ (0.858 sin /, — 11.031 sin 21, + 0.033 sin (/, + /,'j

= 0.0-47 1 \sin /, (1 —0.072 cos /,) -(- 0.039 sin (/, + /,')j . . (8)

In order to verify this result, I have also computed the formula

(6). The values of .t and //•

—

k expressed in the arguments /, /, /)

and /•' were taken from Brown's lunar theory. Kroni these we easily

c/.T dw
derive — and — .

dt dt

We must then substitute tor the arguments their values

/ = /, + en Lt D— 180° + (1 - m) nLt

l' = l,'^ mnLt 2F=2F,+2gnLt
The value of Lt is given in Oppot.zkk's "Syzygien-Tafeln fiir <len

iMoiul", page 4. The value there given is the interval of time Itctween

mean and true opi)osition. To get the value for the e[)Och of central

eclipse it is sufficiently accurate to omit the term -)-0.0104 .>•«/* (2(/'-(-2a»').

The interval thus computed must then be reduced to our unit of time

(see below). The developments, which are ratiier long, tlnally led to

tlie following formula, where nothing is neglected that can affect the

third decimal place :

dn
.T

dt
a.hi. -^ c'os«= 0.'^.5404 |0.8075 sin I, — 0.0300 sin 21,

'^Y + 0.0300 sin (I, + I,') - 0.0020 sin {21, -j- /,')

''' / — 0.0033 sin r\ — 0.0050 sin (l,— l\)

+ 0.0016 sin 2F, — 0.0055 sin 2f, cost,

+ 0.01Ucos2F,sint,\ (0)

Eclipses occur near the node. Consequently si7i'2F<^^^. Thus, if

we neglect all but the first three and the last term, none of the

neglected terms e.vceeds . Further cos 2F is alwavs included" 200

between the limits 1 and 0.866. Therefore if we take co*' 2i^, ^ 0.96

1

throughout, we cannot make a larger error than about — of tlie" ^
10

last term. Tliis latter then becomes O.OJ 10 .s//; /, and can be added

to the principal term. We thus linally get the formula

'^) The influence of the variatiuu uii tliu o.sculating values of a and n, is consi-

dei'able, but it is the same in all oppositions, so tluit a'~n is a constant. The same
tiling is true of the eiror which is produced liy our taking in ti, in the computation

of iJi, the mean instead of the osculating value of n.
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ffH = - q, ./„ \sin /, (1—0.074 CO!' (,) 1- 0.037 sin (/, -f //)!, . (10)

where

,/, = 0.8185 X 0.05404 X 7 » J— 'o' = 0.0447:^./.

Tlie ajiroeiiieni with (8l is verv salisfaclory ').

We ail(i[>i as unit of time the mean iiiierval between two succes-

sive eclipses, i. e. H svnodic mouths in- 177.18 days. Then takine

as units ot" lenglii ami of density tiie earlii's radius and the density

rf, of the outer mantle, we find

V, = 1262".y

Calling /. the coeflicient of absorption in the C'.^r.,S system of units,

we have y = A'ff, /, and therefore

</, = 2656."10'.A.

The formula 10 has been used to compute the value of dn for

all eclipses occurring in Oppolzers Canon between 1703 and 1919.

The coeflicient (/^ was omitted, the results are therefore expressed in

Y, as unit.

Eclipses occur in groups of six. The interval of time between two

successive eclipses of a group is (5 synodic months. In some groups

there are only live or four eclipses: we can then still treat the

group as consisting of (5 eclipses, if for ihe missing eclipses we

assume dn = '').

Between each group and the ne.xt one or two eclipses are missed

out, the interval of time between the last eclipse of one grouj) and

Ihe tirst of the next group being in those cases 11 or 17 synodic

months instead of 12 or 18.

Five groups make a Saros of 223 synodic luouths := H585.2 days

= 18.03 years.

The interval of (! .synodic moutlis being the unit of time, the

perturbation in ii is derived by simply adding up the individual

values of (In, i. e. forming the tirst series of sums. Then to get the

jierturbations in longitude we must again, form the successive sums

of these values of », after liaving tilled in so uiaiiv limes the final

value of n of each group as tiiere are empty places corresponding

to the eclipses dropjied out between that group and the next, remem-

bering liowever that for one of these missing eclipses we must only

lake '/« ^^ ''^'s final value.

M The dilTerence in the multiplier outside llie brackets is produced by the neglect

of the influence of Ihe variation in (8i (see preceding t'ootnote).

-) In the course of time eclipses drop out at the beginning of the groups and

new eclipses appear al liic end. The limits of the groups are thus displaced

within the Saros. Duiiiig the interval of two centuries liealed in this paper, it is

not necessary to take account of this displacement.
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In (Mcli (if ilii' two series ul' smiis we can slail wilh an arhi-

li-arv conslaiil.

When the (•(mi|tiitali()iis were earrieii out it a|i|ieareil llial always

tlie \aliios oi' <hi sniiiMie(l up iivcr a coiiiiilele Sai'os f^a\ e a vei\v

small total, wiiile liie jierlnrlialion in longitude siiowcd a veryiiuirked

jieriodicity, with llie Saros us period.

Aeeordinf|,iy I have ('i\ided the total pertnrliatiiMi into two parts:

the periodic Sai'os and llic reniainiiif;' non-periodic part. I call A«^,

ami L''.^, the increase of (he mean motion and I he Innf^itnde during

the /(ill Saros. if the iniliai constants for lioth series of sums ai'e

taken /,ero. The purely periodic part of the perturbation during that

Saros is then ilerived by taking foi the initial constant of the first

series of sums - i.e. tiie iniliai \alue of the |)erturbation in //,
—

. ^ 1
. Z'. - 1

a \alue //„ diMermined Irom llic condilion .5 1 //„ -I- Z^/ = I .}<

(i
'

V r,

is tln^ length of the Saros in our units of lime , The perturbation in

longitude at the end of the //'' Saros is llieu :

}., = AA„ I- k Lh 4- :37- \p A;,„ -f 1 (p - /) L,J .

/,= !
O ( i-=l )

where Zi?/„ and D^ are the initial constants of the two series

of sums, i. e. the values of n ami ?. at the beginning of the first

Saros. Putting now

Ah = A„;. + (A, AH- . 37-- Lm, = L,r + (A,i.)i.,

37y A«„=- A„A+ --A„r + r,,

we have

:

A, = AA „+/-.-,+ //A„r+ V(A,Au. + ^ (/'-/) (A,,0/,., (11)
- /,=, h=\

which fornnda still contains two arbitrarv contants Zi''„ and r,. If
t 1

for A„A and L„r we choose tlie mean values of L/./,- and 37- A«i,
G

the terms under tlie signs 2i are small and of varying sign. The

term conlaiiung //' is of the nature of a secular acceleration. If we
denote the lime expressed in centuries by t, then /i is equivalent

to 5.55 T, or h/i'' to 15.4 t'.

The individual \alues of lUi will be gixen in the .sec(nid pari of

this pa|)er. Table 1 coniains the salues of Lii, L)., L.v •M\d L^/. for

each Saros.
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TABLE I.

^'ear



I

1)0(1\ (if tlic carlli. If a ilisiiiilnilioii diiroriiig fi-om Wifciikrt's is

adojilod, llic fuiiclidii ./„ is coiisidcrrtlily altered. Wlial is tlie effect

of ihis uii llie (iiial rvsuh can nidv lie decided by acUuill}' earning

oiii ilie coniinilatidii wiili a dili'ei<'iil livpotliesis. This lias l)een done,

as will Ih' rclaled in llic second pan id' lids paper. Here it nin-i

sniilicc to slate that, allliongli there are some tlillerences, the general

character of iIk^ rcsnlts is reinarkalily similar to those u[' the llrsf

compntation. It may be mentioned that also my proliminai'y in\es-

tigation of lltOit, tlioni^li hascd on a totally diU'erenl and only

ronghly ajiproximale formnla, gave results of the same character.

The hypothesis that the snn and moon can be treated as points, is

also, of conr.se, only approximate, and it is very diflicult to say in how

fai' it affects the relialnlii\ ot' ilieresnlts. It seemed however better, at

the present state of-the (jueslion, to rest content with this a|)proximation.

The fnnction ,/, however gives rise to errors in still another way.

It is labulateil with the half-duration 7', as argument. This is taken

from the Canon, whei'e it is gi\en in minutes of time, andean thus

be a half, or in some cases perhaps even a whole minute in error.

The resulting error in <fn may occasionally amount to 4 unit!?. Thus,

neglecting the uncertainly iidroduced by the hypothesis regarding

the distribution of density, the purely numerical error in (hi may

reach an amount which can be taken to correspond to a mean error

of say + '6 units. The mean error of the perturbation in 7i after p
eclipses is then + •^\/j>- I'or a Saros (3(J eclipses) this gives + IG.

Also the m. e. of the second sum (i. e. the perturbation in longitude,

if we neglect the fact that sometimes the interval between succes-

sive eclipses difi'ers from the normal \aliie; is found to be

± i Klj />(/<+!) (2 /*-|-J I. For the Saros this becomes ± 292.

It thus appears that ail the values which have been found for

Ln might very well be ilue to accidental accumulation of the inaccu-

racies of the computations. On the other hand the circumstance that

they have the same sign throughout might lead us to consider them

as at least partly real ;
by which 1 mean as necessary consequences

of the adopted hypotheses. The values of L^?. also are not so large

that their reality can be considered as certain, but here also the

systematic change with the time may be an indication of their being

not entirely due to accidental errors of computation. The only thing

that can be asserted with conlidence is that the values of L^v and

Lk^ are small, and consequently that the non-periodic part of the

perturbations in longitude has a smooth-running course : no other

irregularities with short |)eriods can exist in the longitude than those

which are contained in the |)eriodic part.
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This periotlii- pail is vt-iv lu'ariy tlic same in ail Saros-periods.

It will he given in detail in the second pari nf this pajier. To show

its j^eiieral rliaraclor 1 '/wv liore in Talile II ihe mean lur Ihe last

live periods VIll XII JS2ft- ISIJ!>:. which are ihe most inipoilant

for the comparison with iho observations. The tirst column contains

the lime / coniited in synnilic moniii> tVnm ilio beginninu ol" the

TABLE II.

t
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Cmiii'iirisoii irilh !',, nhsiTvations. The excesses of the ol)scrvefi

longiludc 1)1' tlie iikmjii over the longilncle as ooiiipulerl liy |)ure

gnivifnlioiial tlicmv, wliicli have been given l)y Nk\v(;omh, ninst still

ho correrU'd by the (liHeiT'iu'cs between the new lunar theory of

Bkown anil Hanskn's tlieory which lias been nsetl by Nkwcomb. The

curreclions iiccfssary on tiii> arcdiinl Iiave l»een collected liy

Hattkk.mann '

I. (_>ni of ihc 4.'i terms given by him we need only

consider the lernis iif lonn periods (14) —i22) and [WV. Vov the

fliscnssion of the non-periodic part of liie pertnriiatioii in longilnde

we must take account of the terms (Hi; to (19;, \vliich liave periods

between TiM and I'.l'il years'-). 1 have, however, not applied these

terms, tiie realit_\ (if liie non-periodic ])arl being too uncertain to

warrant much labour to lie bestowed on it. For the discussion of

tiie periodii- part, we have to consider liie terms (14), (15), (20),

(21), (22) and (43), which can lie wrilleii as

(14) -(- 0".48 .vm 4()°.67 (/- 1894.3) period 8.84 years

(22) + .13 sin 30 .35 {t - 1894.6)

(20) + .24 sin 20 .66 [t ~ 1890.7)

(43) 4- .56 sin 19 .35 [t — 1892.2)

(15) -f .13 sin 10 .34 [t — 1870.4)

(21j + .28 sin 9 .69 {t — 1877.6)

The tiierm ^43) contains the correction given by Ratterman in

his "Zusatz". It is very similar to the term wiuch was already-

applied by Ross, viz: — 0".50 sin Si = + 0".50 sin 19°.35 {t — 1894.8).

These corrections must be added to the tabular longitudes, or sub-

tracted from the residuals.

Considering now first the non-periodic part, it is very remarkable

that the values of )..^ as given in Table 1 are between the years

1703 and about 1894 almost identical to Nkwcomb's great fluctuation,

if 160 of our units are taken equal to 1". This is at once apparent

from the last two columns of table I, of which the last contains

the great fluctuation according to Newcomb. Therefore, if we assumed

the absorption of gra\ itation to be the true e.vplanation of the great

fluctuation, we should have

1(50 X 1262" . 7 := 1" y = 5.10"" ^. = 2.").10~".

However, after 1894 the similarity ceases. The agreement before

that date de|)ends on the assumption of the reality of the values

follows:
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which have been foiiiul lor A?* and LI. especiallv the iie<ralive

value of the mean L^r. This lalter is eijuivalent to a sec uhir accele-

ration of which tiie eoeJlicient would, with ihe alxno value of q,

become — 37". This, of course, is entirei\ inadmissible and conse-

quently it is not i)0ssiblc to consider the value of L^r as real unless

we take for q sucii a small value that the whole elfcd becomes

entirely negligible ') The partial agreement of ).„ with the empirical

terms of long period can therefore not be considered as a proof for

the existence of an absorption of gravitation.

We now come to the comparison with iho observations of the

periodic pari of our computed perturbation. This comparison was

only carried out for the time after 182it. Fruni 1847 to I'.Mi I had

the advantage of being able to make use of a new and careful

reduction of the Greenwich meridian observations which Prof. E.

F. VAN UK S.ANDK Bakhlyzkn" most kindly placed at my disposal.

Prof. Bakhiyzex applied to the meridian observations the correction

for the dilTerence of right ascension of the moon between Ihe epochs

of true and of tabular meridian jiassage, for those years in which

this correction had not yet been applied at Greenwich. Then the

systematic correclioiis, which in his former reduction (These Pro-

ceedings, Jan. 1912), were laken constant over the whole interval

from J 847 to 1910, were derived anew. The following are the syste-

matic corrections Dually adopted by Prof. Bakhuyzkn for the obser-

vations of I he limb :

1847—48 49—57 58—68 69-78 79—98 1899—1911

0".00 —T'.61 —0".83 — 0".93 -0'.(V2 +0".39

For the observations of the crater Mosting A the correction was

derived in two dilferent ways, which gave — 0".22 and -|- 0.34

respectively. The adopted correction is 0".00. Prol. Hakhiyzen then

formed the means of Ihe meridian observations of the limb, of the

crater and the occullaiions, the latter being taken from Nkwcomb's

paper, but corrected by -|- 0".18, for reixsons e.vplained in his

paper of Dec. 1911. The correcled results of the meridian observations

and the means thus derived are given in Table Vll in tiie second

part of this paper. From these means 1 then subtracted the theoretical

corrections given by B.vrriiRMANN and quoted above. The resulting

corrected means which are thus the excesses of the longitude of

the moon over llie pure gravilaliorial value, diminislicd by Newcomb's

great lluctuation, were plotted and a smooth curve was drawn through

') In my former investigation 1 was led to a similar conclusion (see "The obser-

vatory" Nov. 19i'2 page 892).
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lliciii. I""i(iiii ilii> ciiMc wore i-eiul oil' llio \ allies f^ivcii holow in

Talilc III iiinirr ihr ln'adinf^' "()l»s." If tliese are coiiii)are(l witli

llic ciiiiiimiIimI |n'iliirliiiii())i, of wiiicli the |ieri()dic ])art is also given

in llic lalik' iiii(k'r llie lii-atliny /.,, ilierc appears at lii'st siglil to l)e

T A B L K 111.

Year
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with a liorizoiital stretch vnii'iimum "' ^-s- iI'p •|iiick rise from 1897

to 1906 corresponds to a decrease of >.s. Tlie etfeot of absorption

cannot liave anollier "period than 18.03 years, while in the observed

lliicluations periods of different lenjitii are certainly [ircsenf.

It appears to nie, therefore, that so far \>e liave no reason to

consider the existence of a sensible absorption of gravitation as proved,

or even as probable.

{To be continued).

Astronomy. — ''Ihi Afigov/itioii of (imrilation and the moon's

knujitude". By Prof. Dr. W. de Sitter. Part 11.

(Cominiinicated in llie meeting of December 28, 1912).

The conclusions derived in liie (irsi |iart of tiiis paper are entirely

confirmed by the second computation, which was already referred to

in that part, and which was based on a dilTerent hypothesis regarding

the distrilMitioii of mass in tiie body of the earth. 1 now assumed a

core of density d\ = 20 and radius /^',^().55 A', surrounded by a mantle

of density cT, =: 2.8 '). In the same way as before, I put. for T„ <^ 93.5

Vll2,
and for 1\ > 93.5

The multiplier JOO has been replaced by 84.7 = 100 ff,7ff, in

order to get the same value of 7 for bolii computations. The result

of the introduction of this new dislributiou of uiass instead of the

formerly assumed one is to increase the auiouni of ali-orpiidii for

long eclipses and to diminish it for short eclipses. The ratio J^jJ^

varies from 0.51 to 1.25. It is smallest for those eclipses in which

with Wiec'HERt's hypothesis the core also contributes to the absorption,

while in the new hypothesis the ray ofgravilation is situated entirely

in the mantle. For the purpose of comiiutalion this ratio ./o'A/„ was

tabidated with ihe argument 7'„. We have then

<hi' =1 -^ dn.

') This hypothesis has been suggested by recent investigations by Mr. Gutenberg,

which weie kindly communicalcd to me by Dr. I'otti,in(;i:r Mr. Gutenberg finds

lliat the real distribution oT mass is included between the limils given by : 'j = 20,

h\ = 2.8 and 1;' = 8, i'l = 4.4. ll being my intention to investigate the elTecl of

a change in llie function J„, I purposely look Ihe upper limit, which dilTers most

from Wiechert's assumption.
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With this value of (fii ihc coiii|)iitation was then carried out in

exactly tlie same way as with (fit. Notwilhstaiitliiig the considci'altie

ditlereiice i)etweeii liie fuiiclions ./„' ami ./^ the geneial I'liaracliT nj'

the results of the two coniputations is the same.

The non-|teno(lic [)art of the [lerturhalioii in longitude derived from

the new computation is given in 'I'ahic l\. which is entirely similar

to Table I of I'art I. We now lin<l A„r' = - -iSO. ^/.' — + 2939.

Neglecting the lerui — ', /r A,, r' and causing the perturbation to

vanish for 1721 and IHtif) liy an ap|)ro[Hiate choice of the constants

(jf integration, we liiiii the values given under the heading/.',. If the

term containing Ly is added, we get the value /.',. The general

TABLE IV.

Year
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values of A„r' in tlie second coinpnlation are consideralilv larger

than the corresponding values of Z,„r in the first conipiitaiion. Also

the values of L^i.' are largei- than those of L,i . We arc (Ims led

to the same conclnsion as befurc. viz : liie realilv of the n(in-|ierindie

pari of the jtertnrbation is not assured, and the onlv thing that tan

be asserted with cerlaiMty is that ilie non-periodic part cannot have

anv considerable irregularities and ihat no oihcr pericids are possible

than the Saros of 18.03 vears.

The following lables contain the principal quantities occurring in

the conipulalions. Table V gives for each eclipse the values of '1\.

/,. // and ihose of rf/' and rf»' computed l\v the tormula 10;. The

first column of the table contains the lime / counted in synodic

months from Ihe beginning of tiie Saros. The lime / = 223 of any

Saros is, of conr.'^e. identical to the time / = of the ne.\t Saros.

The arrangement of the eclipses in groups of six is very clearly

shown. The several groups begin at

/ = 0. 41, 88, 129 and 17(5

and end at

/ = 30. 77. 118, 165 and 212.

Table VI contains llie jiurely periodic pari of ilie perturbation ).s

and // according lo tiie two computations. The similarity between

ilie dilfereni Saros-periods is very striking. In the mean motion lliis

similarity is even more apparent than in the longitude. The mean

nioiitin is not i-onlaincd in the lalilc luil can easily be derived fiom

the longitudes, as it is the ililference of two successive values of Xg

(or /'s'. We see fioin this table (hat in the first comjiulaiion the

amplitude of llie periodic jiart is fairly constant for the first eight

periods and begins lo increase aftci' the eighth Saros. The difference

between the extreme values of /., oscillates between 700 and 830

in the periods I to Vlll, and then gradually increases up to about

1200 tor the Saros .Ml. In the second computation Ihe difference

between the extreme values of /'.s is more constant and varies ln-t ween

about 950 and 1100.

The remarkable agreement between the residls of the two compu-

tations jusiilies the expectation that . the general character of the per-

turbations in longitude |)roiluced by an absor|ilion of ura\ italion wdl

be sensibly the same for any assumed distribution of density within

the bodv of the earth, which is «! all within the limits of |)ruiial»ility.

Tiie conclusions arrived at in Part 1 are thus 'lot restricted to the

l)aiticular hypothesis which was tliere introduct'il. but have a nnu'li

wider bearinu.
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TABLE V.

t
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TABLE V {Continued}.

t
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TABLE V [Continued).

t
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TABLE V {Continued).

t
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TABLE V (Continued).

t
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TABLE V (Concluded).

I

I

t
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T A B L K VI.

Sa ros I

Year ?., X\

Sa ro s II Saros 111

Year I X,, \
/', Year ;., /',

Saros IV

Year ;,,

6

12

18

24

30

41

41

53

59

65

71

77

88

94

100

106

112

I

118^

124
I

129

1703.0

03.5

04.0

04.5

04.9

1706.3

06.8

07.3

07.8

08.3

08.7

1710.1

10.6

11.1

11.6

12.1

12.5

1713.4

+ .9

— 31

— 98

— 94

-147

—244

—276

-301

-417

—380

-398

—373

— 327

-258

-274

-107

-113

— 12

— 79

-179

—215

—288

-422

—479

-532

-688

-663

-677

-656

-617

—574

—576

—355

— 339

95 -303

86 —274

— 78 —250

135
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TABLE VI {Concluded}.

t



Finalh' \vc give in TaliU- \ 11 llie new rciliiction of ilie nieriiliiui

olt.servations by FroC. Bakihyzks, wludi was referred to ahove. The

coliiiiiii M — N, contains ilie excess of llie observed eoirerlion to llie

tabular longitude of the tnooii over Nkwcomh's "great lluoluation".

The sysioniatic corrections nicntioned in I'arl 1 iiave already been

applied. For the years i'.MI.-> lo l'.U2 iwo results are given : the upper

one is derived from liie (iliser\ aiions of the limb, the lower from

the crater Mosting A. The third column contains the means of the

numbers of the second cobimn and the I'esults from the occultations,

i.e. Xewcomb's minor Ihictualions. The latter were however corrected

by -|- ()".18 for reasons stated in Frof. H.skhuyzen's paper (these

Froceedings, -Ian. 1912 . Vov llio years 1905.5 to 1908.5 tiie mean

given depends on the observations of the limb and the crater alone.

From these means I have subtracted the sum of the corrections for

the difference between tiie theories of Hanskn and Biiown, which

were given in Fart I of liiis pa|)er. I'liis sum was computed by a

graphical process, of which 1 estimate the maximum error at al)out

± 0".05. The thus corrected mean is given in the fourth column.

The second decintal, which has no real value, has been dropped.

The last column gives the residuals remaining after subtracting Ross's

empirical formida, without its constant lei'in — O'.IS, \iz.

:

+ 2".0 .«m t5°.316(<- 1844.5) + 0".8 «« 15°.65 (^-1880).

It will i)e seen that these residuals, although small, are as

a i-iilt' sllUle\^|lat iai'ger than those found prexiously by Koss

iiiniself and by li.\KHiYZi'".N. The explanation of this is as follows.

The residuals Z.-Ross giv?n by ISak'H v/i-.n in 1911 (these Proceedings

Jan. 1912, p. 691) showed a marked period of nine years, which

entirely disappears by the application of the pertnrbational corrections

(14; and (22). The term (43) is nearly identical to the term which

was already applied in Ross, and consequently does not alTect the

residuals to any appreciable extent. The terms (20), (15), and (21)

however, especially (21). produce a considerable increase of the

residuals. No doubt it would be jiossible by a small adjustment of

Ross's formula considerably lo improve llie representation, ImiI it is

e\i(lcnt thai a perfect agreement with the observations can never be

reached by a formula containing only two terms. If a new emjiirical

formida were to be derived it would, of course, be necessary first

to correct the term of long jjcriod, and lo A|>piy the corresponding

corrections to tiie theory. It seems opportune to defer such an inves-

tigation until ihe moon's longitude for the next few years will be
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klinW II, iP|- ;ll li'a~l lllllil \\ r klliiW linw Idllii ll"' ilicrcilsc, wliicli

hoiiaii a I'l'w \ I'ai's a^n. will la>l.

'I'Im' acc(iiii|iaiivii)^- (lia;^i'ani shows Inr llic rears 1S47 l(ilUI2llic

excess III' ilie (ilisorvod loiiiiiliiilc nl' ihc iniinn oNcr N'i:\\( n\iu's great

liiK'liialioii. i. e. llie niiiiiher cnnlaiiieil in llie Iniiilli i-uliniiii nl'Talile VII.

I\()ss's eiirvc is aUo ,L?iveii, ; iiiclinlinn' ihe ((iii^laiil Icriii - d'.!.^'.

The lirokcii line is the siiinnlh curve iiieiitidiicil in i'ari 1 I'lcjui

which the \alMcs ^ivcii in Talilc III were read dll'. I'lie iliafj-rcam

also coiifaiiis the jinreU pei'lo'lic pari /.. and /', ol' llie |ierlnrliatioii

in lonuilnde |irodiice(l liy llie ahsoi'plion ol' uraxilalion on the two

livpotheses i'et;,ar(lin^' Ihe dislriliiition of density, wilhiii Ihe eailh.

Chemistry. — "'/'Ac ('(/a//,'/iriNin Tc/raija/m/ 'J'iii'^ lUmnthii' 'llii."'

liy Prof. I'jKNSt CoHKN. (Coiiiinnnicaled ity I'rot'. van RoMni i!(;ii i.

((".oiiminnicated in the mectini;- of Novembci- :W 1912).

It has sliiick nie, and rroin several quarters my allentioii has

lieen called lo it, liiat in a cdiiiinnnicalion from Mess" Smits and

i)K liEKiw ') "On Ihe system Tin" liiere occur a number of'mistakes

which re(|nire rertificalion.

1. The relation helween the existence of a traiisilionpoini tetra-

gonal tin "^ rhomliic tin at 'li)0° and the method of pre|iaralion of

tiie so-calle<l corn-tui or i/nilii-fii/ lias lieen first |)ointe(i out in the

pa|)er which i have pid)lished in l',MI4 witli Dr. E. (jOLDSCHMIDT ").

l''roiu the cominnnicalion of Mess™ S.mits and dk Lkelw the reader

might cunclude that they (or Sch.vum) have lirst noticed this connection.

"2. In the paper which I published in 1904 with Dr. E. Goi.d-

sciLMiur, a conclusion was drawn, from the experiments of Werigin,

r,K\VKoiK,t'F. and T.\mm.\n.n') as to the situation of the said transition

point, which proved-, to be erroneous. Dr. Degens has pointed this

out ^) and as in my opinion he was quite right. 1 have hastened to

rectify my error in the section of Abegg's Handbuch deranorganischen

Chemie [Vol. 3. i^, .532 (1909), special p. .552] edited by myselfv

Evidently, the recent littratnre on this subject has not been known
lo Mess'* Smits and de liK.iaw, for they still base their commnnication

on my paper that a|»peared live years previously.

') These Proc. XV, p. 676.

-) Chein. Weekbla.l 1, 137 (I'.l :i4l, spocia! p. 44(). Zeitsobr. 1. physikal. Chein.

50, 225 (1904). special p. 234.

3) Druil. Ann. 10, tUT il90:^i.

*) Dissertation, Uell't 1908, p. 3S.

55*
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3. Moss"- Smit> iiikI ni'. I,k.k,i u wiiic; "Wliv in rcreii-iicc to lliese

c.xperimenis ("oiif.n ami (ioi.usi hmidt fjivo 195^ for ilio point of Iransi-

tioii ill the "C/ii-iDi-ir/i W'liLliliiil" . and 170 in llio "Zi'itsr/irif'l fiir

jt/ii/siliil. Clii'mit'" is (jiiitc iinaccoiinlahU'."' Tlio dinicnllv disappears

iinniedialelv wlieii one refers to ihc saiil paper"]; it then appears

tliat the foihtwiiijf senieiiee iia> ex-aped Mess- Smits and i)i'. I.Ki'.i w"s

notice: "Wir sel/.en iiier voilaiitii; 170°, doch lieal --ichtiL'en wir aiif

die meiianc liestiinmnny;- dieser reinpeiatnr i;och >palor /.iiriirkzn-

koniiMt'ii. In der l'"iffur steht irrtiiinlieli 195°."'^

1 will refer again to the transition: (etr-iiC(»n,il liii ^ rlioinhic tin

a< soon as tlu' invest iiiat ions annonncod in ni\ alio\c paptM- shall

be eonelndeil.

Utrecht, No\ ember iiiri. van "t Woi i-La/)oriitor;/.

Physiology. ''(hi locit/isi'd ittmitliji in tlw Idtcral (/enicii/nt)' hodt/

ciiusiiii/ ijKitdrnntic Iwrnutnoimiit of fioth the ri(jht loirer jielil.s

o/vinioii". M_v Prof. ('. Winki.i'.u.

(Conimuiiii-'utcil in lliu meeliiij: of Novembc!' '60, 191^).

Ill Il)tl4 lliU'.voK and Coi.l.ii'.u '
i oiisi-rxed blindness in the up|)er

qnadrants of boih ihe iefi tields of \ ision b\ an inxalid, who after

dealli pi()\ ed to lie llu' bearer of a focus in (he riuht hemisphere,

ihrou'^h which the siirroiindinii> of the calcarine tissni'e, from the

occipital |)oie to the continence with the parieto-occipilal lissiire were

dest roved.

This observation is one of ihe few, in w liicii (iiuidranlic-lieniiaiiop-

sia responded to a focns, which cliietiv desiroved the coi'le.x, alihouiiii

the optic railiation, as shown in the drawiiiiis of Hi.i'.vok and C'oi.i.ii;k,

here loo was not spared in I he least ; on the contrary it was des-

troyed to an important extent iv-pccially the medio-\ enlral part).

Hk,1'',vok and ( 'oi.i.ikk pointed out, that already at that time in the

literalnre there was snflicient uronnd to siiiijiest, that foci in the

dorso-laleral division of the strata sa.iiiltalia of the occipital lobe can

i-anse blindness in the lower (piailrants of the crosse<i optic lields.

On the other hand foci in the \cntro-medial division of these strata

') These Proc. XV, p. 077.

-I Chem. Weekblad 1, 437 ^1904), .special p. 449.

•') Zeitsciir. I'iir pliysikal. Gh2mic 50, '225 (1904), special p. 2;iii, iiol.' -2.

') U. I'l Bkkvor anu James Cdu.ikh. A coiitribulioii to the study of (lie coitical

localisaliun. A case of (|iiailranlic iieiniaiiopsia willi [latiiological examiiialioii. Biaiii.

I9()i. XXYl p. irj;l
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Sfi>riltali;i cjin (•.•iiisc (|iiailiaiilic lii'iiii,HH(|i'<ia in llii' cpo^mmI iipiicr

licl(N (>r \ i'-ioii IIknsciikn, Kokstkh, Wiiitmsi) ric.) ')

\ UN .MoNMsow'i |ir()c('('(ls slill iiMirc in llic licrc laUcii dii-cclidii.

II' llic il(ir>al ili\i>.inn (if tlic (icci|tilal lolic r|»|)cr Ciiiicus, O,

—

<
>,)

iiicl. llio (Iciisal iiarl nl' llic (iplic radiation is desti'oyed, tlieii exclii-

sixL'lv till' dorsal la_\iM- (if ilic laliT.il nn'diillaiv caitsidc of tlie lateral

'^I'liicnlatc liodv doii'eiierales, and ol lliis l)(id\ ilic rroiilo-nicdial |iarl.

( )ii llii' conlrai'v al'ler tk'siniciion of llie \eiilial convoliilioii of

iIk' oi-ci|iital I')Ik' ventral lip of llic calrarine lissnre, the Ovi'iis

linu'iialis, ihc (ivi'iis occi|)ito-teui|K)ralisi it ^iNes I'lse to a seconiiary

de^encralit)!! ol' the \ciitral di\ ision of the L;eiiienlo-cortical radiation

and deueneralioii of the xcnlro-laleral pari caiidai of tho latci'a!

LCenienlate hodv .

'I'he projeelioii of ihe lelina on ihe ro|-|e\ could imi longer lie

inlerpii'led as sini|ilc as JiiiNscHKN had lanu'lit us. It was imt limited

only to the surroinidin^s of the calcariiic tissiire and had to lie

regarded from a dili'erent point of \ie\v,

it had to lie lioriie ill mind that in I'ach lateral lieiiienlate liody

there \\as already a first liekl of projection for the Iwd honionx nioiis

retinal halves. .Another projection, secomlary to this, took place

throuLili the lieiiiculo-cortical radiation, which united this body with

the cortex. Hut in a particular way.

As lonii' as the (kirsal dixisicin of the radiation and the caput of

this body did not shuw >ec<in(iai'y (diauue, the xisidu in the lower

('n).ssed (piadraiils of the fields of vision was intact. (Hukvok and

COM.IER).

As ionu' as the \entral division of the radiation and the caiida of

the body la(d<ed these chanues, the vision in ihe n[iper crossed

(piadi'anis of the fields of \-ision could remain intact.

The radiation from this b(i<ly spi-eads ilf^clf however to a L;reater

area of the corlex than to the suir(niiidiii'.is of llie calcarine fissure

<iiily. Without (loul)t also the up|icr Ciineus, ()^ — O^, i.e. the vviiole

') S. li. Hensuhen. f'alliologie des Gehinis. L'psula 1890-94 ;iiul 1903 Cf. Sur

les centres optiques cerubraiix. Rev. gen. d'Oplitli. j'iiris 1894. Hevue urilifjuc de

hi 'iuolriiu' siir le centre cortical de la vision (Jongr. int. dc .Miidecine. Paris 19U0.

La piojt'ctioii dc la retine snr la pailiu corticalo calcaiine. Sem. nit'd. 1903.

\ViLBn.\M)T. Hcmianopische Gesiclitsf'iddt'oi-men. Wiesbaden. 1890.

\ViLiin.\Ni>T luid Sa.n'ger. Neurologic des Auges. 3 Bde 1900 1904.

FoHSTER. Uniirieiitirlheil, Hindcnblindlieil, .Xndi'utiing von Seek'nbliiidheil. Arch.

t'. Oplii. 1S90 and WiLUii.v.Mir. Doppehfisorgung dcr Macula Inlea and dor Kdrsler'sche

Kail von doppelseitigcr hoiuonyiner lleinianopsic. Beitr. ziir Angcnlioilkimde

(Kestscbr. I'l'ir Forster.) .

') VoN MoNAKow. Geliirnpathologie. 1905. S. 757.
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of llif ii(vi|iila! |ii)le lias- lo In- lakrii in accdiml a> .on Monakow

desires, Inii most probalilv e\<ii iiMue.

Tlic leliiial projeclioii on iIh- corlcx, seoonilarv to llial of llic

lateral Licnicnlati' IkuIv i-- iliciefoie witlioni doiiitt much more com-

plii-aU'ii llian Hhnsciiha liail lifimed to liimself.

In 19011 1 myself 'j conld |>iovi' that liie geniculo-coitical radiation

and ilie ncniruiali' body reacted dirterently. if l>y dorsally situated fool llie

dorso-lalcral division of tlie strata sauillalia was rnl ihrontiii. llian

they did, if \enlraliy situated foci desti-oycd the \ enlro-uiedial di\i-

sion of these strata in the occipital pole. In the lirst case, will: in-

complete (|nadranlii' licniianopsia of ihr lower lieldis of vision, the

dorsal division of the radiation and the medial pari of liic ucnicniaU'

liody was ureally, but not allojii'ther dejicneraled.

Ill the second casi- the detjencraiion took place in tiie \cnlrai di\ ision

of ihc radiation and the canda of ilir i>ci(l\. Hoi ii ile^eiierat ions were

incom|ilete. At |iresent I can conimunii-ate two new cases, this

time of complete |»arlial atrophy of the lateral iicniculate body

'Cauda or ca|Mit;, of which one with excpiisite tpiadrantic hemianopsia,

and ihrouiih w liicli 1 am obliued to extend cxen more than .Mon.vkow

(lid, the areae of ihe corlcx for the lateial uciiicuhUe iiody.

Nephritis. Attack of unconsciou>iness on Der. l)"' 1910, fulloiced l>>/ tnnisi-

tori/ nfiisori/ aphakia, alexia and permanent quandrantic hemianopsia in the

lower right fields of vision, which in JhIij I'.ill /s li'sted through the oph-

thalmologist. In .January \Si\'2, second insult, which causes death. Autopsiv.:

Old haemorrhagic ci/st in the Gyrus temporalis 11 and the Gyrus angularis,

sectioning completely the dorsal optic radiations. Fresh bleeding immediately

nejrt to this in the dorsal strata sagittalia.

Miss C P. S , 37 years, is tlie eldest of It cliiklren, ot wliicli 5 arc still

living. The motliei- of this family died 50 years old of apoplexy, the lather 75

years old of iieplirilis. Meiil;'! or nervous diseases did not exist in llie I'ainily.

No abusus alcoliolicus, no syphilis. Before this present illness she had nothing

to complain of.

On the 9"' of Ueceinher 1910, she all at once fell iiinnnsiidus. reiiiaiiied iincons-

cions for 10 days. After coining to, she spoke with nnuli dilHi:ully, she could not find-

the words, asked for •'scur" izuur) when she meant "'butter milk" (karnemelk), etc.

Slie soon regained a certain (|uantily of words, although she did not understand

everythinj/ allrighl, but even now l.luiy 1911) she names with dillicully the object*,

which the recognises well, l^specially proper names and nouns she often uses in

the wrong way. .Moreover alter tiie attack she could not read, partially, as she

says, because she soon grew tired, partially because she did not understand much

of what she read.

') C. WiNKLiCR. De achterlioofdsKwab en de hairblindheid. Psych, en .XcMrnl.

bla.hti. 1".>1(» HI. 1-16.
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lU'ss liiul |ias.st'(l oil' coin|)lt'lcly uIUm' lliiei' wx'fks.

AftiMWarils sli(> oUcii hail lit'i'ii /idih, In Marcli, <iii llir 1"' >A' June anil mi llie

I.")!'' or ,luiic; lull lliis always liaiipeiu-il al lliu hegiiinin;; of llic iiii'iises, which

wui-c vury inv^'iilar allcr llic attack. Slie noliceil thai uftci- the attack she did not

.<i'o very well to the right : it scenu'd as it white spots were Iheru. Tlie eleelrie

li^hl .III Ihr Miaikit place seemed to liang lower than Formerly to her, and now

and then it was, as if brown spiders hung in IVont of the right eye. Since the

'.t
1' of Decemher she sees \vorse through the right eye. She also often complains

of headachi', vnuilllliij; at the same time. Moreover the urine contains 4
"/

„

albumen and many cylinilers covered with epithelium of the kidneys.

On accoiuil of Ihese complaints she was brousiht into my ward nf the Univer-

sity Hospital (Biuiieii-Gasllmis).

'rile patient looks very ill. is a wdiiiaii of middle height. AiKiemie. Much arterio-

sd'-rosis. Somewhat eiilai;:c'd heart. I'lie >econd tone over the valviila aortae is

loud. I'ulse 1)0 I 'ill

Her attitude is active, she takes interest m her surroundings, is well orientated

in lime ami in space, sleeps calmly, eats sulliciently. She can walk and makes

every movement.

Nowhere uu the Irmie or exiiemities any truuhle of motility or sensibility is

til he fouiiil I'Acept a lowered abdominal letlex al the light side, all the retlcxcs

ol the extremities are within normal limits. No sign of Babinski. There are impedi-

leeiils in speacli. She understands simple commands without an yexception and follows

them out. Her abundance of words is unlimited but she often misspeaks herself.

Most of the objects are well named: they are always well recognised. Now and

then she has to lliiiik lung over ihciii and alter all uses the wrung word for them.

She recognises every letter of the alphabet and prunuunres them correctly.

Also short words. She can read loud, but she reads |)araphatically and the longer

words are regularly badly repiudueed. She dues not coiiiprehend Ihe reading or

only insutliciently. To comprehend the reading ^he repeats it several times loudly

and then as a rule she does not understand it, she Ibi'gets many things. Yet she

can do light wuik. She manages her little affair in pottery.

The smell is not atl'ected.

The pupils are equally wide, the right one dues not react on light as correctly

as the left. She cannot innveige and the reaction of Ihe ]iupils by convergence is

not to be seen.

The vision of the right eye is ^
,] ; of Ihe left eye \ j.

There is ijuadrantic hemianopsia in bulb the iuwer rpiandrants uf the right

tields of vision (s. figure).

L)r. S.MiT, the ophthalmologist writes abuiil the liiiidiis ociili; "There is uu

trace of papillitis On the right the borders of the papilla are clearly limited, but

there have been bleedings and there is still some oedema of the retina (retinitis

albuminurica). On the left the papilla is also clearly limited, but here too are rests

of haemorrhages.

There is exi|uisite hlnliano|l^ia in Ihe lower quadrants of the right lields of

vision. That Ihe macula vision is lost in Ihe right anuptic sector is probably diii'

to till' had vision of that eye.

Tl'e eye-mcvemeiits, especially by their turning to the right and mure so of

the left eye, are limited. The left eye deviates to the temporal side. It is impossi-

ble to direct both eyes to one point.
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The licaiing \in< iiol Ix'L'ii slioiii^ly ili>tuii)eil, rorlaiiily iiol on one side only.

A licking walcli ran l)e lieanl on bolli sides al a disla:ice of 1 Meter.

^Vi^^ /

Field of vision on July ti' ' imi.

The diagnosis was made of nepluitis witli retinitis albuiniiunica and a focus in

Mil' left (Jyrus anjrularis, cutting tlnoui;h the dorsal strata sagiltalia.

July the 11'' she left the liospital. On the 10"' of January 101 :> she was brou^'hl

in unconscious and died three days later.

The account of the section shows: Hypertrophia cordis with nephritis interstitia-

lis chronica and a focus in the left hemisphere, in the Gyrus temporalis II and

the Gyrus angularis. The brown colouied focus spreads itself out in a straight

direction along the distal third of the lissura t,, and follows this along its ascend-

ing branch. The dorsal bounder of the Gyrus temporals II and the ventral Gyrus

angularis are sunken in (s. lig. 1 and •2\ On the section the focus proves to be

a cyst with orange coloured walls, sectioning the strata sagiltalia, in the neigh-

bourhood of the retro-lenticular intern:il capsule and sectioning them comph.'tely

in more distal slides (fig G and 7). More distally, it soon retracts from the strata.

There is however a second fresli focus in the strata sagiltalia, an haemorl^agy

of bright colour, consisting of scarcely altered blood corpuscles (See lig. 7 in y).

In lesuming the clinical data, it is not to be doubted tliat the second fresh

locus caused the letal ending insult on the 10''' of January 1912 and that the

first apoplectic cyst responds to the insult of the 9"' of December 1910, which

brought forth the rpiadrantic hemianopsia as well as the secondary degenerations.

riic iin|inrlaiirc nl' ilii- oIimtn alioii lit-s in ilie tir>t iiiaoc

in iho I'lict, llial a (nuuiranlic liciiiianopsia of I'Olli tlie right

hiwer liflds 1)1' vi>i()n, iiulod wiiii all |ios!iil)le pi-ecautioii, is

causeil li\ a locus cntlini:' '(•((;///>/<-/(///" tlirontili llie dofso-lateral

(ii\i;>ioii ol the strata saiiillalia. Tliefelbre too the .sccomlafv dejieiie-

i-aliuns are of trroat iniporlani-e. 'Iliov lasleii for J 3 months and
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iii.iilc ailcTatiiMis iii(i\iiiiall_\ iii lln' laliTiil LiciiK'ulali' ImmIv ami ilis-

lallv 111 till' (ii'ci|Mlal Inlic.

As llic ic|ir(iilMcliiiii III llic W'KiiiKUT— I'ai, |)r(_'|iui;iliiiii ' ( (li^. (j nriil 7 1 .mil |iliiilii

1 :iii(l li siiow, Ihc Iwn liK'i iiir llms sitiuited llial lliu iMvi- ciils lire dciisal

ilivisidii III' llir .sliiilii s;ii;iU;iliii over tln' wIidIc wiillli. .

This r. Ills llif iinpoiliuit (iiic (iT llic two — reaciius clusi' up to tlir laln^il

(,'riiiciil;ilr liiidy (lij; (i. |Hiiiilt'il mil l.iy llic lirst line llil'oiigli lij.'. 1 ami _'
) Jiiil

sdelclics, cutliiif;' tliniii;/li Ihc sliala sa^ill;ili;i, nioiiir llie iliii<id lioiinilaiv of

llic I'oiiiii inrciiiis arjil poslciiiis ((ig. 7, poinlcd oiil liy lljr Hi si l'o||o\vii|i^ lino

lliiou^li lijr. 1 and lil, whcic llic Ircsli focus too is found. It cuds ahoul - c in.

pio.xinially lioni llic ilislal end of llic coinu poslcrius. Nowlierc the vcnlro-incdial

division of the sliMla is allrcird diicrllv liy llii' locus. In lig. (> and in lig. 7,

Ih.s is iulacl.

.\ccoiding lo Ihe dc.-lriuhon by the focus, totally ditt'crcnt lihrc-syslcins arc

alVcclcd and a massive degeneration towards Ihe occipital pole takes place.

'i'hc degenerated mass of lihics has been drawn on a more dislally silnatcd

seclioii (s lig. S, line S Ihroiigli lig. 1 and "ii 1 cm. dislally from the focus ')•

In this is visible, that the lapetum fibres are very. soon restored after their trans-

section, showing nearly a normal tapetuni and forceps posterior round the very

wide venlricle. in a less degree this is also llie case with the stratum sagittale

inlernum. II has fewer libres than normal, and between them are spread dege-

neraled lieids in dilTeient spots. Hut Ihe loss of libres in Ihe stratum sagitlale

cxicrnuin is enrrmous. .\ii noinial liliies ai e lo hi' I'oiind in it. This mighty black

layer in Weigeht— Pal preparations is here ic|ilaccd by a while hand, as wHI
in Ihe dorsolateral us in Ihc ventro-mcdial division.

Smaller while stripes, coining from the degenerated band round the ventricle

penetrate to far into Ihc medullary cones of Ihc convolutions, surrounding Ihe

calcarine lissure, also lo Ihi' prae<'uneus and to Ihe gyrus angularis. The gyri occi-

pito-lemporalis and fusiforniis have snllered least.

The massive degcneratctl I'ing rounil the ventricle is always found distally from

liifc ventricle-end till the occipital pole. About '

^ cm. behind this end (s. lig. 'J,

line S) from lig. 1 and 2) tlu; dislal point of the restored stratum sagitlale inter-

imin is sliU touchrd and lies as a black island within Ihe white degenerated mass
of Ihe stratum sagitlale externum, wliile nearly all Ihe medullary cones of tlie

convolutions are degenerated and only librae arcualac seem to be left.

'i'hc praecuncus has suffered least. Ill the section, which fails about 1 c m. from

Ihc occipital pole (s. lig. JU, last line Ihrougli lig. 1 and 2) it is likewise. l''rom

Ihe massive centre degeneiaied stripes peiielrate in ereri/ conrulntinn.

All tiiis |)ni\('s llial |KTci'|ili(iii in the upper tields of vision is

.still possilile, iiotwitlislandiiio ibe sliatmii saoittixic extei'iiiiiii in tlio

occi|)ital pole is missino-. If Iherefore the fibres, used for visual per-

(epli<ui are lo lie looked for in lliat lavei, as seems |irulialil\ tome,

'J Al tliesc ligures have lieeii drawn with the greatest care; they are enlarged

12'/.; times and reduced to "
,j of their size at llie reproduction. Photos would

have sliowii the same tilings, luil drawings arc more instructive as combinations

of several sections are possible.
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those wliicli arc spared hero, tlo not al all itelont: to llie (»iH-i|iilal

pole, Init lliev iiiiist i.ssiie rroiii far iimre |»roximal parts uf the (iu'io

oceipito-Ieniporalis.

This eoiirliision is the more valuable, if \vc look at the inllueiico

whieh the foeiis has had on the jreiiieido-cortical radiation and on

the lateral genienlate liodv.

To make tliir? clear I iiavc drawn in lig. 4 a normal section of the surroundings

of this body and in lig. 3 a cell-preparation ') of the same, to make comparison

possible.

hi these figures one sees the lateral geniculate body, which shows on frontal

sections the form of a stioe (s. lig. 3) and in which can be distinjjruislied a doiso-

niedial part : the caput, and a iateroventral one : the canda.

Within its own libre-capsule covering the whole of it, (s. lig. i) layers of

lihres — laminae mcduUares — are alternately followed by layers of cells. The
cells in the ventral layers aie large, those in llie dorsal ones much smaller,

although, especially in tliC' cipital part large cells penetrate in these dorsal layers.

The size of the dorsal cells differs a great deal between themselves. Many of (hem

are very small.

In the normal fibre preparation the Cauda contra.sts but little against the caput,

because the radiation of the optic tract has already begun in this proximal section.

On the dorsolateral side the lateral geniculate body is covered by the triangular

area of Wer.mcke through which tne geniculo-corlical radiation penetrates. In the

dorsal part of this area (s. fig. 4) the llbre-direction is totally different from the

transverse sectioned lihres of its ventral pail

A rather thick layer of very thin subependymal fibres smroiuuls the area ol

Wernicke against the epi-ndym of Ihe ventricle. As soon as the geniculo-corlical

radiation has freed itself from tiiis area, it opens ils way in elegant curvings

through the honto occipital bundle and the retro-lenticular division of the internal

capsule to the stratum sagittate externum. So it seenu al least, although nobody

will dare to make a decided comhision about the origin of these tibres, crossing

here in all directions.

II we compare the above described area of the normal brain with an identical

of our quadrantic hemianopsia, it Ihen follows, (not lo mention the degenerations

in the fronlo-occipital bundle, in the mere proximally siinated parts of the corona

radiata, etc.) that the dorsal layers of the geniculo-corlical radiation and more in

particular of the area of Weknioke, are totally degenerated. The ventral division

of this hbre-area on Ihi- other hand, is not much injured, neither is llie neighbouring

dorsal and ventral part of the proper medullary capsule of Ihe lateral geniculate

body Is. lig. 0). In Ihe cauda of Ihe body we lind intact laminae medullares.

In tlie caput (in ils dorso nuilial pari) the pnipcr nicdiilliuy capsule is dorsallv

and ventrally gone as well as the striae medullares All Ihe cells of this caput are

(s. lig. .")) vanished, the dorsal as well as the large ventral ones. The layers in

which they were situated are lo be seen as thick layers of glia. The whole boily

') The cell-preparations of this body have heiii diawn with the camera of Zeiss

;

Ihey are enlarged 20 .limes and reduced to "
,2 of thi'ii- si^e by Ihe reprodiirliun.

Idem with Ihe relrolenlicular area.
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is icduci'il In iillliiisl liair lis liiilliial .-i/.i''l. lull ilJ ll> laililil lllc Mliall ilnisal

ail I I lie laiixr vciilial tells (s. Ilg. (j) ave completely intact ; there too the striae

liiriliillales as well as llie proper capsule are oil the \vh<ile lintoiiclied.

Tlic ((Micliisinn is rcadilv iiiaiic; llie |io8.siliilit\ of sijflil iii ihi-

u|i|(ei- (|iia<liaiils is diic lo liic coiiserxalioii nl' ihr cells ami (Hires

ill llie caiida of the lateral Lieiii<Milale lioilv. llicir |n'qjectioii on the

cortex beiiii? |tresei'\e(l liv the n'lilral layef uf llie area ofWKHMrKi'.

ami of the p,eiiiculo-corlical radialion.

I>ul where do ihese cells liiid llicir iirojeclion on ihe corlex'': Not

in the occipilal pole which in niv o|(inion was lolallv sejiarated

liy the focus from the lateral nenirnlale body, as is shown by the

complete degeneration of the siralnm sagiltaie exterimm and all llic

medullary cones of the occi|(iial cmiMiliitions only librae arcualae

remainedi. Perhaps from the <>yriis occipilo-lemporalis, its medulla

being bm partly cnl through by the focns !.s. lig. 7 . Distally from

it (s. fig. 9i the mednllary cones of the temporal ciri'onvolntions

were normal, ihose of the occipital lobe (s. lig. 9} were degenerated.

Pro.\iinally from it this conNolnlion with normal medullary cone

contributed lo the forming of ihe injact ventral division oftheslrata

sagiltalia.

The answer to Ihi' (pieslioi; where the field of piiijrciion of the

lateral I'clls of this body was situated, was brought to me by a verv

remarkable right liemis|>liere, gi\en to me by Professor Hoi,k. He
had found it by accident in the corpse of a woman of who.se ante-

cedents nolhing was known.

11.

This right hemisphere carries the rests of a very old patholo^'ical (iroeess, which

has reduced un liie Iraiisiliou of Ihe basal temporal and occipital lobe all the

convolulions with llieir medullary cones to a thin membrane. When Ihe pia mater

was removed it was lorn near the cuneiis. (s. Ilg-. 11). The occipital pole is inlact.

On Ihe middle of the i-iiiieus the delect begins with a sharp edge. The pio.ximal

end ot Ihe eiineiis, of the gyrus liiigualis and ol the gyrus riisiloriiiis, as well

as the medial pail ot Ihe gyrus occipito temporalis (as tar as near lo llie t. rliiiiieal

are replacetl by a thin membrane (s. fig. II, 13, I-l, 15 and lU).

The series of sections show the following -'). The lirst remarkable ulleratiou is

drawn in fig. 16 (pointed out by Ihe line Ki on fig. 11 and comparable willi

lig. 'J of die lirsl observalion). Thrice Ihe distal end of the defect has been cut.

Firstly in A in Ihe depth of Ihe liss. culcarina. There the corte.\ is gone and Ihe

1) The enlargement is similar lo thai of llie normal figure, {s. lig. 3).

-') In order to give an easy survey the seciions are reversed and drawn as if

they came from a left hemisphere.



848

medulla of llie circoiivoliilioii lies uiicovfii'd. Tin.' line of Gennaiu ends on both

sides sharply against llie deft-cl, is not atrophied, even mightier than usual and

formed by thicker tibres: secondly in B, where ventrally from the I", parieto-oecipitalis

the medulla of the cuncus lies uncovered and in C. where ihv defect begins in

the gyrus fusiformis.

In the while matter opposite the lissura calcarina a triangular degenerated field

is to be seen. It is situated for the greater part ventrally, hut also a bit laterally

round the sectioned distal end of the strata sagittalia

In figure 15 (pointed out by line 15 of tig. II and comparable to tig. S of the

lirst observation, the defect is found distally from the confluence of the fiss. cal-

carina and f. parielo occipitalis. All the basal convolutions are missing.

Cuneu.-;, lingualis, lusil'orinis, as well as the medial bolder of the ventricle are

entirely gone. The medial medull.ry cone of the g. oecipiloteinporaiis lie.< unco

vered. The degenerated field is larger, lie>- parUy in the ventral, partly already in

the latero-dorsal division of the stratum sagittate iuternum, but also in the stratum

sagittale externum, especially there where the ventral division of it passes into

the lateral. Kor the rest the stratum sagittale e.xternum is seen quite distinctly

here (in fig. S totally gone), a proof that this area consists of more fibres than

the geniculocortical radiation only (M gone in fig. 8).

In fig. 14 (pointed out by line. 14 of fig. 11 and comparable to fig. 7) the

splenium corporis callosi is sectioned.

Kxcept a rest of the Corim Ammonis no convolutions are to he found ventially

from the cornu inl'erius. The greater part of the gyrus occipilo-temporalis is gone.

The intact ventral strata sagittalia, as were found in fig. 7 are missing. The dege-

nerated field (due to the defect) lies laterally and dorsally from the ventricle in

both the strata sagittalia.

A great part of the iloisal slralum sagittale exleiuum is inlact. In fig. 7 exactly

this large layer was totally destroyed ami therefore also the geniculocortical radia-

tion to the occipital lobe.

In fig. 18 (pointed out by the lines 13 of fig. 11, comparable to tig. (5) the

retro-lenticular area is sectioned ').

As if this section were the negative of that reproduced in lig. 6, one haidly

finds here normal fibres in fields, which were there the best preserved In the

ventral part of the geniculocortical radiation and of the area of Wkrnicki^ all the

fibres arc gone. The ventral and lateral part of the proper capsule of the lateral

geniculate body scarcely consist of normal fibres, the striae medullares in the

Cauda are gone, and the body is reduced to half its normal size.

On the other hand the dorsal part of the geniculo cortical radiation and lln;

area of Wkkmi'ICK, the dorsomedial proper ca|>sule and the striae nudullares

in the caput of the geniculate body aie only relatively changed ').

The same reverse is shown in the cell-preparations of the body itself. Latero-

venlral, in the cauda of the body not one cell is to be found.

Thick layers of neuroglia, whine once the cells were alternate with less thick

layers of neuroglia (now representing the striae), but .dl ct'lis. the dorsal as well

as the vential, have disappeared. On the other hand, (he dorso-medial part, the

caput of this ganglion contains well ranged cell layers, small dorsal ones as

1) Here, as well as before, purposely I do not point out several other degene-

rations. To make things still less complicated I do not even nienlion Ihe inlUience

upon the pulvinar of both these foci.



84i»

Wi'll as a lluiiiluT III' vclllial largr ci.'lls. 'I'lii> grliiciil.ili: liudy is III I'Vei'V ros|)(>cl

the lu'galivc of fij;. 5.

Tlic rosiill 111' iliis (tliscr\;ili()ii is clear ('n(nii.Hi : The iiii|iorliiiil licfi'cl

in llii' (irci|iilal Inlic alio\i' iiiiMilirmccI, \\a- iiul siiriii'iciil to [irodiifO

an alni|ili\ nf liic ddisn iiicdial ili\'isinii of ilic lateral ;:L'iiiciilat(,'

Intuy The canila mi llic ollii'i- liaiid losi ail the cells and lihres.

I'l'inii iiiir lirsl (ilisci\ almn we Icanicd ihal llic canda rciiiaincd

iiiiinjni'cd. when llic I'liciis s. jiii'. (5 and lij;'. 7 lolallv dc-^lnived the

dursal hucr nl' (lie sliala sagillulia. There aicnrdiny t(j the s|Kit

of ilefieiieraiitni in (nir secciid obsiTvatidii in li'j. 14) the geiiiciilo-

corlical ladialidii IVdin llic Nciilral (icci|iilai ciin\iiliiii(ins is ali'eadv

situated dorsallx iVuiii ilie coriiii int'eriiis.

Moreover on the same sections in our lirst observation the ventral

strata sau,ittalia are intact, and exactlv these are coiii|iletel\ missing

ill the second (s. tig. 1.'}). New was tn nie the e.\(|nisite total loss

of all ihc cells and (ihres, cither in llie laleral, cillier in the medial

half of the gfiiicnlate lindv, as is found in liolh these oliserxations,

alUiough 1 possess maiiv oilier |iailial atrophies of it after occi-

pital-lesions.

Generally sjioken, lesions of the medio-\eutral occipital convolu-

tions cause atrophy of the latero-ventral part of the geniculate body,

but in uiy cases it has never been a total one.

As long as the gyrus occipilo-tem|ioralis proxiuially from the cal-

carine fissure is uninjured, not all the laterally situated fibres dis-

appear, but cells often remain in the ventral, occasionally also in the

dorsal layers.') Oidy after the knowledge of such extremes as above

described, I have learned to appreciate the incomplete atrophies.

Wedges turning their base to the dorsal part of the geniculate

body, fall oiil. Their localisation diHers by the |ilace of the focus,

although diey never touch the dorso-medial pari of il, as long as

the focus only destroys the ventro-metlial occi|)ital convolutions.

In this way e. g. must be considered the ventral occipiial focus

with alrophy in the canda of the lateral geniculate body, ilescrilieil

by myself in 1910. At present 1 complete liiis observation referring

to llie same figures in order to describe that geniculate body exactly.

HI.

A basal ilol'eil in liir lell iiriuis|ilRre is. li;:. 17, alsn f'svcii. ami Xeurol. IJlailcii

1910. p. Hi mini' |inx-iscly ilin pliolos on plalc IV ami fisr 1"2 pii |ilal(' V| clinii-

') Nearly tlio same can lie said ot ilorsally sitiialiHl foci (mutatis mutamiisl

which section tlie (i|)tic railialinii cillicr closu Id llic geniculate body er t'liilliei ell'.

I shall refer to this later on.
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nales Uie Oj. llie ^ynis liiigualis and fnsiformis lo llio connucnce f>l tho caltaiine

fissure with llic pai-ielo-occiiiilal lissure (s. Psycli. Bladen PI. IV. lig. G). Also a

part of the gyrus oecipito-temporalis, lyin? ninre pioxiiiially, is injured.

Through liiis lesion llic ventral division of liie jienieulo-corlical radiation as

well as that of the area of Wekmcke is degenerated, hut in less degree its most

ventral layer (el. I's. Bladen, PI. V. fig. 12)

The geuirulale hody belonging lo Iliis is drawn in lig, IS. It is smaller than

normal, but not as far reduced as in both the fornitr observations. The proper

eapsule is not changed dorsoinedjally and the same (-an be said of its cells, dorsal

as well as the ventral ones, belonging to the caput of the ganglion.

The cauda is for the greater part ali'ophied but not the most laterally silualcil

liivisioH of it. There, ventral and dorsal cells are to he seen within an ahnosi nor-

mal capsule. Between caput and cauda. not or only little changed, one finds in

Ihe middle a part, where ill is detroyed: the dorsal and ventral cells, the striae

medullares, the proper fibres and Ihe proper capsule.

Ill lliis cast' all e.xampk' is sluiw ii of an niiunii/iliii' aiiojiliv (ifilie

cauda of liie lateral geiiiciilalo lioilv, i!iccm|ilele because the focus

ilid (lesirov tlie xeuli'al nccipiial com oliilinns, Iml had iinl touclied

tl,e <r_vni.s ()cci|iito-teiii|i(>ialis fat' enonuh iiroxiiiiallv. Tliorclurc the

most veiilral layers of llie geiiiciilo-cortical radiation and tlie most

lateral paris of ilic cauda remained free fidiii deireiiefalive ali'opliy.

Ilecapitulaliiiii 1 coiiif lo tlu' t'ollowin.u: conclusions:

1. \'ision in die ii|p|ier (|iiadraiits of (lie Held of vision is possible,

nolu itlislaiidiiiir the lolal loss of ail llie cells and libres in the medial

(caput) division of the crossed lalerai oeniciilate body, as lonoasthe

cells and tibres of the cauda (oritrin of the \enlral ;zcnicnlo-cortical

radiation) ai'e inlacl.

2. It is not suflicient ihal the ventral occipital convoluiions are

desti-oyed lo make all the cells disappear out of the lateral (cauda)

division of llie geniculate body. This only occui'.-< when more proxi-

mally situated parts of the gyrus oecipito-temporalis are destroyed.

8. The cortical areae belonging to Ihe lateral geniculate body

ai-e not only limited to the cortex of the occipital lobe.

Chemistry. - "fhi Hw occurrence of metal'' in the liner'. By

I'ldf. I,. v.\N It \i. I.IK and Dr. .1. .1. van Eck. fC'ommiinicaled

by i'rol. EiNTiiovKN .

(Gommunicated in the meeting of November 30, 19l!i).

In ihe analysis of (ngaiis as lo the presence of mclallic poi.soiis,

we found in the ii(|iiid obtained after destruction of 170 grams of

liver, kidiic\ and lioari, in addiimn lo traces of arsenic and copper,

as iiiikIi zinc as ctnrcspouds with HO mgs. of zinc oxide [ler kilo-

gram iif organs. As there was Jio reason to suppose that a poisoning
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widi a /.inc -^all hail lirrii alli'iii|ili'i| ihc lilcral iiii- w a - ('(Pii-iilli'il in

sec wlicliici' aii\ lliiiiji' was kiiown a^ Id llic (icciiiTciicr of /.inc in

llic liiiiiiaii Ih)i1_\. Tlii> iii\ cslinalion uju'c a |i()siii\c result: ('(iiiiinii-

iiicaliiiiis lia\<' Ih'cu niaili' li\ 1,k(II \i{Tii:ii and lir.i.i. \MV ' anil liy

llAdi'i/r an<l linK/roN '

) IVimii wliii'ii il a|i|irars ihal iIh' liiiinan liver

ina_\ conlain 10 Tli ini^s (if /.me |ii'r kild'irani. Tlic i|iiaiililv initrlil

lie (It'iicndenl mi llie auc, iIh' >lale (iT lieallh and llic naliirc (if llic

t'ond (pf llio pcrsuii^ IVnin wliicli die liver is dpfivcd.

As llie iiieiliod (if iii\ e>liL;ali(iii did mil appear lo ns correel in

e\'er\ respecl and a> llie nninlier of livers lesled was <'(iinparaliv el v

siiiiUi and as, nuneovcM', llie results cdnld not l)e taken as applvinjj,'

to Holland vvillioni Fnrtliei' e\i(leiu'c, we have invostinalcd a luiiiiher

of linnian livers of Dnieli oriniii. Wc have also extendod llie inves-

lii;aliiin In the oecnrreiiee of arseiiie and copper.

As le^arils ihe presence of ar.senic. the results of Ulokmknd.m, 'j

are opposed lo those of tli(> I"'reiicli iiivesti^aloi-s. Whereas the latter

assnine the presence of norinallv -oeciii-rinn' arsenic, aecordiiig to

lii.oKMKNii.vi. the liver does iiol iinriiiallv conlain Ihe same.

As to t!ie dislrilintion of eop|ier in ihe animal and vegetable orga-

nism, investigations have been carried out by Lkii.mann '). J'liere was

I'Cason to suppose that the "charring process" em|)loyed by him had

caused the results In be Ion low ; moreover, figures of Dutch origin,

are also wanting liere.

For the destnietion of the organic matter we, with a few modi-

tieations, made use of the pi-ocess devised liy Kkrhosch in the jiliar-

macentical laiioralorv at i>eiden. This mt'llio<i has the great advantage

that the organic snlistaiae is coinpleteiv destroyed, the oidy reagents

used being snlphnric and nitric acids which can lie obtained absolutely

free from arsenic.

For this purpose, a current of hydrochloric acid is passed for some

hours through sulphuric acid heated at 250 — 270°, wliereas nitric

acid can be obtained free from arsenic by distillation. In a check-

experiment where 25 cc. of sulphuric acid and 250 cc. of nitric acid

had been used and of which 5— 6 cc. of liipiid were left after distiN

latiiui, no arsenical luirntr could be obtained in a modilied .Marsh-

apparatus. From previous investigations, it had already appeared ')

thai the limit of sensitiveness mav be taken as 0.0001 mg, of arsenic.

1) Coinpt. rend, dn TAc. der Sc. 84, 1S77. p. 687—090,

-) Idem. 85, 1S77, |). iU— 4:2.

^j Aiseniciim in licl dierlijli (irj;;uiisiiic. Di.-sci lalic Liidcn 190S.

•*) Arch. r. Hygiene 24, 18SI.">.

'
'"') Uloeme.ndal 1. c.
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III llio iiivostif?alii)ii dl' llic liver of a iicw-liorii calf were IoiiikI,

nor kild, ill iiii;:s. of cDiipcr nml Sl.l iiij;s. of y.iijc.

l'"i-i)iii till' rL'>iilK (ililaiiK'ii ihc I'dllow iiiii' coiiclMsidiis iiia_\ lie ilraxs ii ;

1. Arsenii; is iiu( a iioiMiial ((nisiiiiiciil of liie luiniaii liver.

2. ('op|>ei- and zinc a|i|ieai' to occur regularly in the lininaii liver.

;}. Tiipv arc alieady (leposilod in the li\er diiriim" the footal sla^p

and, as rej^ards co|»|)er, cvcmi in a laiiicr (|iianlit\ than in the Col-

lowing period.

4. Otherwise, there seems to exist no relation between the copper

and /.inc content of lli(> liver and the age, se.x, occnpatinn and place

of residence.

5. The figures gi\en hy Lkiimann for the copper content are coni-

]iaratively low. His niaxiniiini tigure of 5 nig. per kilogram of liver

is. as a rule, e.vcceded in Holland.

I'hannaceutical Laboratory

University, Leiden.

Chemistry. - " Eijidlilniii in tennir^i system.^. 11'. By Prof.

SrHKKlNEM.\KEKS.

{('.onimunic:ileii in llic meeting of Nnveiiiber 30, 1912).

In the [ircvious commiinicafion we have observed the changes

when at a constant temperature there is a change of pressure, and

from this deduced the saturation lines of a solid substance F un<ler

their own va[)0ur pressure. We will now brietly consider the case

that, at a constant pressure, there is a ciiange in temperature. At

a constant temperature a reduction of pressure causes an expansion

of the gas region and a contraction of the liquidum region ; unde

a constant |)ressure the same happens on elevating the temperature.

A system that exhibits at a constant temperature a maximum
vapour pressure (minimum), has at a constant pressure a minimum

boiling point (maximum).

At a constant temperature, the intluence of the pressure on the

situation and form of the saturation line of F is generally small

unless at temperatures close to the melting point of F, at a constant

pressure the influence of the temperature is usually much greater

and the movement of the line, therefore, much more rapid. Yet, as

a rule, the li(pndum line will move more rapidly than the saturation

line unless indeed the latter is on the point of disappearing.

At a constant temperature, the saturation line of F may disappear

on increasing or I'educing tlie pressure; tliis depends on whether, on

melting, an increase or a decrease of Hie \()liime takes |ila"e. LTnder

5(j

Proceedings Royal Acad. Amsteidam. Vol. X.V.

r
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a constant pres-^iire it disappeais at an elevation of teniperal are only.

From all tliis it folldws that most of llie diagram? descrilied above

wliicli occur at a constant lemperatiire on reduction of pressure

will also, as a rule, form at a coiistanl pressure l»\ an elevation of

temperature. At a constant temperature, llic lii|iiid .md tlie gas of

the three-phase ei|uilil»rinm F-\-L-\-(l each proceed along; an

isothermic-polybaric curve which we have called the saturation line

of F under its own vapour pressure and the vapour line appertaining

thereto.

Under a constant pressure, the lif|uid and the gas of the three-

phase equiliin-iiim F-\-L-\-<! each proceed along a polvlhermic-

isobario curve. As these solutions saiuiated with F can, at a given

pressure, be in equilibrium with vapour and consequently boil at

that temperature we will call these lines the boiling point line of

the solutions saturated with F and the vapour line appertaining

thereto.

The saturation, line of /•' under its own iiressure may be circum-

phased [fig. 7 (I) and 11 (I)]') as well as exphased jig. 12 (1) and

13 (I)]. The same applies to the boiling point line of the solutions

saturated with F. with this difference, however, that lig. J3 I)

does not occur. The saturation line of /•' under its own vapour

pressure exhibits a pressure maximum and minimum ; the boiling

point line of the solutions saturated with F a temperature maximum
and minimum. These are, however, so situated that the arrows of

the tigs. 7 (1), 11 (1) and 12 (1) shouhi jioirit in the opposite

direction.

We will refer later to these curves in various respects.

We can also unite these boiling point lines with their correlated

vapour lines for ditferent pressures, in a same jilane. We then

obtain a diagram analogous lo lig. J 4 (I) in which the arrows,

howevei', must point in the opposite direction. If tiie pressure axis

is taken perpendicularly to ihe plane of drawing, the spaceal

represenlalion gives two planes, namely the boiling |)oinl plane of

the solutions saturated with F and the correlated vapour plane.

We will now consider still in another way the saturation lines

under their own pressure and the boiling point lines of Ihe li(|uids

saturated with a soliil substance.

We assume that a solid sulisiance /•" of the composition it,{l. and

•) The numl)er (II placed beiiind a figure signifies that u ligiiiL- Ironi tlio liisl

communication is intended

.
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1 n- -(i is ill ('(luiiiluiimi willi a li(|iii(i /, (if llir composition .c,
//

and I— .1-1/ and willi a xapmir /, of llic (•(ini|i(isitioii .i\, //, and

J --,(',--(/,. We call III!' Miliinies iif iIh-^c [iliases v, T, and I',,

llieir entropies >/, //, and //,, llieir liieriruidviiamio potentials C. X
and Zj.

As eqnilibrinni conditions we find :

az dZ ^

dZ _dZ, dZ^dZ,
^

From this we tind

:

[(.,_„) ,.
-I- {,i—^i)s] (U + \{.v-f!)s -\- (!/—ii)t] ,1.1 — AdP-BdT . (-1)

rd. + sdy = ,,.. + V/.V. + (,-^ -
^,:J

'/i'- (^ - ,-
J dT (4

,

If we ordy want a relation between t/.r, di/, dl'. and dT tiien

from tlie previous equations we deduce:

!(.'• - '')'• r (v ,^>J '/' A- L(.v-«)* + (//—ii)<J^/^ = -i'/^ - >y'/^"
• (^)

K', -•')' + {'J-'jW'V + [(.'•,-.«> + {y,-,Mdy^CdP-DdT . (7)

In this

:

dV dV dH - dHA= V-v + {a-.v)— + (,i-//)r- B= H-ii + {n-.i^^ + (i^-.v)^-
a.v Oy O.v ay

dV dV dH dH
C= \\- F+ (,r - .r,) -- + (y^y,)^D=H, - H - {.« - ..,)— + (y-y,)-^

.

a.r Oy 0,v Oy

In order to obtain tlie saturation line of the solid substance /•'

under its own vapour pressure we call in (6) and (7) (IT^:0: we
then obtain :

I
(./• - tt) r + {y - i?)

s] d.v + [(.V - «) « + iy - ii) t] dy = AdP (8)

[(.r, -.-•) r + (y, - y) s] dx + [(,<,•, - X) , + (y,-y) t] dy = CdP (9)

The correlated vapour line is obtained by interchanging in these

relations the qunntif/es relating to vapour and li(|uid. In order that

the pressure in a point of the saturation line under its own pressure

may become maximum or mii.imum (//' in fH' and (9^ must be =^ 0.

Hence :

56*
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,.f _ „) ,. .- (V - ,i) .v] dx + [(.« - «) .V + {;, ~ii)t\.h = 0. (1 0)

|(.T, -.,:) , + (>l,-y) *] da: -f [(.f, -a:) .« + (//,-y) f
| </.« = U . (11)

This means lliat in this point tiie saturation line under its own

vapour pressure comes into contact with tlie isotherniic-isobaric satu-

ration line of /•" 10 and with the liquiduni line of the heterogeneous

region LG (11).

We can satisfy (10) and (11) bv :

.r— « ,tr,— .V

This means that llu' three points representing the solid substance

F. the liquid and the vapour are situated on a straight line. Hence,

we find that on a saturation line of a solid substance /" under its

own vapour pressure, the pressure is maximum or minimum wlien

tiie three phases (/•', A, and (r) are represented bv points of a straiglit

line, or in other words, when between the three phases a phase

reaction is possible.

If we imagine before us the equation of the correlating va[)Our

line we notice that when the pressure in a point of the saturation

line under its own vapour pressure is at its maximum or mininmm,

this must also be tiie case in the corresfiondiug point of the correlated

vapour line. It then also follows that the correlated vapour line, the

vapour saturation line of /• and the vapour line of the heterogcneou,s

region iJj meet in this point.

The previous remarks apply, of course, also to the boiling point

line of the solutions saturated with F: in (6^ and (7) dP must then

be supposed = 0.

Hence we conclude:

When solid matter, liquid and gas have such a composition that

between them a jihase reaction is possible (the three ligurating points

then lie on a straight lino then, ou the .-^aturaliou line of the satu-

rated solutions under its own pressure, liie pressure is at its ma.xiiiiiiiu

or minimum; on the boiling point line this will be the case with

the temperature. The same applies to the vapour lines appertaining

to these curves. In each of these maximum or minimum points the

three curves come into contact with each other.

The properties found at)o\e have been already deduced by another

way in the first communication.

We will now investigate liie saluralion line of /•" under its own

va|)Our pressure in the vicinity of I'oint /'. First of all, it is evident

that one line may pass through point /''.

For if in (8j we call .r ^ d and // = ,-f it follows that <//'=; 0;

(9) is converted into

:

I
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f
(.,-, - «) r f (//

, - ii) > 1 ,l.r
1 [(./•, -a) s 4- (,,/ ,

- ,i) / 1
,/-/ - . (13)

,hi

\Vc liiiis tiiid a (lefiiiile value for '-
; at the same lime il appears

(/.'

from (115) lliat in poiiil /•' llic satiii'alioii line mider its own vajpuiir

pressure and tiie liiiuiduni lino of the heterogeneous region LG
meet each other. It further appears from (13) that the tangent to

the saturation line in /•' under its own vapour pressure and the line

which coiHiects the points /'' with the vapour phase are conjugate<l

diagonals of the indicatrix in |)oint F. (The same applies, of course

to the boiling poiid line of the saturated solutions).

If accidentally, not only the li(pii(l hut also the vapour still has

the composition /'', therefore, when not only ./• =r « and // ^ /?, Imt

d,/

also ,i\ =r H and Vi = (i, then ^ becomes indelinite.
diV

In this case, however a maximum or minimum vapour pressure

appears in the ternary system LG , we will refer to this later.

From (6) and (7) we deduce for ./ ^ « and y = {i

:

(^C-JX^^
^ _^^^^ + (;i—(i)s\d.,: f J!..,

-n)>^ i- (</.-.•?) ^j '/.'/ (14)
A

This relation determines the change in temperature d'l' amuud

point /•'; this is always ditfering fr(un unless one chooses (ic and

(/// in such a manner that the second member of (14) becomes nil.

According to JHj this signifies that, starting from /•', one moves

over the tangent to the licpudum line of the heterogeneous region /.^r.

We now choose dr and </// along the line which connects the

point /•' with the vapour phase; for this wc put:

dx=z(c,— u)d/. and d;i = (ij^—ii) d). .... (l."))

We then obtain from (14)

(/?r—.4i')<ry'=(r—«•)!(,.,-«)=' + 2 (.r,-«)(.v,—,'?)H- (y—ii)' '!'//. (ir,)

In this we have replaced .4 by the value V—v, which .1 obtains

for ./' == <t and y =: ^i.

Let us investigate the sign of:

K — EC ^ AD = {Jr-n) C — {V- r) D.

Now, (' is the increase in volume when a quantity of vapour is

generated fnun an indefinitely large quantity of liipiid ; /) is the

increase in entrdjiy in this reaction. Hence so huig wc are not too

close to temperatures at which critical phenomena occur between

liquid and vapour, (' is as a rule large in regard to
i,
I'

—

v)-. H— ^

and D are (iiKinilties of about the same kind. If now \'<^r\ then

K is for certain positive; if, however, (^]>r, then A' is, as a rule.
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also still positive on account of the small value of T^ — ;• in regard

to ('. We will, tlieipfnre. in fndiio al\va\> |)iil A pnsitive; should

il become negative the Jiecessarv alterations can readilv Ite introduced.

We now distinguish two cases.

It. V^c, (/7' and <//. have the .same sign:

/;. r^r. '/7' and i/A have the opposite sign.

Now, it follows from y\b) that <//. ^ signifies that ime is moving

from point /' towards the vapour phase. Krom this we conclude:

The part of a saturation line passing through the point F of the

substance /•' under its own vapciur pressure and situated in the

vicinity of /• moves at an increase of temperature:

n. if r > i\ towards the vapour phase appertaining to point /'.

h. als l'<^ V, away from the vapour phase appertaining to point F.

From 6) and (7) instead of (16) we can deduce also:

K dP= (//-7,) !(.f -«)-^ r + -J (.r, - a) (y, -,i) ., + (y—^f- t\ ,//. ( 1 7)

Frtun this we conclude:

The part of a boiling |)oint line of the saturated solutions of /•'

situated in the \icinity of /•' uio\es, on inn'oa>e of pressure, ahvays

more towards the vapour phase appertaining to point F.

In order to get a bettor knowledge of the saturation line of /•

under its own vapour jiressure which passes through the point /•'

and of the boiling point line of the saturated solutions of i-^wewill

also introduce in our formulae terms with (l.v", dxdy, and di/. In

order to simplify the calculations a little we will assume provisionally

that the vapour consists of one component only.

We, therefore call in our previous formulae ,<,=() and y, =r 0.

Our equilibrium conditions (1) then are converted into:

dZ dZ
Z -^ y =Z. (18)

Ox Oil

dZ dZZ,+a--+^— = ? (19)
O.V Oil

We now write for (18i, T being kept constant:

1 / dr d.A
(,>•)•-}-)/.•<) d.v + (.«+.(/<) dij -\- - r 4- .u — 4- y -_ dx" 4-

1 \ O.V OXJ

From (19) follows:

(20)
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1 / dr ds\

/ ().v a«^

= 0-''-«a.:-VJ''^'"
^''^

Lot IIS now deduce (21) tVoiu (2()j alter liaviiig sul).slitiited lu'^dj

X :=iH and ;/ = fi : we find:

1 1— r . (/.e- 4- N (/,f </// + ^^- t d;f + . . . = .1 (W + (22)

ill wideli the coenicienls of d I' . il.v and (ll'.dij are nil, whereas

Cor the sake of hrevitv we write the eocliioient of d I' in (21)

— {A -\- C). A and (' tiieii have herein the same values as in our

Ibriiier etjiiations. Then, however, we assume ,r = <f, // ^ ;:?, ,r, =: 0,

and ?/, =r 0.

From (22) follows <//' of the order (/,(' and (///-', here from (21)

at first approximation :

{«) -\- il^) d.v 4- (f(.v 4- (it) d;i = (23)

In connection with (13) it appears from this that the ii<piidiim

line passing through point /'' and the satiuation line of /•' under its

own va})our pressure come into contact witii each other.

If we eliminate (//• from (21) and (22) we obtain:

(ur + iis) d.v 4- («. + ,it) d,/ + i
(
rt^ + ji- + r + }.r

J
d.,r +

a.v 0.1

\ 0.» <3X J \ 01/ Of/ /
C

in which A = —
A

For the liquidum line passing through point F we tind

d
(«r + lis) dx + («. + (JO <v + 4 r«

^j;
+ i*5^ + + '• )

'/.'-•'

For the sake of brevity we write (24) and (25) as follows :

a\ + bY 4- \ (,• + ;.,-).Y^' + (,/ + ;..v) AT -\-\{e -\- U) }'= = . (26)

aX + 6 J" + i c'.X' + cZA')' + \ ey = . . . . (27)

Kipiation (2fi) now relates to the saturation line, under its own
pressure, passing through F, (27) on the licjuidum line of the hete-

rogeneous region Lir passing through /•'.
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\ii\v tilt- i-inxalnrf of (27) is jjiveii by

{IS)

(liJi)

(a' + />')'/»

tliai of curve (26) by

:

•2«6d-aV—6'c— ;.(«'« + b'r-2abs)

(<«' + 6')'/.

As ;28) ami ^29) have the same denominator we, in onler to

compare the cnrvattires of both curves, only want the inimerators.

For the sake of brevity we write:

2 at,d — </V — 'o\=iQ (30)

and

2abd — u'e — Ire - ).(,rl -i- h'r —2al>s) = Q — ).S . (31)

If, liy means of the known vahies of a and // we calculate the

yalue of .S we find :

hence, -S is always positive.

In order to iind the direction of the curvature we calculate the

coordinates ^ and jj of the centre of the curved circle and ascertain

at which side of the tanj^ent this centre is situated. Therefore, we

call the origin of the coordinate system tiie point which in this case

represents the vapour, 0. We now tind the following: the liipiiduni line

is curved in the point F towards O when ^2 <C ^ ' '' '"^ curved in

F away from Q'li' <!> <>

A consideration of Q shovvs that this can lie |)ositive as well as

negative; hence, the liquidum line can be curved in /•', away from

O as well as towards O.

In order to tind the saturaiioii hue under its own vapour pressure

we will consider two cases.

Owing to the small \alue of V— r, A will generally have

a large positive value. In Fig. J, wherein for the mouieut we
disregard the curve d' Ft', the liquidum line is represented l)y dFe

:

the point (f is supposed to be somewhere to the left of this curve

<IFe so thai this is curved towards U
; Q is consequently negative.

'C%
Fig. 1.

I
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I<'i-(iMi tlii'^ :l fiilluws al (Mire tlial (^ ).S is also iip^a(i vc aii<l llial

{\\c saliuaiinii line iiiMler its <i\vii xajioiir |)ressiire, iiatnely tlicciirxe

I'd/), rmist jinssess a ciirxaluie slr(iiiy:ei- than that of Ihe li(|Mi(liim

lino. It t'ui'tliof follows from our pi'e\ ions considerations (hat thev

iiuist iiitersoi'l also the line OF somewhere between O and F so

liiat they must exiiibit a form as indicated schematically in fig. 1.

The change in pressure along this curve is determined in /''by (22),

from which it follows, that, starting from /', '/ /' is |iositi\e whether

towards n or towards //. The pressure in /'' is, therefore a niini-

nniin one and increases in the direction of the arrows. The solution

with niaxiinum vapour pressure is, of course, in this case situated

on the intersecting point of this curve with the line OF.

We will now liisregard the li(|niilnm line dFc of fig. 1 and sup-

pose it to be replaced by d' Fe' which is curved in another direc-

tion : Q is, therefore, positive so tliat Q — A <S can be positive as

well as negative. If the litpudnm line is not cnrved too strongly

Q — A.S will be negative and the saturation line under its own
vapour pressure again exiubits ;i form like the curve aFb of Fig. 1.

If however the liquidum line is curved very strongly and /. is not

too large, then Q — /. .S' can also become jiositive, so that both

curves in F are bent in the .same direction. This has been assumed

in Fig. 2 wheiein dFe re[)resents the liquidum line and aFb the

saturation line under its own vapour pressure. As in this case, (^ is

larger than Q — kS it follows, as assumed in Fig. 2, that in the vicinity

of F the curve dFe must be bent more strongly than the curve aF6.

\"<^r. A has, therefore, generally a large negative value. In the

same way as above we tind that Figs. 3 and 4 can now api>ear.

The saturation line under its own vapour pressure is again represented

bv aFb. the liquidum line bv dFe. In Fig. 3 are united two cases,

''
' /--^

~7^
Fig. 4.

namely a li([uidum line dFe curved towards and another d'Fe'

curved in the op|)Osite direction. We must remember also that the

line OF must intersect the saturation line somewhere in a point

situated at the other side of /•' than the point O. A now being

negative, it further follows from (22) that the pressure of .4 must

now decrease towards a as well as towards b : hence, the arrows
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again indicate the direction in which llic \a|M)Mr |ii-ossni"p increases.

The previous considerations relate lo llic saturation line under its

own vapour |)ressure : in a similar manner we mav likewise inves-

tigate the boiling point lino of tlie saturated solutions. We must then

D D
ill (26) replace A bv /( in w iiich

f<
^ , ^ ,7 •

ii //

—

1]

Instead of Q—A ,S we must then consider Q—/< N. n i> now always

positive and as regards absolute value smaller than /.. Further we
must replace AdP in ['I'i') by BdT. As, moreover, the line ^z*/' must

intersect the boiling point line of the saturated solutions in a [loint

between and /'', we rc-lind the cases represented in ligs. 1 and 2

in which aFli now represents the boiling point line of the saturated

solutions. If, however, the arrows must indicate the direction of an

increasing temi)eratare one must imagine tlieiu to point in the

opposite direction.

If we compare the values of <2— / >S' and (^— ;<
>' in regard to

each other, we may search for the different situations of the satu-

ration line under its own pressure, and for the boiling point line of

the saturated sohitions in regard to each other, in the vicinity of

])oint F. I will, howe\ er, not go in for this now ; I will, however, refer

dP
to it when discussing the \aluc ot _ in the vicinil\nf the point F.

dT

Whether all conceivable combinations are actually possible is diffi-

cult to predict. Perhaps a solution might be found by introducing

the condition of eqliilibrium of v.\n dek W.\.\ls and expressing the

different <iuantlues in the a and b of v.\n der Waai.s, which must

then be considered as functions of x and y.

We will now deduce the vapour saturation lines under their own

pressure and the boiling point lines of the saturated solutions yet in

another manner.

Fig.

I



863

III (ii-ilcr l<i liiiil llii' --aliir.ilioii line, iiiidi'r its dwii |iri'ssiiro, nt" a

delinili' l''iii|pi'r;Uiiri' 7' we lake llie Napiiiii'- anil llie Iriiiiiliim ^iirlace

of lliis k>iM|ioraliii-e 7'; wo tlion ol)laiii lig. 5 in whjcli llip [n'ossnrc

axis is taken perpendii'iilarly lo the comixiiu'nl liiarigle ABC I lie

li(Hii(lmii snrlace is I'epresenteil by tlie drawn, the \a|)oiir plane b_v the

dotted lines. It" the vapour contains only two of ihe coinponents the

vapour side foducos itself to a curve situateil in one of the border

planes ; if it contains liut one single component it reduces itself to

a sinjfle point. Like in our former considerations, we further assume,

pi-()\isi()iially, llial in llic li(|uidiim sid(; occurs iicillicr a maximum,

minimum, nor a stationary jioiiit.

We further take, at the assumed tein|ierature T arid an arbitrary

pressure P, a saturation line of tlie solid substance F. If we alter

the pressure. 7' remaining constaul, this saturation line changes its

form. If, lo the component triangle, we place perpendicularly the

/'-axis and if on this we place the different saturation lines we get

an isothermic-poly baric saturation surface of /*'. This surface may lie

as in tig. G or 7 ; the component triangle has been omitted from

bodi (igiires, the arrows point in the direction of increasing pressure.

That both cases are possible is evident from what follows :

I'^^r. ,:^t the assumed temperature T the substance /•' will

melt at a detinite pressure. Because the substance melts with increase

of volume the saturation line of F will appear on elevation of

Fig. 6. Fig. 7.

pressure, so thar we obtain a surface like in lig. 6, namely with the

convex side directed downwards.

V <^v. At the assumed temperature T the solid substance F
will also melt at a definite pressure. Because on melting there is

now a decrease of volume, the saturation line of i^ will now appear

on reduction of pressure. We thus obtain a surface like in fig. 7,

namely with the concave side directed downwards.

The surfaces of figs. 5, 6, and 7 are isothermic-polybaric ; they,

therefore, apply only to a definite temperature; if this is changed

those surface alter their form and situation. On elevation of tempe-

rature the liquidum and vapour surfaces of fig. 5 shift ujiwards likewise

the surface of fig. 6. On elevation of temperature, the surface of fig. 7
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moves, however, dtuvnuards; as V is smaller than r liio corroiated

meitin'T pressure will fall on increase of the melting temperature of /•'.

As a small change in the melting point nsiially causes a very

great change in pressure both .surfaces of figs. (5 and 7 will generally

move much more rapidlv than the vapour and liquidum side ol

fig. 5.

\'^y>v. We now suppose the saturation line of tig. ti to be

introduced also in fig. 5; to begin with we assume the point F of

the saturation >urfaco to be far below the liipiidum side. All points

of the section of l>otii surfaces now represent licpiids saturated with

solid F and in eiiuilibrium with vapour, conseiiuently the system

/•'-|- L -\- G. As the points of tiie .section all appertain to the same

temperature, this section is therefore the previously recorded satu-

ration line of the solid substance F under its own vapour pressure.

If we project this section on the com|»oiient triangle we obtain a

curve surrounding i)oint F like the drawn ctu'ves in tig. 7 (I) or

fig. 11 (I). It is also evident that the pressure must increase in the.

direction of the arrows of these figures. We now again imagine in

fig. 5 the section of liipiiduiu surface and saturation surface ; with each

point of this section corresponds a delinite point of the va|)Our surface.

On the vajiour surface is situated, therefore, a curve indicating the

va|»ours in e<pulibriuni witii the solutions saturated with F\ this

curve is the \'apt)ur line appcrlaiuinu to tiie satiu-alon line under

its own vapour pressure. If this curve is prcjected on the component

triangle we obtain a curve surrounding |)oint /•' such as the dotted

curve of tigs. 7 a) or IJ (I).

If the temperature is increased the lii[iiiduni. gas. and saturation

surfaces of /•' move u|)wards: as the latter surface, however, moves

more rapidly than the first, there occurs a temperature where F
falls on the liipiidum surface so that the solid substance F is in

equilibrium with a iicpiid of the same composition and wilii a va[)Our.

Like VAN DtiR W.\.\i,s in the binary systems, we may call this leui-

]»erature the minimum melting point of /'.

As the i)lane of contact inlrodaced in /•' at the saturation surface

is horizontal, the saturation surface must intersect the li(]uidum sin-face.

We notice liiat this section proceeds from /' towards the direc-

tion of the vapour sui'face. If we project liiis curve on the com-

jionent triangle we obtain the curve n Fh of tigs. 1 or 2. The curves

lie or r/V' of these figures are the sections of the plane of contact

in /•' at the satui'ation surface with llie li(|uiduni side; they are

consecpieully I he li(piidum lines of tiic lieterogeneous region /,''/'

at this minimum melting point of the substance /'.
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I'Voin a (•(insidcr.ilitiii nf li^. 5 it iiiiiiicdialely rollow." lliat llie

\a|iniii- liiK's a|i|i('rlaiiiiiii: in ihc <'iir\es d Fl> of ti<j;s. IS ami '1 are

ox|)liased and inav. i>r iiiav not, iiilersecl ihc saliuatioii lirif.

If \vc slill iiKToaso the k'lnpei'adire a little, llie |t()iiit /''gets alio ve

the li(iiiiduin surtace and tlie saturation line of F under its own
pressure hccomes exphased. We then obtain tig. 12 (II in wlnoli the

\a|ioiir line may. or may not. intei'sect the saturation curxe under

its own va[)0Mr pressure.

If we ineroase the temperature siill a little moi'e. the saturation

and the li(|iii<lum ^ui'face come into ooutaci in a ]iiiint ; it is evident

that on the saturation siirfaee of /' this point does not coincide with

/', hut is shifted towards the gas surface. We now have tlie highest

temperature at which llie .system /''
-f- L -\- (r exists. In (ig. 12(1)

holh lines contract to a point ; liolli points lie with /•' on a

straight line.

V <^ ('. We now imagine the saturation surface of fig. 7 to have

been introduced in tig. 5 and in such a manner that the point F
is situated above the liquiduni surface. The section is then again a

saturation line of the substance /'' under its own vapour pressure,

which surrounds the point F. In jirojection we, therefore, again

obtain lig. 1{\) or 11 (I,) with an exphased or eircumphased correlated

vapour line which has shifted towards the side of the vapour surface.

On increasing the temperature the liquidum and vapour surface

siiift in an upward direction but the sattu-ation surface of F shifts,

hf)wever, downwards. At a definite temperature, the minimum melt-

ing point temperature of /•' (point F) arrives at the liquiduni side

and it is now evident that the satuiation line under its own vapoiu-

pressure has shifteil, starting from /•', from the gas surface. In pro-

jection we thus obtain the curves a F h of fig. 3 or 4. The corre-

lated vapour lir.e has, of course, shifted towards the side of the

gas surface and may lie either exphased or eircumphased.

What will happen at a further increase of temperature will now
lie readily understood.

In order to find the boiling point line

of the solutions saturated with F, for a

definite pressure P, we take the vapour

surface and the liquidum surface for this

pressure P : we then obtain tig. 8 in which

the temperature axis is taken peipendicu-

larly to the component triangle ABC. The

licpiidum surtive isre[)resented by the drawn,

the vapour surface by the dotted lines. In

c

Fi2. 8.
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order to act in acconlaiu-e witli our (li'tt'iiiiincd a.-siiiiipiioii iluit (

is llie c'omiioiiont with (lie liigliest vapour |>ressiiie the lioiliiig point

of C lias been taken lower llian tliat of .1 and B.

We now also take a pol_\ tlieiinic-isoharie saturation snilaee of F.

At the assumed pressure l\ there exists, for an entire series of

temperatures, at each temperature a definite saturation line of F.

If these are put on a temperature axis, the polythermic-isobaric

saturation surface is formed which we can represent by fig. 7 in

which however, we must imagine P to be replaced bv 2. we will

call this figure fig. 7'/.

The figs. Ill and S apply only to one definite pressure ; if this is

altered they change their situation and form. On increase of pressure

both surfaces of fig. 8 move upwards : the saturation surface of the

figure "til can move upwards as well as downwards. This depends on

whetl'.er on melting, there is an inerea.-^e or decrease of volume.

As however, a change in pressure causes, as a rule, a comparatively

small change in the melting point of a substance, the movement

of the saturation surface of the sultslance /' will be slower than that

of the two surfaces in fig. 8.

We now imagine the saturation surface of the fig. la to be intro-

duced in fig. 8 and in such a uianuer that the point 7'^ lies above

tlie liquidum side. 1 he section is then the boiling point line of the

solutions .saturated with F , the correlated vapour line lias, as seen

from the tiguit, shifted towards the vapour surface. A projection on the

component triangle gives a circumphased boiling point line of the

.solution^ saluraled w ith /'and a circumphased and an explux.sed vapour

line. We thus again obtain the figures 7 (1) or 11 (1) in which

however, the arrows, indicating the direction of increasing tempera-

tures, must be su[)po.sed to point in the ojiposite direction.

On further increase in pressure, the point F^ first arrive.'^ at the

liquidum surface, then the licpiidum surface comes into contact with

the saturation surface of /" from which follow the previously

described boiling point lines of the satuiated .solutions and their

correlated vapour lines.

In place of the saturation surface of /' we could also have consi-

dered the vapour saturation >urface of /•' and its movement in regard

to the vapour surface of the .system L (1. Wo will refer later to the

vapour saturation surfaces of a solid substance, in connection with

another investigation.

We have already >iatc(l above that the vapour >urface. wiien liie

vapour contains two components only, reduces itself to a \apour

curve, and to a |)oiiii when the vapour contains only one component.
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TIiIn ciUises iliai iiiaiiv nl' ihr properties already iiK'iilidiiod may l)e

(leiitioed and expressed in a iiinrli more simple maiiiier. I will refer

10 thisiatcr when iliseussin;^ the \apour pressures and boiling [)oinls

of ncpieons solutions salnraleil with salts and double salts, which in

some cases have iieen determined experimentally.

f To hi' continued).

Chemistry. " KijuUibrii in tfntanj siistems." 111. I»y Prof.

SCHHKINKMAKKRS.

ff'ominunicateil in the meeting of Dec. '28, 191:2).

In the |irevioiis ('(immunications '
i we have assumed that in the

system liipiid-vapour occurs neithei' a maximum or minimum,

nor a stationary point; we have also limited ourselves to the appear-

ance of two three-phase triangles.

We will now dist'uss tirst the case that in the tei'nary system

occurs a point with a minimum vapour pressure.

Let us imagine that in lig. 1 (1) the liquidum line de and the

vapour line (l^t\ of tiie heterogeneous region IJI surround the sa-

turation line of /'', so that we get a diagram as in fig. 1. The

saturation Hue of /' is here surrounded by the liijuiduni region L,

this by the heterogeneous region L(r anti this in tui'ii In the vapour

region. All li(puds saturateil with F therefore occur at the stated

P and T in a stable condition.

On reduction of pressui-e, the liquidum I'egion contracts so as to

disappear simultaneously with the heterogeneous region />6r in a

point. This |)oint re|)resents for the stated temperature, the liquid

and the vapour which, at the minimum pressure of the system licpud

-|- gas can be in e(pulibrium with each other.

^ This |)oiiit may occur without as well as within

the saturation line of /'. As at lower tempera-

tures the region FL is generally large, but small

at tenqieratiu-es iu the vicinity of the melting

|)oint of /''. the said point will appear, at high

temperatures, usually without, and at lower tem-

Y\^ J

peraturcs as well within as without the saturation

line of F.

We now first consider the case where the point with a minimum
vapour pressure falls outside the saturation line of F, or in other

words that the licpiidum aiul the heterogeneous region disappear in

a point outside the saturation line of /*'.

1; These Proc. p. 70U ami 85?.



8«8

If startinj; from lig, 1 we now i-i'dnco llic |)reNsiire. llio lic|ui(lmn

line of the lielerogeneoiis rcgictn approaclicsllie saturation nirve ot /'ami

meels this at a definite tein|ierature. The diagram no^v formed max

lie deduced from lite. '2 (1) if we suppose liie saturation curve of /•'

tlierein to be surrounded bv the curves il e and </,(',. The diagrams

appearing on furliiei reduction of the pressure can be represented

bv ligs. 3 (1), 4 (1), 5 (1), (i (li, or 3 (1), 8 (1), 9 ^1) '^'nl 10 (1).

In each of tliese figures, liowever, tlie curves </ c and (/iC, must be

imagiiu'd to be beut in such a manner that tiiev entirely surround

the li(|nidiini region; tiie\ linaliv disappear in the poiiil wiih the

minimum pressure.

From this it now follows that the liipiid as well as the vapour

of the three-phase etpiilibrium F -\- L -\- (' proceeds along a closed

curve like in fig. 7 (1) or 11 (J ; the saturation line under its own

l>iessure is, therefore, again circumphased and the correlated vapour

line circumphased or exphased.

If we consider temperatures very close to the melting point of /•',

we find as in the first communication, that the saturation line

under its own \a[)Our pressure becomes exphased and iliai we
obtain diagrams such as in figs. 12 (1) and 13 (1;.

We now consider the case where the point with minimum vapour

pressure falls witiiin the saturation line of F, or in other words,

that the liquidum and liie heterogeneous region disap|)ear in a point

within the saturation surface of F.

We again start from fig. J and reduce the pressure first of all

until the licpiitlum and saturation curve come into contact, tlieii

until both curves intersect. We now oblain a diagram as in fig. 3(1)

in which, how^ever, the saturation curve ol' /•' is supposed to be

surrounded by the heterogeneous region A (r.

On further reduction of pressure,

the litpiidum line of ilie heteroge-

neous region and the saturation line

of /' may once more come into con-

tact, so that on further reduction of

pressure two new three-phase triang-

les are formed; we ihcn obtain a

diagram such as fig. "^ with four

') iliree-phase triangles. The liijiiiduni

region now consists of the two iso-

lated pieces fXp(/(/ and hr/is. the hete-

rogeneous region likewise of I wo

isolated parts, namely of a^g^ypu

Fig. 2.
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;u\:\ /I'h'/is/i, wiicrcas iIh' \;i|i(iur rcLiioii forms ;v colierciil wlmle.

Ill li}i'.
'1 we liiid llic riilldwinij,' ei|uililiria :

(.'iirx'C a''/' rcpri'scMils \a|pinirs in f(|iiililiriiiin wilh lii|iiii|> nf ilie

curve iijx/ :

('iirx'c A'//' repi-i'seiils \'iV|i(iiirs in ('(|iiililiriinii wilii liipmls nC llie

ciirvo /)s/l
;

("iirvc r/7/ and ;/'//' rciii'esciils vapours in o(|Mililiriuni wilh the

solid siibslaiu.'C /''

;

('nrve api/ rcpivsonls li(|nids in e(|uilil»rinni witli llie va|)ours of

Ihc cufx'e (!.''(/'
:

(Ini've /is/i repi'csculs liipiids in oi|nililii'iiini wilh \ap(Mif> of ihc

curse b"/.'
;

Curve (i/k/ (and ArAl represents liciuids safnraled wilh ihe solid

substance F.

If, al llie leni|ieralnr(' and the pressure applvini!,- lo tig. 2, we
join Ihe conipoiienis, iheii, according' lo the siluation of tlie ligiira-

ting [loint, lliere is tornied wilhiii :

tlie gasregion .... an unsaturated vapour :

the li(pu(liini region an unsaturated solution
;

^'/W/i''i '^ \apoiir of ^?,(/i -|- a li(|uid of n/ii/
;

bs/ihj)^ a vapour of i>Ji^ -\- a liipiid of /w// ;

iiJi^F a vapour of '',Ai -f- '^olid' i'';

i/Ji^F a vapour of (/lAj -j- solid F

;

aqgF a li([nid of a^-^/ + solid F

;

brIiF a liquid of hrh + solid F
;

an^F vapour n^-\- liipiid ^z + solid F

;

bh,F „ 6, + „ h-\. „ F;

iig.F (/i + .. g-\- » F\
kKF , /t>+ „ /j+ „ iT,

On t'urtlier reduction of pressure, the liquidum line aptj and lish

whicli surrounds the litpiidum region contracts still more so that

on llie one side the poinis n and ij coincide at a iiressure /*, this

'will lie likewise llie case wilh iheir conjugated poinis ^/, and ^/, ;

llie I wo triangles F(i^<( and Fy^j llien coincide along a straighl linn

and the pressure /' for Ihe system F^ ^+ ^'^ 's a ininitnnni

pressure. The same applies when Ihe two triangles Fhb^ and Fkli^

coincide.

After the four ihree-phase triangles have disappeared froiii lig. '2

owing to reduction of pressure, the vapour saturation line of F
composed in Fig. 2 of ihe (wo lu-auches (//>, and //,/;, forms a

closed curve which surrounds ihe lieterogenjous region fjl as well
- n

Proceedings Royal Acad. Amsterdam. Vol. XV.



a*; llie Siiliiralinii line nl" /. llciu-c, at tliese pressures unly iiiisalu-

ralcd \apiMirs ami llmsc >aliirale(l wiili solid F can (K-cni' in llie

stable fondilidn.

From a n>nsidera(i<>ii of the e<|nilibrinni F -\- L -\- G it appears

that the saturation curve of /•" under its own vapour jtressiire is a

curve surronndinu liio point /•', on which however, now occur two

points with a niaxiinum vapiuir pressui-e. Tlie same applie> to the

correlated vapoui' curve surrounding the Iniiuei- curve. Eiicli uiaxi-

uium (M- minimum poini of the one curve lies with the correlated

maximum or miuinium point of the other cur\e and the point F
on a straight line.

We have assumed above that when the li(]ui(iuui and the hetero-

geneous region disappear in a point within tiie saturation line of

F two thr('c-|)hase triangles, as in fig. 2. appear. We may, however,

also imagine that the liipiidum line of the heterogeneous region LG
in fig. 1 contraels in such a manner that it intersects the saturation

line of /•' in two points only: only two three-phase triangles are

then formed.

The saturation line of /" under its own vapour pressure and the

correlated li(|uidum line are then both circumphased and exhibit one

point with a uiaxiuniui ami one with a luinimuui vapour pressure.

When the liquidum region disappears at one temperature within and

at another temperature without tiie .saturation point of F, it will,

at a delinitc temperature disappear in a point of the saturation line.

Among all solutions saturated at this temperature with /" and in

etpiilibrium with vapour there will be one which is in equilibrium

with a vapour of the same composition. The saturation line of F
uiuler its own vapoui' pressure anil the correlating vapour line then

meet in the point with the minimum \aponr pressure.

We have noticed above that there exist saturation lines of /-'under

their own vapour pressure which exhibit two vapoiw pressure maxima

and two uuuima. Such curves must, of course, l>e capable of con-

version into curves with one maximum and one minimum: this

takes place by the coincidence of a ma.ximum ami a minimum of the

(irst curve causing the |)art of the curve situated between these two

|toints to disappear. The two other parts then again merge in each other.

We have deduced above the saturation line under its own vapour

pressure with two maxima and two mininui in the assum|(tion that

the li(piidum region disappears somewhere within the saluialion line

of /•". We may also however, imagine similar cases if this disappear-

ance lakes place in a point outside the saluralion line of /•' We
have only to suppose that in lig. 1 the li(iuidum line of the lielero-
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/-''/ coiili'jicls s(i as lo disappear in i\ pdinl (iiiUide

the saturation line u\' /

.

Ai'lcf llie conlacl of tlic li(|niiluin and >atni-ali(in lines two jioinls

of intersection ;ipp<'ar; it' now no I'lirilHT conlacl lakes place, tliese

Jioinls linallv coincide in a |ioini of contact so that the satni-atioii

line nndcr its own xaponr |ii-e.ssnre exhibits linl one niaxininui or

niiniinnni.

if, however, after the appearance of llie lirst two points of inter-

section a second point of contact ocenrs we obtain four points of

intersection of which, al lirsl two, and afterwards the other two

coincide in a point of conlacl, so tlial in all four of tiiese points

are foi-nied. The s;ilnralion line under its own vaponr pressnre then

exhibits two maxima and two minima.

By way of a transition case it might ha[)pen that the second

point of contact, which appears after tiie formation of the two ilrst

points of intersection, coincided with one of tliese points so tiiat a

l)oint of the second order was formed. On fnrther change of pressure

two ])oints of intersection then auain occnrred, which finally coincided

in a new point of contact. The satnration line nnder its own vaponr

pressnre then represents the transition form between that with one

maximnm and one mininmm and thai with two maxima and two

minima.

After what has been slated it will surely be niinecessary to con-

sider the i-ase where, in the .system li([uid-vaponr, a \aponr pressnre

maximnm or a slationar\' point ocenrs; we '.vill refer to this and to

a few pecniiar boiling point lines |)erliaps later.

We will now jnst consider what happens if we take the eomponnd
/' oidy and aiiply heat. If we imagine F placed in a \acuvim at a

low temperatnre a iiorlion of this compound F will evaporate and

there is formed the equilibrium; solid /'"-j- vaponr F. On increase

of temperatnre the vaponr pressnre of F is raised ; in a i^, 7-diagrani

we thus obtain a curve such as nK of fig. 3, namely the sublima-

tion curve of the substance F. At a definite temperature 1\ and a

pressnre Pi, an intinitely small (piantify of liquid is now formed;

this, of course, has not the composition /'" but another composition

A'. As only an infinitely snudl amount of liquid has formed as vet,

the vaponr still has tlie composition F. The point A' is, therefore

the terminal point of the sublimation line, called by v.vn der Wa.\i.s

in his binary .systems ihe np|)er sublinuition point of the conqiound.

If we increase the temperature, say, to T' , more of the compound
melts; there is then formed the tlu'ee-phasc e(juilibrinm F -\- L -\-

G

in which neither L nor (r iiave the composition F. L and G liavt"

57*



S72

siifli a l()rll|K^^^ill(ltl llial we can Idiin I'iihii Imili the solid substance

F, llie tlii-ee ligiiraliiig |iiiiiii- arc, liK'ivl'ui'e, situated on a -Iraiglit

Fig. 3.

line. Besides. L and G are alwavs |ireseiit in quanlilies C(|nivalenl

to (lie reaetion /. + ^Z—>/': L and (i are. consequenilx . |>ieseiii

in sneli amounts llial from l)olh we can form F wiihonl anv L or

(t remaining-.

As a rule, tlie three-phase ei|uilil)rium F -\- L -{- G can exist,

at the temperature 7" with a wiiole series of pressures, namely, witli

the pressures occurring on the saturation line under its own vapour

pressure of the solid substance F at the tenii)ei"iture T' . As in this

particular case a phase reaction is possil)ie between the three phases

or in other words, as the points /•', L. and (1 lie on a straight line,

the three-phase equilibrium exists here only at a delinile juessure,

namely, the ma.\imum or minimnm pressure which occur at the

tem[)erature 2' on the saturation line of /" under its own \apour

pressure. In this particular case it is^the minimum pressure, as will

appear later.

At a further increase of temperature more of the substance F
keeps on melting and h and G alter their composition ; we will

regulate the volume in such a manner that tliere is but an infinitely

small amount of \apour which, of course, does not allect the {)res-

sure. If we re|)rc,scnl the piessure and tem|)eralure graj)hically, a

curve is formed such as curve A' F of tig. .'J.

Finally we now arrive at a temperature and correlated pressure

at which all solid /•' has fused; as particularly at the last moments,

we have taken care thai but inlinitel^ lilile \apour is present, the

licjnid now has the cnnqiosition /•'
: llu' xajionr has (piite a dilferent

composition D.
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As the solid siiltslaiico /' ;iii(i llic lii|ini| iinw liuxc llic same coiil-

|i()siiii)ii \vc liiivt' atlaiiieil llic incllin^' |i(iiril n( /•'. If now we regulate

the ltMii|M'i;ilinc ami |pi'0ssiire in siicli a iiiaiincr that llit- solid mailer

/•' remains in equilihrium willi ils mell llie sysiem |)roceeds alonjj

the melting point lini' F</ of tig. ii. Here, it lias been assumed tliat

the volume v of the solid snbslanee is mucli smaller than (lie volume

r of ils niell. ir lliis is noi ilie ease, the melting point line /'W starts

from /•' towards lower lemperalures. In Itinary systems, \'\n dkk

Waals has called the initial point /•' of tlu- melting point line, the

minimum melting point of the solid suhstanee F.

Hence, we have forced the sulisiaiice /'' 1o ]irooeed along:

It. ilie sublimation line a/\

I). Ilie three phase line A7'"

c. Ihe melting poini line /•'(/

we can, liowe\er, consider slill other lines.

In ihe upper sublimalion poiiil K we have solid /•' -|- vajioiir /•'-(-

inliiiilely lillle liipiid. We iijw increase the volume uiilil the solid

subslaiice /•' has been converted totally into vapour, or else we
remove the solid substance. We I hen have the system : vapour /'

-\-

intinitely little licpiid or we may also say, a vapour F which can

be in eipiilibrium with a liquid. If the tem|)craiure is increased the

\aponr /*' will continue lo e.xist ; it is then, however, no longer in

e(piilibriuiii wiih liipiid. In order, lo again form an iiitiiiitely small

quantity of liquid, or in oilier words lo again bring the va|H)ur in

ecpiilibrium wilh a liipud, il will y,enerally be necessary lo increase

I he pressure.

Hence, al an iucrea.se in lemperaliire, one can always regiilaie

the pressure in such a manner ihal a vapour of ihe composition /'

is in equilibrium with an intiiiilely small ipumliiy of liquid which,

of course, changes ils composition with ihe lem[)erature. If jiressnre

and lemperaliire are repre.sented in li^. 2, I he curve /(/"of this figure

is formed.

In the minimum melting point F we ean start from the system

solid /•'
-f li([iiid F -\- infinitely little vapour after we have first

eliminated ihe solid substance /-' ihereof. If now, we elevaie the

temperature, ihe pressure may be always regulated in such a manner
that this iiipiid of ihe composiiioii F is in eipulibrium with an

inlinitely small (piaulity of vapour which, of coiii'se, changes its

composition wilh the temperalure. The corresjionding /^7'-line is

represented in tig. ."5 by ilu> curve Fr.

As, on the line cF, a licpiid of the composition /''is in equilibrium

with vapour we will call this line the evajioration line of F. On
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llie line I\f a vapour of llie ooinposilion F is in e(|iiilibrinni witli

li(|iiiii ; we will, llieiofore, call Kf (lie coiKii'iisalioii line of /•'. Tlio

metastable |iniloiiirali(>ns of Fe and A/are reiiresenled in llie lipiire

hv Fc' and A/'. Hence, in point /' tluee cinves coincide namelv,

the ineltinjr point line {Fd), the evaporation line {Fe) and the tliree-

pliase line (FK^ : in point A' three curves also meet, namely, the

snblimalion line f'rA'V tlie tliree-pliase line {KF) and the conden-

sation line {Kf).

The metastable jirolongalions of the sublimation line aK and

the melting point line (IF intersect in a point .S -. at this temporal lire

7s and pressure 1\< now occurs, in a metastable condition, the

erpiilibrium : solid 7-'+ licpiid / -|- vapour F. If now the substance

F Ix'haved as a simple substance which can only yield a liipiid and

a vapour of the same com[)Osition, .S would rejiresent the triple

|)oint of the substance /'; owing to (he occurrence of the )liree-|)hase

ecpiilibrium F -\- L -\- G this triple [loinl is, however, metastable

here. Through iliis nielastablo triple point .S' now also i)asses, besides

the sublimation and the melting point curve of F, the evaporation

line q' Sij of /'. This represents the eipiilibrium liquid F -\- vajjour

F occurring in the metastable condition ; on this curve //'>S/ liquid

and \apour, therefore, have the composition /•' and not, as on/'Kf,

only the vapour, and as in e'Fe only the licpiid. We will call the

curve g'S_Q the theoretical evaporation line.

In order to find what conditions of the substance 7^ are repre.sented

bv the points of the difTereut regions we take this substance in a

condition answering to a point of the subliuuition line aK. We tlien

have solid 7''-|- vapour F. l-'rom a consideration of what takes place

on supply or al withdraw of heat, or on increase or decrease in

volume we now deduce: to the right and below the line rzA'occurs

the vapour region, to the left and above the line (iK is found the

solid region of F.

Acting in a similar manner with the points of the other lines,

wc lind that four regions may be distingr.islied, namely, a gas region

indicated in the ligure by an eiicii-cled (/', a solid region indicated

bv an encircled /", a liipiidum region indicated by an encircled A

and a liqnidum-gas region indicated by an encircleii A -|- (r. Hence

if the substance F is brouglit to a temperature and under a pressure

corresponding with a |)niiii of the solid .-egion. the substance /•' is

solid; if brought to a temperature and under a pressure corresponding

with a point of the li(piidum-gas region, /•' is resolved into liquid

and gas etc.

We will also consider fiij;. 3 just once more in connection with the



Si;-)

prc\ iimsly iiioiitidiiod Scitiiration lines of F and llif liiiniduni and

\a|)(iur lines ul' llic liolcroiicneoiis region /, -\- (I. I'di- tlii>. wc first

cimosc a Icniiicraliiii' 7',i (•(iri't'siiondinii' willi jioinl A iif tij;. .'! and

a \er\ liij^li pressnrc so thai wo liiid mirselves in the solid region.

On llic |)fessnrc' lieinu' rcdnceil \vc arrive from the solid region

into the ]i(|ni(lnni region, then into the !i(|niduni-gas region and

linallv into the gas region. If we choose a temperatnre Ti; eoi're-

sponding wilh point l> of lig. W. tlie snhslance /'' on rcdnclion of

|)ressure tirsl traverses the solid region, then the liipiidum-gas region

and (inallv the gas region. Reduction of pressnre at the leinperalnre

7V tiansfers the snbstanoe from the solid region to the gas region.

We now start from the teinpcraliire Ta and a very high pressure:

the c(nresponding diagram then consists of fig 1 (1) wherein, howe-

\cr, is siill wanted the gas region and the heterogeneons region

L -\- a of this (ignre. It is now evident that tlie compound F can

onl\' exist in the solid condition; ii can, of course, he in c(piilihriuin

wilii a li(pnd, 1ml this licpiid cannot form niiless to the com|)onnd

is added a little of at least one of its com|»onenls. The pnre coni-

poniul /' which we iiave slill untler consideration can only occur

in the solitl condition.

On rednction of pressure, the saturation line of F contracts so ixi

to coincide finally with point /' of lig. i i^l). At this pressure occurs,

therefore, the ecinilibriiim sdlid /•'-(- liquid F, so that in lig. 8 we
])roceetl from the solid region to a point of the melting poini line

/•'(/. The heterogeneous region /. + (i of fig. 1 (Ij may, or may
not, ha\e appeared at this pressui-e : in any ease, liowever, it has

not yet extended to the point /•' of this tigure.

As. on further reduction of pressure, the saturation line of /'

disappears from lig. 1(J) (in order to keep in with lig. 3 we take

I'^r) /•' is now sitiuTted in the li(piiduni region of fig. i (J).

Hence, in fig. i! we must also arri\'e in the li((uidum region. As on

further reduction of pressure the gas region of fig. 1 (1) is further

extended, the li(piidum line t' d of the heterogeneous region passes,

at a ilefinite pressure, ihrongh the |)oint F. This means that the

liquid F can be in e(|uilibrium with vapour. This is in agreement

wilh lig. 3; therein we proceed from the li(pndum region to the

line Fe.

On further reduction of pressnre, the heterogeneons region /> -j- Cr

shifts over the point F \ the compound F is now resolved into a

li(pnd of the liquidum line and info a vapour of the vapour line

which on fui'iher decrease in i)ressure always change their compo-
sition. Hence the conqiound /•' traverses the licpiidum gas region
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wliicli is ill ajireemciit witli fijr. H. This will continue until on further

reiliiL'lion of pressure tin- vapour line of the iieleroy;eiieoiis region

passes liiroiigh point /•'. Tiiis means tiiat a vapour F ean be in

eiiuilibriuin witli a licpiid; this again is in harinonv with fig. 3:

therein we proceed from the liqiiidum gas region to tlie curve A'/',

(^n still further reduction of pressure tiie gas region of fig. 1 (1)

moves over tlie point F so tiiat, in liarinony witli lig. 3 the com-

pound F can occur only in the state of vapour.

Between tiie liquidum line de and tlie vapour line d^t\ of tlie

heterogeneous region L -\- G of fig. 1 (1) is situated the projection

of the line of intersection of the licpiidum and the vapour side of

the kr-surface. This line indicates a series of solutions which each can

be in eiiuilibriiiin with a va|)Our of the same composition; all tiie.se

liipiids and vapours, however, are metastable and break uj) into a

li(piid of the li(piidum line and a vapour of tiie vapour line of the

lu'teroiieneous region L + G. We will call this line of intersection

the theoretical li(|uiduin-vapoiir line.

As this theoretical line i)asses, at a definite pressure, through the

point F, there e.xists at this pressure the equilibrium: li(piid /•'-(-

vaiMiur F in a metastable condition: hence, we have a i)oint of the

theoretical evaptiralion line Sij of fig. 3 and it is, inorco\er, cvidciii

that this must be situated in the li(iuidum-gas region of fig. 3.

We now choose a temiierature Tn lower than 7'.i ; this will

cause the saturation line of /•' to disappear at Tb at a lower pres-

sure than at T_\. We now ciioose Tn so low that, on lowering the

pressure the saturation line of /•' has not yet disappeared when the

liquidum line of the heterogeneous region passes through the point

F. Tii is, therefore lower than the minimum melting point of F.

If we now choose a very high pressure, the corresponding diagram

will then consist of fig. 1 (1) wherein, however, the gas region and

the heterogeneous region L -\- (r are still wanting. On reducing the

pressure fig. 1(1) is formed first, then lig. '2(1) and furtlier fig. 3 (I):

at these pressures the compound /-' still occurs in the solid condition

so thai it finds itself in llie solid region of Mg. 3, At a definite

pressure the melastable part of the li(itiidum line d a h e situated

between the points <t and b in lig. 3 (Ij will pass through the point

F; this means that a litpiid of the composition F may be in equili-

brium with \a|Miur: this is only possiiile in the melastable condition

for in the staiile condition F only occurs as a solid. Hence, in fig. 3

we find ourselves in the solid region on a (loint of the metastable

curve f'F.

On further reduction of pressure there is now formed from fig.
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3 I'D llio fiuniro 4(1) or 8(1); we (irsi clioosc 7'/; in •^ncli a manner

that (til lowering' the pressure, llic vapour saluralioii line has not

yet (lisa|)pcaretl when the vapour \[l\^^ of thi' heterogeneous region

passes ihrougli the point /•'. So as to he in harnion\ with tif^. '.i,

7'/; iias been chosen lower than the niininium melting jjoint and

higher than the upper sul)liniation point of the eompound /''. In conse-

queiiee of this, fig. 3(1) is converted into fig. 4(1; on reduction of

pressure, and afterwards at a definite pressure into fig. 5(1). At

lliis pressure the as yet .solid compound F melts witii formation of

the vapour iii^ and the licpiid in; iience in tig. !} we proceed from

tiic solid region to a point of the three-phase line A' /•'.

On further decrease of pressure F is resolved into ii(|uiil and gas;

in fig. 3 we, therefore, proceed from the line A' /•' to the licpiidum

gas region. On further reduction of pressure the vapour curve i\ '/,

of fig. 5(1) [)asses, at a detinite pressure through the point /'; this

means that a vapour of the composition /•' can be in ecpiilibrium

with a li(pud. The compound F then passes, in fig. 3, from the

licpiidnm-gas region to the line Kf. On further decrease of pressure

is now formed fig. 6 (I), the point F lies now in the vapour region

so that the compound F can only slill occiu' in the state of

va|)our.

In fig. 3 we, therefore, proceed from the line /v/' to the gas region.

Hetween fig. 3 (I), in which we assume the metastable part a b

of the li(|ui(lum line iliihi> to [tass through the jwiiit F, and fig.

5 (1), in which we a^sume the \a])oui' line (/, c, to pass through F.

there must, of course, lie another one where the theoretical liquidum

vapour line passes through point 7^. This means that, in fig. 3, we
must find, at the temperature 7'^, between the curves i''F and Kf
a point of the cnr\e iJSj. If this theoretical vapour ciu've alreiidy

()asses through the point F before fig. 5 (Ij is formed through reduc-

tion of pressure, the point of intersection of ij Sg with the vertical

line then lies in the point />' of tig. 3 above the three-]tliase line;

if, however, fiiis theoretical line passes thiMuigh the point F when,

through reduction of pressure, fig. 5 !ias formed, the above jioiiit of

intersection in tig. 3 lies below the three-phase line. These results,

as follows from fig. 3, are in harmony' with this figure.

The situation of the metastable sublimation line 7v'S' and of the

metastable melting piuiit line FS may be found in this manner.

Here, we will just determine the situation of the triple point .s'. In

iliis point there e.\ists an e(piilibrium between solid F -\- litjuid

F -\- vajiour /•'.

The equilibrium li([ui(l /•'-!- vapmir 7' requires that the theore-
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tioal liqiiidnm vapour line passes ilnmi^'li iiojiit 7-^: if lliis cqiiililniiim

(iciMirs ill the stalile I'untlitioii, the li(|uiiliim and the vapour line of die

heterogeneous region must then al:?o pa.-^.- through tiie point /'; this

is the case when, iiu-identaliy, a ternan niaxinuim, ininiinnm or

stationary puint orenrs in /•'. If, iiowever, thi^ C(|iiilihrinin a[ipears in

the nietastable condition, the lic|niduin and vapour line of the hetero-

geneous region do n^)t pass tiirough /•' wiiieh is then situated between

these two. As, from the equilibria solid /" -)- liquid /•"+ vapour /'

and solid F -\- vapour /', it follows thai the saturation ami the

\apour saturation line of /' coincide to one point in /', the lueta-

stablc triple point .'^' inu>t be situated in liie licpiiduiii gas region

of fig. :i

We now cJKMi.-.e a lenq>eratnre 7\- (tig. 3) lower than the upper

sublimation point 7\. of tig. 'A. tiio vapour saturation line of /-'has,

therefore, not yet disappeared when the vapour line of the hetero-

geneous L -)- (t passes through the point F. Starting from high

pressures and then reducing the same there is lirst formed tig. 1 (I)

wherein, at first, the gas ami heterogeneous regions are .-till wanting,

then tigs. 1 (I\ 2(1) and .'iji which is now converted into 8(1);

then are formed tigs. 9 1) and 10 (I) and finally a tigure which we
will call 10a and which is formed from fig. 10 when the vapour

saturation line of /•' coincides with the imint /'.

During this lowering of the pressure, as shown from the figures,

the substance /•' only occurs solid in the stable condition ; the sub-

stance /•', therefore, traverses the solid region of fig. -i. >«'ot until

the pressure has been so reduced as to form fig. 10a can solid /*'

be in equilibrium with \apoiir /•'. We then proceed in I'li:. 3 from

the solid region to a point of ihe sublimation line <i A'.

On continued leduclioii of pressure tiic vapour satiiralion line of

/' disappears from tig. 10a, so lliat /' lies within the gas region;

hence, /•' can occur only in the form of vapour, so that in fig. 3 we
proceed to the vapour region.

In the conversion of fig. 3 1 into lig. cS I the subslauce /-"passes

through dilferent metastable conditions. On reduction of pressure the

nietastable piece a h of the lit|ui(hmi line passes through the poini /'

first, then the •heoretical li(piiduni-vapour line and then the mela-

stable piece a., i, of the vapour line of the heterogeneous I'egion

L-\-(i. This also agrees with fig. 3; on lowering the pressure at

the teuqierature Tr we meet in the solid reiiioii, successively, the

metaslable'curves e' F, </' N, ami /'' A'.

When in a system licjuid-gas a litpiid and a vapour of the same

composition are in equilibrium, we will call this a singular point of
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tlio systom Fj -\- (1. TIk^ :i|)|)(»iiraiu'i' dl' micIi u |ininl liiis no iiiflii-

fiicc OH lii;. ''\ mil(!!ss lliis iiLHMileiiliill} (•niucido^ willi llic |iniiil /•'ul'

(HI,' (if llic provioiisly cxaiiiiiKMl li^iircs. Siicli ;i siiifi;iiliii' |)niiil, ihal

ill t'iicli 7' Dcciirs only al a di'linilc /', iiroccrds in Hie coiniionf'iil

triangle along a cmii'V(! wliicli may liappcn lo I'.ass tlirough /•'. If

tliis slionhl laUe place, and if tiiis pnini is a slalonary |)oint, \\w\\, in

tlic case ot" llic coiTclaled /* and 7', llie vaponr and li(pn(inni line

of the luMerogeneons region L \- (1 and the theorelic-ai lii|iiiiinni

\apiMir line |iass llirongh /''; it' this point is a niaxiniuni or rnini-

ninni oiu' these three lines eoineide in /•'. From this it follows that

in tig. .'{ the singular point ninsf always lie simidlaneonsly on the

lines I/' S(/, <' F r and /'' A'/'. The coincidenee of a singidar jioinl

with the point /' therefore causes the above three curves of lig. 2

to have one point in common; from other considerations it follows

that they get into contact with each other.

This poini of contact may lie in the solid as well as in the lnpii-

duni-gas region ; in the first case, the system licpiid /•' -|- \'apoui' /''

is metastahle, in the second case it is stable.

This ]ioint of contact may — l)ut this is not very likely - also

coincide with point -S' of fig. 3. The system solid /•'
-f- li(|ind F -\-

\'a|H>ur /•' would then occur in the stable condition and tlu' subli-

mation and melting point curves would then c(Mitinue up to tin-

point iS'. (To be continued).

Mathematics. — "(hi cnmple.-ves which C(t>i bi' built up of linear

(oii(/ru.c>u'i's" . By I'rof. Jan dk Vkies.

(Comiiuinicati'tl in Ihc Meeting of December "iS, 1U1:2).

§ 1. We will sup|)os(_' thai the generatrices a of a scroll *_if order

/;/ are in i l,l)-corres])onilence with the generatrices b of a scroll of

order //, and consider the complex containing all the linear congru-

ences admitting any pair of corresponding generatrices a,b asdii-ec-

lor lines. The two scrolls admit the same genus p \ as the eilges of

a comple.v cone are in (l,l)-correspondence with the generatrices

(ij) on which they rest, /> is also the genus of all the complex

cones '). The rays of a pencil are arranged in a correspondence

[III, u'] by the generatrices of iho scrolls [ii),{h): so in general the

complex is of order iii -\- n.

1) For in = ?8 = 1 (two pencils) we got the ieirahedral comphr. In a paper

"On a group <if cnmphxcs with rationut rones of the cornple.v" (Proceedings

of Amsleidam, Vol. VII, p. 577) we already considered the case of a (leiicil in

(1,1) correspondence with the tangents of a rational plane curve.
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ti,/), iUey helong to a coii^riienfe ooiitained in the c"oiii|»lex, of which

congruence botli on/cr and cldss are e(|iial to the nuiiihor of dnnlih^

edges of tlie cone.

Evidently any [iDiiii coiiniion to two corresponding generatrices

a, d is a jmnciiHil point, the plane containing these lines a principal

plane of the complex. If one of the scrolls is plane, the bearing

[tiane is a principal plane too; if one of them is a cone, the vertex

is a principal point ^).

Any point /' of a |)rincipal plane is .simjular, the pencil with

vertex Z* lyiiiii in thai jilaiie forming a part of the complex cone of

I\ The same degeneration [)reseiils itself for any point of eacli of

the given scrolls; so these surfaces are loci of singular point.i. hike-

wise any plane through a generatrix a or /> and any plane through

a principal point is simjular.

By means of one scroll oidy can also be obtaiue complexes con-

sisting of linear congruences. So we can arrange the generatrices of

a scroll in groups of an involulion / and consider any pair of any

group as director lines of a linear congruence j.

In the following lines we treat the hiipiadratic complex which

can be deri\ed in the manner described aboxe from two projective

reguli. Alter that we will investigate the particular cases of plane

scrolls or cones.

§ 2. We use the general line coordinates Xk, inlroduced iiy Ki.f.in,

which are linear functions of the coordinates ]> of I'l.icKKK and

salisfv the identitv (j;') = ^ ,cr = 0, while 2: xi, iji- — or (.r//) =r
6 6

'

indicates that x and y intersect each other.

Then a regulris is characterized by the six relations

"k = pk i-* + 2(7fc X + Tk,

satisfying the conditions:

{p^) ^ 0, (r^) = 0, {pg) = 0, igr) = 0, J (,/) + (,.r) = 0.*

Likewi.Ne we represent the sccoml regulus by

') In our paper "Sur quelques complexes rectilignes du troisicme degre"

(Archives Teyler, 2nd scries, vol. IX, p. 553—573) we have coiisiilercd among

others the case that one of the scrolls is a pencil whilst tlie other is ibrmed by

the tangents of u conic.

") Tills has been applied to a developable in our paper 'Ox comphxes of rays

in relaliiin to a ratiomtl skew curve'' (Proceedings of Amslerdaui, vol. VI, p. 1:2)

and on a rational scroll in "A group of complexes of rui/s ivhose singulur sur-

faces consist of a scroll and a number of planes". (Proceedings of Amsterdam,

vol. VIII, p. 662).
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Then wo find I'm- llic ravs ./• t\\' tlie coiiLirnoiiT'e willi (lircctdr

lines (/, //

(,..-•)/' + 2 (7 ..) A + (r.r) = 0,

(//,r) r + 2 (fr) A + {r',r) = 0.

wind: we aln'idge into

I'k' + -2Q).+ R = , FA^ + 2Q'A + i^' =r 0.

iU eliniinalidti of P. we ji,ct llie Ci\\inUou oi' the /nquadi'itdc com/)/i'.v

iimliM- discussion. It is

(P/i' - P'R)' — 4 {FQ — FQ) (QR' — Q'R),

nr, wlial eoiiiGs 1o tlie same,

{PR' — 2QQ' + FR)' = 4 {PR - Q') {FR' - Q").

From this ensues that tlie eom[)lex can be uenerated in two (iitrerent

ways by two projective pencils of (quadratic coniple.ves. 'liiis is sliown

by the equations

PU — FR = 2 fi {PQ — P'Q),

I,
{PF — FR) — 2 (QR — Q'R)

and

PF - -IQQ + PP = 2 ,t {PR - Q'),

ft {FF — 2QQ'+ FR) = 2 {FF — Q'').

The ei|uation i((/i) =: expressing the condition liial two corrc-

sponding gencratiices u, li have a puint in common, gives rise to a

l)i(piadratic ecpiation in /. So there are tmtr princi/xil points and

fouj- principal planes.

§ 3. We now occupy ourselves with the congruence of the rays

,( cacii of which rests on tn-o pairs of homologous generati'iees {>).

For such a ray .r the two equations

PX' -{- 2Q ). 4- R= , Pr + 2Q'}. + F =
must be satisfied foi' the same values of A; so we have the condition

P Q R

P Q' F
This e(puitiou leads lo a congruence (B,3). For the quadratic

complexes PQ=F(l and J'R'—FH have the congruence J'=0,
/'' = ill common and ihc latter I'ougrueiice does not belong to the

complex QR' = QR.
Tiiis result is in accordance with the fact that tlie comjilex cones

(and curves) must lie rational and have to admit therefore M/w (/o^/Vf

eili/es (anil three itouhic tani/eiit.i).

Both the characteristic numbers of the congruence can also be

= 0.
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riMiiiil as follows. A jilime iliroiiirli aiiv iioiiil .t„ of the generatrix a„

and the forrespomliiij!; generatrix A„ ents both regiili respectively in

a ofinic «„' and a line [i,,. On these sections the oilier pairs of corre-

sponding lines (i,ft (K'lerniine two |irojeclive ranges of points (.4), [B).

As these arrange the rav- of a pencil in the piaiie {AJ>„) in a

correspondence (,1,2), the lines AB envelop a rational curve of class

f/irre with ,:», as doii/j/e taiujent. Each of the three lines AB passing

throngli A^ rests on two pairs aji and helonus thei-efoi-e to the

congrnence.

The curve of class three just \\n\\u\ and the pencil with .1,, as

vertex form together the rompli'.v cnrrr of plane (AJi,X Likewise

the roiniih'x cone of A„ breaks np into this pencil and a rational

cubic cone.

Any point and any laiiucnlial ]piane ot the quadratic scrolls (a), (A)

is sinc/ular. Moreover the iminls of the princijial planes and llie

planes through the princi|)al |H)iuts are singular.

§ 4. If we add the relation (^/r) = to the conditions enumerated

in ^ 2, it follows from 2(7'') + (///•'; = that the coordinates <^'i-

also deternnne a line, which is to cut // and r on account of

(p'tj') ^ 0, {q'r't^O without belonging to liic regulus. So it lies

either in the plane t through // and ;' or on a (piadraiic cmie with

the piiiiit of intersection 7' of //' and r as vertex.

In the lirst case each line of t belongs to the complex and even

tin'ri' as it cuts two generatrices of the regulus (a). In oilier words:

T is a ilouhle principal plane.

Ill the sccoiiil case an analogous rea.soning shows llial 7' is a

double principal pom/.

^ 5. Ill ilic iwo lailer pailicular cases the complex has lost the properly

of corresponding (lintlli/ irith il.-ielf. On llie coiilraiy lliis |iroperly

is slill jireserved by the complex generated by Iwo projective reguli

the lirst of which consists of the tangents of a conic (c (in jilane «)

and the second is formed by the edges of a i/aailratic cone ,i'^ (with,

vertex B).

The range of points i?„ on the section ,i„' of /J" and a is in (1,1)-

correspondence with the system (a). So the points B^ are in (2,2)-

coi-res|)ondeiicc with ilie points of intersection .1,, of the generatrices

ti and llic cniiic ,i^/'. So the cdiiiplex aduiiis foiii- principal points,

each of which 'oears a principal j>lane.

I''iirllieiiiini(' (t is a double principal plane. II a double jnincipal

iwint.



'I'lic cniiiitlcx ((1110 (if |i(iinl /' li.i- /'/! t'(ir doiililf^ edge: for /'/I

(Milh two gL'iit'ralrico ii and al llic saiiu? lime (he corrcsiKiiidiiifi

lines f/. .So tlie ('oiigrnciicc ;j.!>) (if ilie geiiecal case must l>rcak ii[i

here into a (1,0), a (0,1) and a (2,2).

Ill or(ler lo chcidi lliis we (•oiisi(h'i' tiie coiTesiKiiKhMicc lietween

the jioiiils .[^r-.if^ii. and tlie corresponding planes {I ^z hj), . if .1

dcserihes a line, r/, and ii.. generate an iii\()inlioii
;
as /;, and h.^ do

then likewise, (i \\\\\ rolale ahoiil a lived axis. So tiii' eoiTespondence

{A,^) is a corri'lation. Tlierefore plane u eonlains a eoiiic f<„', each

|>oiiit .1„ of which i> incident with the tface li„ of the homologous

plane '(i„. So each point .1,, is the vertex of a pencil belonging to

the complex and lying in plane [i„. These pencils generate a con-

(/riu'iicc (2, 2). For their jdanes envelop a (piadratic cone with vertex

B, two tangential planes ,-?„ of which pass through the ai-bitrarilv

chosen |)oint J', so the lines coiuiecting /* with the homologous

points A„ i>eloiig to the congruence in question, which evidently is

dual ill itself.

§ 6. We will now su[)p()se that the tangents a of the conic a'

in plane <t and the tangents A of the conic ,J" in plane /? are in

(1, l)-correspondence. Then the congruence with any pair of corre-

s|)ondiiig fangenis n, li as director lines generates once more a

complex of order four, evidently not dual in itself.

By \W corres|)Oiidence (a. h) the points of the line c common to

It and (J are arranged in a (2,2;-correspondeiice. The four coinci-

dencies are priiici/xil points of the complex and the lines n, h con-

curring in any of these points determine a princiixd plane So we
ha\e indicated four sheaves of rays and four fields of rays belonging

to the com|)lex.

The planes u and |i are also fields of rays of the complex; for

any line < of a is cut on c by two lines b but al.so by the corre-

sponding lines a\ so .^• l)elong.s twice to the complex.

We account for iliis by >aying thai a and ,J are double principal

planes.

The con:plex cone of any point P meets c in four points, i. e. in

llie four princi|)al points: so we deal with a biquadratic coniplex.

'1 he coniple.i: cone is rational, its edges corresponding one to one

to the tangents of a'; therefore it has to admit three double edges.

Likewise the coniple.r curve of any plane has to admit tltree double

tanyents.

§ 7. In order t(j inveNligate this more closelv we consider the
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relalionsliip l)el\veon anv point .1 of r, as point coinmoii to two

tangents '/, , a^. and tiie |toint H coinnion to tlio coi-responding

tangents 6,, h,.

It' A describes a line /.i its jx^lar line with respect to <r will rotate

abonl a fixed point, whilst the pair a^,a, generates an involution.

But then 6,, />, must also generate an involution, so that 5 describos

a line //; . So the point fields (.4), (/^ are in projective corre^jiond-

ence coilinear. honiographic).

ilv |M'ojecting the field (A) out of anv point /' unto ,i we obtain

in |-J two projective collocal fields, adniittiug three coincidencies. So

the congruence of the lines A/) is of s/ied/' dc'i/iri' (order) fhri'c. Its

jii'Id dt'ijri'i: (das.s) however is din': for if A describes the section

of n with an\' plane /7, li will arrive once in //, i.e. // contains

oidv one line AB.

The congruence (3, 1) found here is generateil, as we know, by

the axes (= biplanar lines) of a twisted cubic y", i. e. anv line AB
lies in two osculating planes of y'.

Evidently any line .1// i> douhlc edge of the coinple.'v cone of any

of its juiints /*. However the couiple.x rays through .1 form the

pencil A («) counted twice and the pencils determined by the lines

b^,h^: for B the analogous property holds.

§ 8. Evidently the tliree double edges of the comple.v cone of P
are the mutual intersections of the three osculating planes of y'

passing through P.

Likewise the complex curve in // has lor double tange)it the axis of

y' lying in that plane, the other two double tangents coinvid'inji with

the intersections of // with « and j?. For. each of the lines b', b"

which concur in the point cIl determines a complex ray lying in

77, which lines coincide both with « 77.

An osculating plane i2 of y' contains x' axes, enveloping a conic

CO*. Any plane ii is singular for the coi>gruence (.47>). So the com*

ple\ curve in £2 is the conic oj' counted twice.

As the congrueiu'e (H,l) cannot admit singular points, no point

bearing more than liirec planes iJ. no coin|)le\ cone vixn degenerate

but those corresponding to the principal points and the points of

the principal plane. We already remarked this for a and ,i; for any

point of a single principal plane the complex cone breaks up into

a i)encil and a rational cubic cone.

The complex cone of any point of the developable with y' as cus-

pidal edge admits an edge along wiiich two sheets touch each other

(the plane section has two branches touching each other). For any
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point of •;•' llic cum
I

(i; ; esses an v(]<^o alimfi; wliicli I wo slicels oscu-

late each nlliei- (the Mciioii lias Iwn hranclics with a coniinoii point

ot" indexioii lonchinf^ each other).

A cuspiditl xliji' connects any point .1,, of «' with the correspoiul-

ing point ,?„ of ,-('. The Incus of ihe line AJi„ is a hitiundntlic

scroll, of wiiicli <t and ,i contain l\\o generatrices. Any point of

this scroll admits a con)pie.\ I'oiie with a cuspidal i'd<^e.

Evidently the hi(pia<iratic scroll is nitional, so it has a twisted

cubic as nodal ciirvi' -. Vov any point /' of this curve the comple.\

cone has two cuspical edges.

By replacing the two conies ft', {V (as bearers of flattened regulij

hy two <iua(lratic cones we obtain a coniplrx e\idently dually I'ela-

ted to that treated above.

If «' and fi' touch tlic line c = n {i whilst c ((U'responds to itself

in the relationship between a and h. the coinple.x degenerates into

the special linear ciunplex with a.\i> r and a cubic complex. Evi-

dently the same holds for the general biquadratic complex (§
'2\ if

the reguli admit a common generatrix corresponding to itself.

Chemistry. -- "(hi the si/stem /i/iosp/idnis" . By I'rof. .\. Smits. .1.

W. Tkiuvkn. and Dr. II. I>. in: IjEKUW. (Communicated by Trof.

A. F. HoU.EMAJi).

(Cuinniunicuti'd in the uieL'tiui; ol November 30, lUlli).

In a previous communication on the application of the theory of

allolro|iy to the system phosphorus ') it was pointed out that the

possibility existed that the line for the internal e(|uilibrium of

molten while phos|)iiorus is not the prolongation of the line for the

internal equilibrium of molten red phosphorus, in consequence of

Ihe appearance of critical phenomena below the melting-point of

the red modification. The latter could namely be the case if the

system al'—,?/' belonged to the type ether-anlhra(|uiiione, which

did not seem improbable to us.

This supposition was founded on the folhnving consideration. In

the first place it follows from the determinations of the surface-

tension carried out by Aston and Uams.w '), that the white phosphorus

would possess a critical point at 422". Hence the critical point of

1) Zeitsch f. phys. Clieiu. 77, H67 (I'JIl).

-) J. Chem. Soe, 65, 173 (kS94).

Cf. also SouKNCK, llaudb. Abkgg 111^ 37i.

Proceedings Royal Acad. Amsterdam. Vol. XY.
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flie pseudo-component <(/' will probably lie below 422^. The
melting-point of tlie p^iendo-component {iP lies certainh- above the

melting-point of the red modification, hence above filO°, so that

we arrive at the conclusion that tiie melling-|)oini of the second

pseudo-component is probalily situated more than 2()()^ above the

critical jioint of the first pseudo-component.

In the second place the liquid white phosphorus, which must be

considered as a supersaturate solution, contains no apprccial)le quantity

of tiie phosphorus insuluiile in carbon ilisulphide even at hi^Wier

temperatures from which it may be inferred that the solubility of ,i/',

or of mixed crystals containing ^P, in liquid «/^ is exceedingly slight.

In these considerations we arrive accordingly at the conclusion

that in tlie system phosphorus exactly those conditions are satisfied

which a system must satisfy if there is to be a chance for the

appearance of critical phenomena by liie side of the solid substance.

Exj)criment has really taught us thai the pseudo system of the

phosphorus belongs to the type ether-anthraipiiuone.

It is true that in a pretty extensive investigation in whicii pure

while phosphorus in capillaries of infusible glass was smideidy

immersed in a l)alh of high teuqierature, a critical phenomenon

could not be observed, because the observation is very much iiam[)ered

by the deposition of a red solid phase, which always precedes, but

yet phenomena appeared wiiich pointed to liie existence of a critical

point below the melting-point tenq)erature of tlie red |)hosphorus.

Though the observed |thenomena will be more fully discussed in

a following communicalion, we may already mention here that

among others it was t'oiiml ihal on sudden iniuicrsion of a ca[iillarv

witii white phos[)horus in a bath of 450°, at first solid red piiosphorus

deposited, and that then llie liipiid suddenly totally disap|)eared, in

whicli a shock w-as fell in liie iiaud in whicli tlie iron bar was

held, on which llie capillary was suspended b_\ means of a copper

wire. At the moment of the shock the whole caj)illary filled with

solid red substance, whicli, however did not consist of the well-known

red jjliospliorus, for if llic capillary was removed from the bath of

450°, and suddenly immersed in a bath of 510°, it appeared that

already at this temperature melting look place, so 100° below the

unary meliing-poinl of the red |)hospliorus. Tin- perfectly colourless

li(pii(l, however, which originated at 510°, was strongly meiastable,

and the velocity of crystallisation being ratiier great at this tem-

perature, the formed liquid became soon solid again.

It now appeared that lliis phenomenon must be explained as

follows. At high tenqjerature, i. e. at about 300", the velocity of



crvslallisalidii nl" tlic ml iiliosplioiiis is so jircat llial il licjiiiis lo ho

deposited. Tliis vi-loi ii\ of coincrsioii, however, is not so great as

is ficiiorally Ihoiiuhl, Wn- ovvw at 'A'M)" the \aponr tension of the

rapidiv healed wiiilc |ihn-~plioriis. wiiicii ronlainiMl pi-ett\' niiich red

solid sidislancc, appcart'<l to he still llic >aiin' as thai of the iicpiid.

heeanso liic li({iiid siill pioeni was sulilieient to control the vapour

tension. Ih)\\ h)nu Mii^ will (•onlinn{^ of craii'se de|)entls on tlie

rehili\e xohmics occnpicd 1)\ ihe solid and llie li(pnd phosphorns

and i»y (lie \a|Mini-.

Ill llic experiiiu'iil with the capillary the velocity of heating is so

great lliat oven al ciuisiderahly higher temperatures licpiid while

piiosplidi lis siill coiiiiiiiies to exist by the side of the solid red mass.

If, however, the lemporaiiire ri,ses above the tenjperature of the first

critical endpnim ji df iho |)seiido-binary system, the liquid becomes

.so strongly molasialile thai il suddenly di.sappears, and then the red

.solid substance deposits frmii the thiid phase formed, through the

whole of the capillary.

If the caiiillary i> iininorsod in ,-i hath of t)2()", a colourless li(|iiid

is obtained, winch oxhibils sonielliing paiticulai' when cooled ex|iosed

to the air. w Inch was already obsoived by .Stock and Gomoi.ka ^).

Tlre_\ .say namely: "Kiilill man die Schmelze recht langsam ab, so

langt sie bei etwa 5(S()" an foste. rote Teilchen aiisziischeiden

;

der V'organg maclil ilon i'^indriick eiiier Kristallisation. Bei etwa 570°

iiberziehen sich daiin i)liit:li<-li-'; die Wande des Glasrolires anfihrer

gunzen Lange (aiich oborhalb dor l-"liissigkeit) mit i-otem Phosphor,

welcher in der Hitze sehr dnnkol, boi Zimmertemperatnr lenchtend

|)iirpui-rot anssieht. Beim ( )llneii di's abgekiihllcn IJohrcs inoi kt man,

class es audi farblosen Phosphor entlialt"'.

Stock and (Iomoi.ka cooled down -lowly, but we tnnnd that the

phenomenon became more distinct, w lien the capillary is cooled bv

exposure to the air. Il is thou scon that red solid substance depo-

sits in the litpiid, the vapour space and also the glass wall remaining

perfectly colourless there on acconni of Ihe tact that the licpiid which

deposits from Ihe \apoiii-, is perfeclly colourless. At a given moment
a violent phenomenon is observed iii ilie capillarv, while at the

same moment very clearly a shock is fell. The liipiid has disap-

peared, and ihe inner wall of the capillary is covered evervwhere,

also al llio place where before the \a|ioiir was found, with a solid,

red substance, containing rather great (|uaiitities of aP.

This |)henomenon is explained by mean- of the fnllnwing cnnsi-

1) Ber. 42, 4510 (1909).

-) The italics are ours.
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deralion. Tlie secmid critical end-point (j of the pseudo-system lies

below the melting-point of the red phosphorus-. If now the tempe-

rature of the capillary has fallen below this critical ondpoint, the

liquid has become strongly metav^table, and hence at a given moment

it will suddenly be converted to a fluid jihase. from which solid

red substance will be deposited, also there where before the colour-

less vapour was found.

That the solid substance formed in this way is not in internal

equilibrium follows most clearly from this that on being rapidly

heated it does not show the melting-point of red |)hosphorns, but

melts at a lower temperature, e. g. at 583°. As will be shown in

a following communication, this behaviour also admits of an easy

interpretation, just as the phenomena observed by Stock ') on sudden

cooling of phosphorus vapour heated to different tem|)eratures. These

phenomena are not strange, on the cdnlrary. ihoy were to bo expected

in virtue of these considerations, and tlnis afford a not inconsiderable

.support to the theory.

An important question which remained to be answered, was this:

"can it be experimentally demonstrated that in contradiction to ivhat

was assumed up to noio the vapour pressure line of molten uihite

phosphorus and that of molten red phosphorus do not hehmij to the

same curre'r" If the system phosphorus really belongs to the type

ether-anthraquinone, the vapour pressure line of molten white phos-

phorus is not the [trolongation of the vajKuir pressure lino of molten

red phosphorus.

To find this out the vapour Ien.sion of molten white phosphorus

was determined up to the temperature of 338° by means of the

manometer of J.\ckson '), as has already beeti described by Messrs.

ScHKFFER and Trki'b ").

Further by the aid of a new apparatus, which will be described

later, the va[)Our pressure line of molten red phosphorus was

determined, in which it appeared that the tri|)le [)oint pressure of

red .j)hosporus amounts to almost 50 atmospheres. To answer the

question proposed above liio vapour tension, which the liquid whit6

phosphorus would possess at the triple point temperature of the red

phosphorus (610°), was calculated from the observations by the aid

of the integrated relation :

I

1) Ber. 45, 1514 (1912).

3) J. Chem. Soc. !)<), 1066 (1911).

•n Veislag Kon. Akad. v. Wet. 25 Nov. 1911, 529.

Zeilschi". f. phys. chem. 81, 308 |1912).
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by putting Q =: a -\- h7' ii\ tlie lnriimla

<//«/) _ Q
dT ~ Rn '

If we luul to do with one iiini the same vapour pressure line,

about 50 a(m. woui'i lia\o to be found for tliat ()re.ssure.

If on the other hand the |)seudo s\'Stein exhibits the type etlier-

anthraquinone , and tlie vapour |)ressure line of the li(|uid white

phospliorus possesses a critical point below 610°, the prolongation

of that line above this critical lcni|)orature will of course have no

physical significance, but if this prolongation points to a pressure

higher than 50 atmospheres at 610° the question put above will be

answered by this. The result of the extrapolation was tiiat at 610^

the pressure would amount to about 350 atmospheres. This result

is so convincing that it shows the erroneousness of the earlier view

with perfect certainty, so that it may be considered indisputable

already now that the view ab(uit the type of the pseudo-system has

been correct ')•

1) Also the system cyanogen has been investigated and conforms entirely to

that of phosphorus. In the same way as for phosphorus we have su((x>eded in

showing by means of experiments of soUdification that we have to -do with ditfe-

rent kinds of molecules, which can be in eifuilibrinm with each other in solid and

liquid cyanogen.
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\Vc will ciiiicIikIl' llii- (•iiiiiiuunicalioii with llu- sclu'inatic /'7-

lijTiii'e of llie jiliospliorns ; the coimcclion liet\vo<^ii llie muuv am! llio

pseiido-biiiarv svsteiH will hetreaied in a tollowiiig piiiilicalion.

Wlieii llie calculated iM-ilical It'iuporaturo 422^ for liquid wiiite

jtliusphoriKs is rorrect about 18 aliiiusplaTcs follows from the vapour

pressure lino for tlie critical pressure. The critical point is indicated

In k^. in the drawinj^. The vaponr pressure line of molten red phos-

pliorus exhibits proltahlv a pccidiaritx iliat lias nevei' bceu met with as

vet, viz. two critical points /•. and /:,, tiie former of which is metastable.

It is of course also possible even probable that unmixing takes place

in the |i-cmlo-svs|(>m bclween /> ami q. so in ilic niciastal)le region.

The point /•., might, therefore, lie at even lower temperature and

pressure than tiie point /,. Possibly the continued investigation may
give an indication with regard to tlii'- loo.

It may liiially be |)ointed oulilial when we a[iply \'an dkk Wa.m.s's

eipiation,

and write

log p= —
^, -I- (

3,94 is t'ound for tiie value of /'.

This ei|Malion does not represent the observed \apour pre>snre

line a-; well as the former, the cause of (his may be thai /' is not

con-laiil a-; ha> been I'miiid indeed wilii ^cxei'al siilisiaiices.

Anoiy. (Jlii'iii. Liilinriilitni of ihi' I'tiiri rsitif.

Amslnuhim, Nov. IW !iUL>.

Mathematics. — "On loci, couijnii'iici's itml r',>rnl si/s/i'ms (li'ihircil

from (I finsd'd rii//ic mid «/ tirlsti'i/ /j/i/ii'ii/fdtic ciirri'". 111.

l>y I'lcij'. lli,Ni)i!ik i)K Vries.

(Goinmuniculoii in I he meeting of Novcmlier 3U, 11)1:?).

17. If we assume thai the line / itself is a ray of ihc complex

wilhoul however belonging Id the congruence deduced from il'. then

the two surfaces *i'-" and *>' undergo considerabh' modilicalions.

The surface 11"" has no Iowi'i'Ihl; of oi'dei- ; instead of ihe regulus,

namely, wddeh is the locu-- of ihu rays .v conjugated lo ihe poinis of

/ we now iiave a ipiadi-aiic cone (jiassing likewise llirou^li ihecone
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xortices) wlioso vertex /'/ is ihc lociisof/, because the two conjugaled lines

of /, wliirli cross eacli other in general and exact I \ therefore generate

a regiiiiis, miw holii pass tiironjiii /'
; hul /-*/ does not lie on ii',

t)ecanse / is a nxy of the ('oin[)iex, l)ni not of liie congrnence. A
generatrix of the cone thciefoi'c intersects ii", as formerly a line of

the regnlns, in six iioinis, tVoni which ensues that / now again is

a sixfold line of the surface. And to a plane /. through / corre-

sponds as formerly a twisted cubic through tlie cone vertices and

which now passes moreovei' through /', because / is a tangent of

the complex conic lying in /, but which now again intersects 12',

except in ilie cone vertices, in fourteen points ; thus in ). lie 14

generatrices of the surface, so that this is indeed of order 6 -j- 14 = 20.

The curve /", the section of the cone with ii", has also 6 nodal

points lying on /', so that 12'" contains 6 nodal generatrices.

The nodal cni\e of 12'" undergoes a very considerable modification

as regards the points it has in common with /. Thrcnigh ?nch

a point namely must go 2 generatrices of the surface lying with /

in one plane : but now / is itself a ray of the complex and three

rays of the complex can then oidy pass through one point when the

complex cone of that point breaks up into two pencils; so the only

points which the nodal curve can have in common with / are the

points of intersection of / with the four tetrahedron faces.

These points which in ^ 15 we have called S, coincide with the

points which were called 7'* in the same §. Let us assume the

plane /7',. As now again and for the same reason as before nine

nf the fourteen generatrices ofi2-"' lying in this plane pass through T^

(^ 13) the live remaining ones must |iass through another point 7",*

lying in t, and whose complex conic breaks up into t, and the plane

T*l; now houever this point coincides with <S'i. For the complex

cone of -S', likewise breaks up into two pencils, of which one lies

in Tj, the second in a plane through T,* and 7\ ; now however, to this

second pencil evidently belongs our ray / and so indeed the complex

cone of N, degenerates in this way into t, and a plane through

/; so -b\ and 7",* are identical. To S^, regarded as a focus, a ray .>"

through 7\ is conjugated which lies at the same time on the

quadratic cone, thus in other words the ray Pi T^ ; the latter intersects

12" besides in 1\ in 5 more points and the rays » conjugated to

these are the 5 generatrices of i2'° through 5, = 7*1* lying in the

plane /7', ; the sixth generatrix through this point conjugated to

7", lies in t,, but not in the plane /7',.

So we see that through >^, pass five generatrices of *2-° lying in

the same plane; so the /our points Si are ^ . 5 . 4^= 10-fold points
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/()/• tite nodiil curve ; this curve cannot lutve otlwr /loin/s in common

iritli I. So it cuts I in four tenfold /loints (i. e. the 40 points of

before have changed into four tenfold ones^ and so it ii again of

order 40 + 91 =131.
Also tlie snrface ii^ undergoes considerable modifications as the

conic lying in a ])lane X miis; now always touch the line /. The

complex cone for a |)oint /' of / contains the ray /; the two tangen-

tial planes tiirougli / to llic cone coincide therefore: from wliich

ensues that for each point /' of / the two conies passing throngh it,

coincide. The most intuitive representation of this fad is obtained

by imagining instead of the point of contact of a /" with / two

points of intersection lying at intinitesimal distance; if liien on /

we assume tliree of sucii like points, tiien through 1 and 2 passes

a conic and throiigli 2 and 'A an oilier ditTering hut slightly from it,

so that really ihroiigh point 2 pass two conies. The loci of the

colics is thus now again a i*' tritli nodal line I. hut this line has

become a cuspidal edge, i. e. whereas formerly an arbitrary plane

intersected fi' along a plane curve with a nodal point on/andoidy

the planes through the four points ,S, (§ 15) furnished curves with

cusps, now every arbitrary plane of intersection contains a curve

will) a cusp on / (and with a cuspidal tangent in the plane of the

conic through that cusp . Kurtliermoi'c wc must notice that as the

points 7',* coincide with Si, the four nodal points 7\ will be found

on the nodal line itself, thus forming in reality no more a tetra-

hedron proper: nevertheless the properly of the simultaneous cir-

cumscription round about aud in each other remains if one likes.

18. The curve of intersection of order eighty of 52^ and 5i" is

again easy to indicate; it consists of tlio line / counted twelve times

(for a cuspidal edge remains a nodal edge), and of a curve of contact

of order 34 to lie counted double (§ 15) whieli lias with a plane A

through / fourteen points lying outside / in common and therefore

twenty lying on /; these last however can be no others than the

four points .\, for otherwise a generatri.x of <2-° would have to

touch a X" (>f ii' on /, which could only l)e possible fas / itself

touches /') if a generati-ix (>( 11" could coincide with / which is as

we know not possil)le. The curve of contact of ii* and i2-° passes

thus- five limes through each of the four points ,s, which corresponds

to the Wicl thai live generatrices of ii'" touch in .S,, the degenerated

conic i\i/.. the pair of points S,, 7'
i lying in the plane /'/].

The method indicated in § 14 to determine the nundier of l(usal

lines of the first kind undergoes no modilicaliou whatever; we can

I



li()\VL'\or coiilrol lliis iiiclliod licr-c lificaiise we have lo deal here

with ;i cone iiislea<l of a re^iihis. I'hc lirst polar surface of /*/ iia-

inclv w ilh respecl to i- is a fi' ('oiitaiiiiiig k' one time, and there-

fore ciitliiiji ii° aionji; k' counted twice and a residual curve of ordei'

24, so that the circumscribed cone at the vertex I'l is of order 24.

Now this cone cuts the quadratic cone |/',
J

in 48 edges, so 48 edges

of
i

/'
1 louch ii" and therefore /''. Tlie number of torsal lines of

the lii'sl Iviiid is thus indeed 48. and that tliis same number must

now be found in general follows from the law of the pei-manency

of the number.

These numbers 6 and 48, as well as the numl'.er of points (namely

40) wiiicli tiie nodal curve of i2"' has in common with / can be

controlled with the aid of the symmetrical correspondence of order

70 existing between the planes A through / (§ 16). To the 140 double

planes r( belong, as we saw before, the planes tlirough / and the

nodal lines and those through / and the torsal lines of the first kind,

together ajipearing there at a number of 54, but representing 60

double j)lanes. The nodal curve of il'" has with / only the 4 points

/S'( in common which however count for 10 each and which have

the property that five of the six generatrices through each of those

points lie in one plane; such a plane is thus undoubtedly a many-

fold plane of the correspondence, the ipiestion is only how many
single double planes it contains. Now there lie in the plane /7\, e.g.

9 generatrices through 1\ cutting / in different points; through each

of the last pass live other generatrices, and so we find so far 45

planes conjugated to the plane /7',

.

Now we have moreover the plane through / and the 6''' genera-

trix through Si (lying in t,); however b}' regarding, just as we
have done at tlie beginning of § 16, a plane ^ in the immediate

vicinity of ll\ and in which tiius five generatrices cut each other

nearly in one point of / we can easily convince ourselves that

this plane counts for 5 coinciding planes conjugated to IT^. To /7',

are conjugated 45 -(- 5 = 50 planes not coinciding with /j', and

thus 20 |)lane3 coinciding with /T, ; i. e. just as in the general case

a plane X through two generatrices cutting each other on / counts

tor two doul)ie planes, so here each plane '7', containing five such

generatrices counts for 5 X "^ double planes; so the four planes

IT, represent 80 double planes, and they furnish with the 60 already

found the 140 double planes as they ought to.

As by the transition to a ray of the complex all numbers have

remained unchanged, the surface ii'° contains now again 58 tor.^al

lines of the 2'"' kind; the 4:^^ I'.il =: o'>4: points of intersection
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of ii' witli llie nodal curve of iJ-" lie now however a little tiiffer-

enllv. Tlie points 1\ remain 36-tbld tor ilie nodal curve and they

therefore fiirnisli 4 )< '•^2 ^ 288 points of intersection, the 58 lorsal

lines of the 2'''' kind give 58, the 15 nodal edges give 3 x 6 = 18

other ones; the 4 points N, ^ T,~ however absorb each of them 40

points of intersection. Let ns namely imagine our figure variable

and in |)articular / contiiinonsly passing into a complex ray, we then

see how the 4 points 7',* lend more and more to <?,, but at the

same time how the 40 points of intersection of / with the nodal curve

group themselves more and more into 4 groups of 10 in such a

way that each grou|) is as it were aiiraclcd by one of the points

<S', ; iu)w each of those 40 points counts for 2, each point 7^,* for

20 [)oints of those we looked for; so on tlie moment that 7",* as

well as the 10 points of the corresponding group coincide with

Si this point counts fur 40, so llie four together foi- 160 and the

sum of the four numbers printed in heavy type is again 524.

c

\\). .More considerable are the niodilicaiions if tinally we now

assume that / becomes a ray of the congruence; notliing is to be

noticed at il', as / remains a ray of the complex, but the other

locus becomes a surface i2'\ tor which / is only a fivefold line.

The regulus of l)elbre is namely now again replaced by a cone

[/'', |. but the vertex itself /' now lies on 52", because / is a ray

of the congruence, thus itself a generatrix. It e\en appears twice

as a uciieralri.x ; for the cone cuts ii" according to a /'" which has

now a. o. also a nodal point in 1\ and to this nodal point the line

/ corres[)onds twice. A generatrix of the cone [/^] cuts 12" ii; P, and

in live other |)oinls: so tliroiigh the corresponding focus on / |)ass

five generatrices not coinciding with /, i. e. / /.v a ficc/ohl liiif.

To a |)lane ). tiirough / a twisted cubic is conjugated containing

the four vertices of the cones and P/ and- cutting 52" in 13 points

more; so in a plane / lie besides / lij generatrices, \. i^. our snrface

is a i2'" of order 18 ivith a jioe/old line I.

x\mong the generatrices of the cone |

/*
] there are two touching

/•" in /', and likewise among the twisted cubics: the foci of the

foi'tucr ai'c the jioinls of inlersi'clion proper of / wiili two generatrices

coinciding wiili /, the planes conjugated to the latter being the con-

necting planes; thus two particular lor^al planes and |iincli points

(see § 20 i.

The line /V/'i is a generatrix of the cone [P,] and it cuts i2*

besides in ilicsc two point:' in four more; the c(n'respouding four

rays s j)ass throuiih N, =r 7' " and lie in the plane /7', whilst the
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i-av V fdiiiiiLialcd lo '/', lii's ill r, lull mil in / 7'
: so iIk; iiuiiiis Si

aio .',
,

4.."{ = (i-t'iilil |ioiii|s for ihc umlal ciiive and otiiors this ciirve

can <'\iil('iill\ mil liavc in I'lunimiii willi /. So il lias 24 |i(iiiils

iinili'il ill 4 sixl'old |H)inis in coninKin willi /, and as llicre ai'C in

a plane > iliroiiuli /
i

. 1:5.12 =:7»S points not lying oi\ I tlu' ordi'v oj

till' iii'ilil fitrrc iii'ir iiiiwii.nls to 24 -f- 78 = 102. The nnniher of

midal p(iiiil> (if a plane soclinn ot' ii'^ ainonnls llins now lo

J()2 + t) + 10 = I IS, and rimn lliis ensues for the chi.ss 18.17 —
- 2.118 ^= 70 = f,i; the i'oiinida tn = 2. fji — 2. f;/ fni-nishes there-

Tore 6(5 := 2 . 70 — 2 . 18 = J04 torsal lines of both Uinds.

The forinnla

E =;j f 7 — ;/

now again ajiplied to determine the nnmber of generatriees of the

'one [/*
i

tourhing k'" and thn.s of the nnmber of tor.sal lines of the

llrst kind gives the following results. The plane of the condition p
cuts /" in 12 |)oints; thiongh each of tiiese passes a gcneratri.x of

the cone cutting ii" besides in /'/ in four points more; .so the nnm-

ber /; is eipuil to 48, a and likewise (/. The line of the condition _</ cuts

the cone in two poiiils and lluough each of tliese j)asses a genera-

tri.\ of liiat cone, on wliicli lie besides Pi five points of /''
; .so

(/

is =: 2.20, and lliiis f =i 2.48 —2.20 = 5(1 Among these however

are included llie six nodal lines counted twice ; the inunhcr of

tov.tnl lilies or' the /Irs/ 1,'unl dniouiits thus to 56 — 2 >, () ^ 44.

To conlrol ilii-i we again consider the tirsl polar surface of /'*/

with res|)ect to ii'', a 12^ touching 52" in Pi and [)assing through

k'. The intersection with ii" consists therefore of /.' counted twice and

a residual curve of order 1^0 — 2.3 = 24 which however is projected

onl of /', by a cone of order 22 only, because Pi itself is a nodal

point of that curve (for ii" and Li,' touch eacli other in l\]\ this

cone has with the cone [^Pi^ 44 generatrices in common, and

these touch j(,'V

The nuiiiher of torsal lines of the 2'"' Vmd oJ --* amounts to

104 — 6 — 44 = 54.

The correspondence of the planes X through / is now of order 52

with 104 double planes. For, in a plane ). lie besides / thirteen ge-

neratrices ofii" and tlirongli each of the 13 points in which these

cut / four others pass ; so to each plane A 4 X 13 = 52 others are con-

jugated. The doidile planes are 1. the planes through (he 44 tor.sal

lines of the tirst kind ; 2. the planes through the 6 nodal edges,

each counled twice ; 3. the 4 planes /7', each counted twelve times,

because in each such like plane 4 generatrices pass through the point

.s; (comp. ^ 18 ;
so we lind 44 -j- 2.(3 -j- 4.12 = 104 double [ilanes.
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Ami as rogaiils linally ilic iiiiiiilici- <il' 4 X 1*^*2 = 4()8 points of

iiiterscn'lion of llic nodal curve wiih <2\ in tlie four points 7', lie

again 288 (oonip. ^ 18), in llie i)irioli points of ilie torsal lines of the

second kind 54. in tliose of llie six nodal edges J8 and in the four

points ,s'„ wliich are sixfold for the nodal enrve, 48, together

288 -I- 54 + 18 + 48 =r 408.

20. riie two particular pinch points mi / \\ liich we have found in

till' preceding ^ vveiv llie two foci o,' ihe ray of the congruence /

ami llie two torsal planes (he two local planes; for, in these points ^

was cut liy a ray of llie congruence at inlinifesimal distance. If

hencef(ulii with a slight niodilicatioii in ilie notation the line / is

called .<„, llie focus /'„, then l\ lies on ii* and it is in general

an ordinaiy |ioiiil ol' this surface. I;et us assume the tangential

plane in this point ami in it an arbitrary line t through /'„; then

this has two conjugateti lines crossing each other, and if therefore a

point P describes the line /, the ray .< of the complex conjugated

to I' will generate a regtilus to which also belongs our ray a„,

a ray of the congi'uence. As however t is a tangent of i2", a second

generatrix ol' the legulus lying at inlinilesiinal distance from .<„ will

belong to Ihe congnienc(\ h(iwe\er without cutting s^. If however,

we now imagine the (Simplex cone at poiiii /'„ and if we intersect

it by the tangeiilial plane, we lind two lines / which are at the

same time lines .v, viz. rays of the com|)lex. and whose two conju-

gated lines cut each other. Now the lines .v conjugated to the points

P of / will describe two cones containing also .s'„, and having their

vertices on s^ whilst we know out of our former considerations

that these vertices are uolliing but the foci of the two rays t; and

now .v„ will be cut in each of these foci by a ray of the congru-

ence at inlinitesimal distance; the two cone vertices are thus the

foci of .s\. So: Wi' finil the foci of a rnt/.s^ of the coni/rNeuce by

determining the focus P„ ijyinxj on il) of .v„, bij intersecting the com-

ple.v cone of this point hy the tangential phine in I\ to ii\ and by

taking ihe foci of the tivo lines of intersection t. And the tiro focal

planes are the tangential planes through .<„ to the complex cones of
the foci.

If l\ is a point of the nodal curve ;(' of 12" then ,s'„ is a double

ray of the congruence (§ 12;; the complex cone of P^ intersects the

two tangential planes of /*„ in twice two rays t, so that we now
have on s^ two pairs of foci ami thi'ough .v„ two pairs of focal planes

;

and as llic focal surface of the congruence is touched liy each ray of

the congi'uence in llie two foci, so each double ray will touch the



(ucal siirfiico fniii- tiiiK'.-. 'I'lif fniir laiiL''i'iilial jilaiies ai'C llic focal

planes. Iiowevcr in siicli a wav iliat if diic [tail' fif fori is called

/'',,/', (lie focal plane of /•', is tanjrenlial |)hinc in A'^ and reversely.

Let l\ he a poiiH of k\ lying as a sinf>le curve on iJ"; llien .s-„ is

tlie tanp;ent to /'' in /'„ and it holongs to the conprnence. The cf>ni-

])Iex cone of /', intersects the tangcniial jilane in this point to iJ"

according to .s„ itself ami an olhei' generatrix ; .so of the two foci

of .<„ point l\ is one \vl)ilst tlie other is the focns of the second

generatrix of the complex cone of I\ lying in the tangential plane;

anil of the two focal pianos the osculation plane of k' in /'„ is one,

because this really contains two rays of the congruence intersecting

each other in /^„ and lying at inlinitesinial distance (viz. two tangents

of k*) ; so it touches the focal surface in the other focus, i. e. the

surface of tangents of /' which is of order 8 envelops the focal

surface, and the curve k' itself lies on the focal surface.

The question how the cone vertices 7', heai' themselves with

respect to the congruence, is already answered in § 11 ;
^"

intersects the plane r, according to a plane I" and the rays .< con-

iugated to these form a cone of order 9 witli the vertex 7; and

with three nodal edges and three fourfold edges, the latter of which

coincide with the three tetrahedron edges through 7',.

Let us assume an art)itrary point P of /", then to this a ray s

through Ti is conjugated ; now the complex cone of P degenerates

into a pair of planes, of which r, is one component, whilst the other

passes through 7'. and this degenerated cone cuts the tangential plane

in P to i2" along the tangent / in P to k' and according to an other

line t* through /-'. To that tangent the point 7' is conjugated as

focus, so that for each ray of the congruence through 7', this poiid

it.self is one of the foci, the other being the focus of the line /*.

In order to find the focal plane of the considered ray s in the

point 7' we should have to know according to the preceding the

complex cone of 7', which is in tir.st instance entirely indefinite ;

let us however bear in mind that in the general case that complex

cone is at the same time the locus of the ray s conjugated to the

points of the tangent ;'; then in this case also we can have a defi-

nite cone. viz. the cone which replaces the regulus if the line / passes

into a complex ray .v, and which contains in general the four

cone vertices and which will contain here, where 7' itself is the

cone vertex, the three tetrahedron edges through this point. On this

cone lie the two rays « conjugated to the two points of k' lying

at infinitesimal distance from each other on t, and the plane through these

is* the focal iilane of our ray a' in 7', ; but those edges of the qua-
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dralii" complex roiio Iviiiu at iiiliiiilcsiiiial ili>taiK'o lie nf cfJurM' also

oil (lie eone of order 9 see above): so we can say more luietlv

that for eacli ray of tliis cone 7', is one of llic foci and tlie tanjjen-

tiai jilane to liie cone is one of llie focal planes.

Kacli ray of the congrnence lliron»li 7',, so each generatrix of

tlie cone of nrdcr nine with this point as vertex, mnst iiave in /',

two coinciding jioints in conunon with the focal surface; so 7', is

for the focal snrfacc a manifold point, however withont the cone

of order 9 being the cone of contact : for the tangential planes of

this cone tonch the focal snrface in the foci of its generatrices not

coinciding with T, ; the cone of contact in 7', is en>-eloped by the

focal |)lanos of tiiis last categoi'y of foci.

'21. Over against the question which com|)lex rays tliroii.i;ii 7', l>eloiig

to ilic congrnoMce. is the other one which complex rays out of r, belong

to the i-ongrnence. In the preceding we lia\e repeatedly come across

these rays. Indeed, any snrface il-" formed by the congrnence rays

which cut a line / or a complex ray .<, and any snrface fi" formed

bv the congruence ray- which cut a congruence ray .< contained

sncli a ray as w^e proved above ; we shall now show that all these

ravs form a pencil. To that end we imagine the tangential plane

o iu 7' to il' and we cut it ai'cnrdiug to the line / in t,. We
now saw iu the preceding that the rays .v conjngated to the points

of T, form a quadratic cone with 7; as vertex and containing the

three tetrahedron edges throngh T, ; if the base cnrve of this cone

Iving in t,- is /•^ then revei'sely the |>oints of k- are the foci of the

ravs .V Iving in o and passing through 7',, fur tlie rays .v conjugated

to the points of a line pass through the focus of that line and

the ray .n- conjugated to a point of r, pas.ses moreover through 7',-.

If a point P describes one of liic rays of the jiencil
[ T,

\
lying

in o, say s„, then the rays .v conjngated to the points /' t'oriu the

complex cone of tlie focus /-'„ of *•„. which jioint lies on k'' ; this

conqilex cone breaks up however into a pair of planes, viz t, and a

plane through /*„ and 7', and the line of intersection i, of these

tw^o planes is the ray of the congruence conjugated to T„ in as far

as this piiiiil is regarded as a point of the ray .v„
; so the question

is how the rays /, bear themselves when s„ describes the pencil

[7;J or, what comes to the same, how the planes T,t, bear them-

selves in those circumstances. We shall try to lind how many of

those planes through an ariiitrary ray .v, jiass through '1\. In each

arbitrary plane through .y, the conqtlex coitic breaks up into two

pencils; one has the vertex T„ the other a point 7',* lying in r;

.



III Ciicli plane iliMMi^li .V, lio lidwever oiic -iicli {idiiil l\ ; Iml if

S, is llie |iuiiil of iiilffx'clinii of %•, with t, , ilicii ai^n ihc complex

cone of >, liicaks ii|i iiiio a ]iair of planes of iviiicli one eoni|)n-

nent is of ('(airse again t,, llie ollni- heinu' a plane (lirougli .S; 7',
; so

<S, is ilself a jioint 7',*, ar.d llie conseqiienec of lliis is that 7',*

descrilu's a conic /•" uiiich passo in the lirsl jiiace Ihronuli N and

in the second place, as is easy to sec, throngh the thiec cone \erticcs

lying in t, ; foi- if a plane ihioiigli v, passes also through a second

vertex, then llie complex conic breaks np into the two pencils at

Ti and at tiiat second cone vertex.

Ail I'avs ihrongh a point 7',* of /'" cutting .v, are according to

(he preceding rays of the complex; from this ensues reversely that

the complex cones of all points of .v, in t, have the same base curve,

namely A*". If now the degenerated complex cone of a poini of /' is

to pass through .v,, then thai ]ioint must evidently lie also on k*^

and of such points there exists apart from the three cone vertices

lying in r,, only one; in the pencil [7/] there is thus only one ray

for which the (degenerated) complex cone of its t'ocn> pas>es thronjili

an indicated ray s^, i. e. the second components of the comj)lex

cones of the foci of the rays of the pencil [7',J form a pencil

of planes, or tke rii;/s of t, /)elongim/ to the covyrueace form a

The axis a of the pencil of planes must of necessity cut llie curve

X' ; for, if this were not so. then an ailiilrary plane throngh </ would

cut /^ in two |)oints, and then the complex curve in that plane would

break up into three pencils (among which one at 7', is always included)

instead of into two. This objection does not exi>t when ii cuts the

curve /" in a point J; for then each plane through ii cuts /-

besides in A in only one point '/',• more, and ^1 itself is a point

7',* for the plane through a which touches k" . The ttdta ti is .sii)ij)h^

that line irh/eh hiis fhe pru^ii'i-tii th<il the roiii/ilex cones of tts poinfs

have (ts common base curve the conic k^ itself; for, for each plane

through a the point Ti Ijing on P must lie at the same time on

/(*', so k' and k*'' coincide.

F'or each ray of the pencil [.4] lying in t, point .1 is evidently

one focus and t; the corresponding focal plane, for each ray is cut

in ,1 by an adjacent one of the |)encil ; the other focus is the second

point of intersection T,* with k'' and here the second focal plane

passes through 7',. The focal surjace must therefore touch r, ahmi/

the conic /t" ; the point A itself is hon-ever a singuhir point, for here

any plane through a is a tangential plane.

For the tangent in A to /' the two foci coincide evidently wiih
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,1 : llie foral planes, liowever, do not coiiK'itie, lor one is t, ;uul (lie

other connects the tangent to 7',.

22. Order and class of ilio local surface can he innnedialelv

determined hv means of two diialisiicallv ()|)|)Osile equations of

Sent bi:rt, viz.

fOp- =. apoe + ophe — ape,

and

eae^^ aeOf, + Oeh^, — ape '•).

We conjugate to each rav (/ of the congruence all oilier rays as

rays h, we then ohiain a .set of a* pairs of rays and we can apply

to these the two equations just quoted. The syndiol a indicates

that the two rays of a ]»air must intersect each other, e th;\t they

lie at infinitesimal distance and /)' that the point of intersection p
must lie in two planes at a time, tlins on an indicated line; so

fop^ is evidently the order nf the focal surface. The condition apff^

indicates tiie number of pairs which cut each other, wiiilst the point

of intersection p lies in a given plane and the ray g likewise in a

given plane; now there lie in a given plane 14 rays of our congru-

ence, thus 14 rays </ ; each of these intersects the plane of the con-

dition p in one point and through each of these pass 5 more rays

of the congruence; opg^ is therefore 14X5 = 70, and opkc means

the same and is thus likewise = 70.

With ape we must pay more attention to the point of intersection

of the two rays and to the connecting plane than to the rays them-

selves; apt' indicates namely t'.ie number of pairs of rays which cut

each other and where the point of inter.seclion lies on a given line

and at the same time tiie connecting plane passes through that line;

this number is evidently the tiiird of the three characteristics of the

congruence, thus the rank, however multiplied by 2 because each

pair of rays of the congruence re[)reseiits 2 pairs ///i ; so J/^t" is = 80,

so that the order of the focal sur/arc is eipial to 70 -\- 70—80 =: 60,

fde' indicates the number of pairs of rays at infinitesimal distance

whose connecting plane passes through 2 given points, so through

a given line, i. e. the class of the focal surface. Now (j<'(/^, indicates

the number of pairs of rays whose connecting plane passes through

a given point, winlsl al.so the ray j passes through a given point.

So tl-ere are (i rays g and in the plane through one of those rays

and the point nf the condition e lie besides (/ still K5 others; aeij,,

') Schubert 1. c. page 6"2.
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and (1/7/,, are t'uis eacli — H X l-i = 78, and njii' was H(i, mi tlio class

of Ihc toi-al siirtace = 78 + 78 so — 7fi.

1 nia\ lie |ieririittod In |M)inl (lul in |i;i'-sin'_; a sii^rhl iiiaccnracy

oommitted l)v Schubkrt on pajjo ()4 of his "Kalkiil" uliere he gives

forniulae for order and class of the focal snrface of a congrnence

taking llie niiniber ope, called In liiin c, only once into account ; in

PAsc'Ai.-SciiKrr's well known "Kepertorinm"' vol. II, page 407 wc-

tind indicated the exact formulae, with the rank number /• counted

twice.

In a congruence of rays ap|)ear in general x' rays whose two

foci coincide; these too are easy to trace in our congruence. For,

according to ^ 20 in order to find the foci of an arbitrary ray .v„

we must apjiiy in the I'oi'us /'„ the com[)lex cone aiidilie tangential

plane to 12" and intersect these by each other: the foci of the lines

of intersection are the foci of .<„ and the tangential planes through .v„

to the complex cones of the foci the focal planes. So as soon as the

complex cone of /'„ touches the tangential plane i2" along a line

/. the two foci of s„ will coincide in the focus of t and the focal

planes will coincide in the tangential plane through .s\, to the complex

cone of the only focus.

The points I\, whose complex cones touch ii" are to be found

again with the aid of ScHrnnRT's "Kalkiil". We con.jugate the two

rays .V. along which the complex cone of a point P^ of i^" cuts the

tangential plane in that point, to each otlier ; so we obtain in that

manner a set of x' pairs of rays and we apply to it the formula;

iiip = oiie + "''t + "/'" — ope ');

The left menibel' namely indicates the number of coincidences whose

points of intersection lie in a given plane, that is thus evidently the

order of the curve which is the locus of the points P^^ to be found.

oy,, indicates the number of pairs of rays whose component q lies

in a given [ilane ; this |)lane cuts out of ii" a plane curve /" which

possesses no other singularities than three nodes and which is so

of class fi . 5 — 2 . 3 =r 24. and all the complex rays in this plane

envelop a conic; so there lie 48 complex rays y in this plane

touching i2^ If we apjily in one of the |)oints of contact the tangential

plane to li", then there lies in it one ray // : so <J(/e is 48 and likewise

of course rt/t,..

With ap- we must trace the number of paiis of rays whose points

of intersec^tion lie in two given planes at the same time, thus on a

given line; this line intersects <2" in six points and in the tangential

') Schubert 1. c. page Gi'.

ny
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|ilaiie lie twn ravs ol' ilic complex cone aiui tlins also iwo pairs (/A.

Iiec-aiise eacli ofllie two ravs can he eillier // or // ; so ajr z= 12. For

Ojii' lina.ly tlie |ioinl of contact ninst lie in a given |)lane, tlie

tangential plane nmsi pass tlirongli a given point : so we can either

appiv llie tangential planes in the points ol" a plane section of ii"

ami determine the class of ihc developahle enveloped hv it, or we
can conslrnct tiie circuniscrihed cone and calonlale the ofder of the

curve of contact. The latter is tiie simplest: for the curve of contact

is the intersection of i2" with the first polar surface of the vertex

of the cone and therefore of order t! .
5— 2 . ;{ =r 24, because the

lirst polar surface contains the nodal curve X' and the latter counted

twice separates itself from it. But the two complex rays thi'ough the point

of contact and in the tangential plane count again for two pairs and

so Ojje ^= 4n, from which ensues nip = 4S -(- 48 -)- 12 — 48 = (50:

so there lies on ii' a ctrtain curve k''" of order %^) having the properlij

that the ra>/s s conjugated to its poitit-- have coinciding foci and

focal planes.

W'c can ask how the curve h"" will bear itself with respect

to the four cone vertices 7', where the complex cone becomes

indefinite. We now know however out of § 21 that in the plane

T, only one ray with coinciding foci lies, viz. the tangent in ,1 to

X- ; .-'0 k'" will pa.-is once through the fair cone vertices. Tiiat for that

tangent in .1 to /:'' llu- two focal planes do not coincide, is an

accidental circunislance, which is further of no more, inportancc

;

this result was based namely on the supposition that through an edge

of the cone ])asses only one tangential plane of ilial cone : however,

for the point A the complex cone breaks u|i into a pair of planes

wiio.se line of intersection is just the tangent in .4 to X% the tangential

plane through that line to the cone is thus in first instance indefinite.

The rays of the congruence with coinciding foci determine a scroll

of which we will finally detei'mine the order. To tiiat end the .scroll

must be intersected by an arbitrary line and we now know that all

rays of the congrueiu-e meeting a line / form a regulns iJ-° and

that the foci of those rays are siiiialed on a cujve /" lying on SI'

and pas-^ing singly ihi'ougli ilic 4 coni' xcrliccs. It is cleat that to a

jtoint of interse'jtion of /i"-' and /"" a ray corresponds with coinciding

foci and cutting /. with the exception of the cone vertices; for, to 7)

is coujngalcd as regards k''" the tangent in ,1 lo /". on the other

hand as regards /'' the connecting line of the point of intersection

of / and r, with .1. as we now know. Now /'- is, as we know.

the complcle intersection of ii'" with a regulus: so the complete number of

points of intersection of /,'• and /,'" amounts to 120. If we set apart



from tlu"-!' Ilir Inm- cniir vertices, we llicii liii<l ;is I'osiill thai t/m

rai/.f (If' till' nmifriii'iice iritli roinridini/ fori fnnn n ri'iialus of order IK?.

The ciirvo /"" iiitcfsocts t, l>e.sides in iho lliroe cone verlicfs

lying ill this [ihuif in 57 pdinls more. Iviiig of course on the set-lioii

/" of ii" iuid T,; to each of these points a i;iv liiroiif^li 7' is conjugated

with coinciding foci; tlw 4 fiDie rertici's an' thus f'nr llir surjnci' i-^'

'•t1-t'i>lil jionils.

Physics. - "Some remnrlnhle re/ntions. either accurate or iip/trovi-

inative, for difterent .•nilislniici's." \\\ I'rof. .1. D. v,\.n dkr

W.VM.S.

(('.ommiinioiitccl in tin- iiicftinf? of November 81), 1912i.

In a previous conininnication ^.hlnc 11)1(1 These Proc. XIXp. J13)

I pointed onl ihe perfecll.v accui'ate or approximative equality oftlie

ratio of the liniilinu- hipiiil (lcnsil\ lo ihc rrilical density, and lln'

ratio of liic critical density to that whicli would he |)res3nt for 7'o. ,

1),, and i,r, if - should always lie eniial to 1. With the svmbols

used there

:^(1 + 7) = 'n

I have added the factor if, which must then lie eipial to 1 or iniisi

differ little from 1.

The rule given there has attracted some attention. For tirst of all

I)r. .Ikan TiMMKUM.vNs has informed me that he lias found tiiis rule

eniirely conlirmed for six substances, for which the observations made
were perfectly trustworthy For a seventh substance there was a

great ditrerence, but he thought that for this real association might

perhaps occur, as is the case for acetic acid '). Besides this rule has

alsci been adopted liy K \.\if,ki,in(;h O.nnks and Keesom in their recent

work for the Kncyklo|iadie: Die Zustandsgleichung. The rule is in-

tleed apt to rouse some astonishment, because it pronounces the

equality between two (pianlilies, which, at least at the lirst glance,

have nothing in common.
It i^ to be expected that this approximative ecpiality will have

to lie ex|ilaiiied by the way in which the ipiantily h varies withe;

but it is seen at the same time that perfect equality cannot be put

1) The numerical values have boeii comnmiiicaled in the "Sclentilit- Proccediugs

of the Royal Dublin Society", October 191:2.

59*
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f^enerallv. Tlieiv is. indeed, a remarkable differeiu-o lor invarial)li'

molecules, i.e. for -ncli for wliicli ilic (|iiaiitilv li does not clian^e.

Then llie iinaniilv s ^ and '^ - ^8. In ilii> case
<i

is noi

(1

i, bill —
. It' lliore exisis a reciilinenr diameter Cor sidislanoes witli

8

such molecules. •/ =

Perfect equality or almost perfect eijualitv can therefore, uidv lie

cxpccled for substances for which /) greallv varies with the volume.

Thus for ^iilisiances for whicli .v i^ alioiii e(|ual to 3.77. the \altie

of •/ is about eijiial to 0..^ oi- (t.il. The following remarks are the

lesull of mv investigation to get more ccilainlv aiiout this question.

According to the formula:

2(1+7) = -^ = 7.

is

or

or

''/»«
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would 1)0 |i('iTfctly acciirulr. Ifz-.v^T , 2 ( 1 -|- y; > .v, anil ikiI liclbro

.,s-<7 y,2(l + y)<.v.

9 rf

The I'lilo at wliicli we ari'ixc wlu'ii we iiiit 'f =: -
, viz.

' ' 8 y

I'lim 3

is satisfied for siihstances for wliicli A is iiuariahli'. ['Iieii of roiirse

— =; 1 and A^4or" - zz: 1 . I'm- all oiIkt Md)slaiice> / ^ 4, and
blim

'

3

/-I /',,^ i ; Ilic tirsi nieniher ot tlie e(|ualion, \iz is tlien, of
3 . Oji,,,

course, also always f^reater llian 1. Later on we shall set ourselves

the task to iiKjuire into the thcorelieal reason for this relation. But

for the jiresent we shall acee|)t it as perfeetly aceurate, and sei' to

27
what eoiiclusuins it leads. If we write - .s" tor /— i, we get:

64

i;.n 64 Vs J

follows from Ihe equalix =: _ [lut al(o\e. For z= 'A,

i
,

b;
The value ol .v can, therefore, not l»e smaller than . l*or — =^2,

8 ^
and so tor / = 7, .< = I 2 ^ 3,* 7 ; a value whieli moreover already

o

•5 4 //,

to

•'li,

8
whieh y^lO would hehuig, .< would be = , l'-^. i"' .v ^ 4,62.

Hut M) high a value of / or .v lia> only seldom been found. If

before in the absence of a leading idea, I assumed a still greater

ratio for , this was a mistake.

From

:

^L — ^'l

f>lim 64

follows

I'lim '-Urn ^ \o J Olc

Of course we find back the rule from which we have started

liul with a determined value for the factor 7. As I showed before



DOB

(.v/y <|^ 'S, lull for l(v f';ir llio majmiiv nf llic closolv iiivcstipated

1 J ( . • ••)

siibslaiu'C^ (-^/'^ 7 . For ilu'in iiiii>t he ^ 1. Hul the iio^-

2(1 -l-y)
sibilily of <^ 1 i> not excluded even lor normal subslances.

Yet \vc sliould not lose sigfiit of the fact that it has not vet been

investigated in how far the existence of (jiiasi-assoeiation has intluenee

on the rule of the rectilinear diameter. A close investigation about

tlie value of [rs] fur ditferent substances, ami coin|)arison of the

\aliie of y following from this with the expcrimenlal data is. there-

fore, very desir'able.

If from the knowledge ()f the value of - we want to determine

the value of r, the given relations are noi s,inicieni foi- an (iccumfe

determination. The relation

btim r'

or

^_9
blim r- 27

indeed, holds. As. however, the \alue of the factor of is not accurately

known, and as we onlv Unow that lliis tador is smaller ilian 1. and the

smaller as —^ is greater, we can only give a value for / below

which il must remain. Thus for - =2 the value ot /• is below

S s s 8— = 2,12. Already with the ftu'mula <^ 1, oi- /' <C >
tJ'' '' <C

\/2 rs

'

,- s

we arrive at the given value for /. It we, namely, put .v = - 1/ -—
o y blim

<
3

Onlv in tiie ca.se that b is in\analile, the sign <; must be replaced

iv ilie siLMi =. But even for such a great variability of h that the

value of rs would lia\'^ decreased to 7 , / would still amount lo
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llic pari nf ilic value calciilali'fl jiccdidiiiL; In ilio alxivo foriiinla.
'.)

It is, iiiilfcd, MTV i-(Miiarl<alil(' tli;il alre;i(l\ wiiii siicli sljiilil \ari;i-

/',,- \/rr
liiliU' (if // a> will lie IJK' ciiM' I'lir =2. -— <liiiiiiiisliod so

I'lim V Urn

trreallv iliat the \nluo clianuos troiii '.\ to alioiit 2; whereas oiiU'
^

• /',, "

decreases tn almiii (t.;)5 or O.'.tli, as 1 caleiilaled hefdrc.

Let us now [irocee(l to iiKiiiire wlietlier a theoretieal reason nxw

be f|;iven for the al>o\e mentioned i-elations. That lliough they may

possibly not lie (juitc iiti:orniisly aecurale, they will hold wilii a hi»h

degree of approximation, cannot he denied.

That h varies with r I ha\ e liad to admit immediately when 1

tested the e([uation of slate given by me liy the obser\alioiis of

Anukkws, ill which e\cii \oliimes occur which are smaller than />,,.

And I have long been of opinion that this diminution of b with

smaller volume does not mean a real diminution of the molecule,

bill that this diminiitioii of /; would only be An (tpixirt'nt dhninnliou.

I have Iried to subject the hypothesis of an apparent diminution to

the calculation by what I have called the overlajiiiing of the distance

spheres. Then the factor 4 in the expression /> := 4 "times the \'obime

. //

of the molecules diminishes. The \aliie of — has then the form of a

b<,

series according to ascending [lowers of — , and 1 have at least
V

brought the factor of the 1^' power, and also that of the 2'"' power

ill a furimila, whicii, however, reipiired such laborious and lengthy

calculations for the second power that 1 abandoned them hopeless.

A'an L.wk has carried out the computations, and calculated the value

of the coelTicient belonging to the 2'"' power, and expressed the

opinion that the series would consist of as many as some 20 terms.

Afterwards Boltzmann has sn|)plemented the calculations, and shown

. I,

that the value of would have the form of a (piolieiil with series

of terms with asceiidinii [lowers of— . More and more the conviction

took hold of me that this apparent diminution does not exist. I have

not yet obiained perfect certainl\ that it does not exist. Hut already

before bv the application of the form ofwith not too great a degree
6,,

of density, in which some three lerms will suAice, 1 have repeatedly



008

fniind llial tlie calciilatetl coertioieiits arc miicli Idu ^'reat. To this

t'tmies dial tlio coetlioionls iliiis i-alciilaleit iiiiisi he of llie same

valiio lor all substances, at leasl if a spherieal shape is assigned to

all of iheni. Ald'nipls to tielerniine them when the >liapu deviates

I'ldni the spiierii-al Ibrni have not vet heeii tried bv anxbody, but

It jnay be expected that thev will not dilier much from those that

have been calculated for the spherical shape. A contribution of

importance for the decision of the (juestion whetiier or no apparent-

diminution exists will be furnished by the experimental determiiialion

of the ecpiation of state of a monatomic substance. If we should

have to conclude to diminution of h with decreasiiifi value of /

also for these substances, this diininulimi df A will ceriainly have

to be called a (piasi-diminulion, unless one would assign a constiiuliim

for wiiich real diminution is possible also to an atom.

A second view of the cause of the diminution of b with r would

(if course be obtained if one >hiiuld have to asci'ibe compressibility

to a molecule, and if one did nol explain this compressibility by a

diminution in size of the titoms, but by tlieir coming closer together.

If this is lo be the cause, the diminulion of li must nt)t be found

for a monaioinic molecule. To decide this ii wiuild be desirable to

give so considerable and judicious an extension to the investigations

for sucii substances as those of .Vndrf.ws for carbonic acid.

That a molecide consisiini; of atoms might be compressible in

consequence of the approach of the atoms seemed a hypothesis to

me worth investigating. .And 1 carried tlii- out in my conimuni-

catioiis in 1901 published in these proceedings. 1 ari'ived at a

foriiiula there, which may be considered as the ei|uaiion of stale

of a molecule consisting of two or three separate jiarls which are

in thermal uioiion. These se|)aiate pait< may be .separate atoms oi-

separate atom grou]is, which are in close relation at the tempei-ature

considered, and of which the com|»onent aloms are perhaps in

vibration witii aliuo-l \anisliing am|)liiude and small period.

This lonuula has the following form;

In this foi'uiula /' is the vnhimc ol' the moh^cules, //„ the volume

of the atoms or atom grou|)s, and the latter would be the volume

of the aloms or atom groups when the molecule was compressed

as much as pjssiitle. The (piaiility /• is equal to ^, for a molecule

com|)Osed of two separate |>arls, and equal to 1 or <^ 1 ac-'ording

(o the luiture of the motion lor a molecide coiisistiiig of three parts.



I have rf|ircsfiil(Ml llic allrartioii nf lli(j r.c[iuralc |)afl> li_\ tt [li /'„),

hui I shall licnccrorth dfiidlc it In it
"

, w liicli is hardly iiiDrc

than a chaiiiic (if a tormal iiadiri', [ciiuircd to make n' retain tin;

t'hrtractcr of a pressure on the iuiil_\ i)^ surface -lust as ji -\- is

a pressure directed inwai-d on the unity ot' area, this is the ease

with ((' and the laltei' represents the iueiease iil that pressure

in e(inse(pience of the luulual atli'aeliou uf the separate aloiiis or

atom groups. It was only after a long hesitation that I dared eon-

elude to this value of the attraction, and when 1 eoiu-luded to it

it was only, to (piote I'rof. Ku iiAiiDs, "irith ^<oine convlctioii'

.

It follows from this form for the attraetion tliat it is e(|ual to

wJien the atoms toueh, and heeomes oi-oater when the space allowed

to the motion of the atoms, iiu-reases. Moi'eo\er I put n' propor-

tional to the temjierature. I must acknowledge that tiiese suppositions

are not founded on a true insight in the constitution of a complex

molecule. Hut I hoped that the study of the consetpiences of these

hypotheses which seemed [)rt)lialiK' to me, anil the comparison of

these consequences with experience might conlriljute to the know-

ledge of the pro|)erties of such a complex molecule. And so far as

I could then com[)are with what was known on other grounds, the

impi'ession I obtained, was not entirely unfavourable. And now 1

have been induced to reconsider the conclusion at winch I had

arrived, to see if it leads to the relations which I ha\e drawn up

in the beginning of this communication, liut in this respect I have

not obtained perfect certainty yet. 1 have repeatedly di.scussed some

dilliculties which confronted nie, with my son— but these discussions

have not yet led to an undoubted result. At the moment I shall

confine myself to eommuuicatiiig the proposed relations. Later we

hope to be able to derive a rule from the state of motion of the

atoms in a molecule, which will perhaps lead to the form:

'Him O

when k re|)resents the number of degi'ees of freedom for the motion

of the parts of the nujiecules divided by the number of degrees of

freediun for the progressive motion of the molecule as a whole,

viz. 3. FrtHu this would follow /'=: 6,448 tor 'i-al(Hnic substances,

and /* = 7 for ti'iatomie substances, ^n^ perhaps this ought to be

expressed as follows: tor molecules with an axis of syuuuelrv
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/=: (i,44fi. In tlie alisonce of siicli ;in axis/' zr= 7 or/'^ 7. liiil this

is still enlireiv uncertain.

If the piven relations afc assniued to he perfectly correct, the

retlnceil O(|nation of ^tato assnines the following form:

V r'hnjy >:., hj S V hr„„

I,,,

For It conslaiil, anil so also ^ 1 and rt' = o we find liack

I'lim

the same form as occurs in ( 'ouiiiuiiteit |i. J 27. Tiiis form i.s found from :

It m this e(|ual:on we luii .t, r and 7^1, we find:

her

a relation, wiiicli had already hecii found hefore.

Mathematics. — "On metric properties of biquadratic twisted curves".

1!\ I'riif. J A.N UK VlUKS.

(Communicated in llif ineeling of December 28, l'Jl:2).

^ 1. Tiie i|uadralic surfaces '/'" of a pencil cut the imaginary

circle y'^ common to all spheres in the ;j;r(Uips of an inxniution nf

(M'der four. The lines r^ joiniiii: l\y<i points of the same fire mp en ye-

l(i|i a cur\e of class ilirce. An\ uf these lines r^ is the axis uf a

pencil iif parallel planes cutting a determinate surface 'l> of the

pencil accnrdini^ tn circles.

Such a plane cuts the base o' of the pencil ('/'•' in tunr concyclic

points. So \Nt' lind : //(«• jiliim's <K/tai(/ it itiijiiadrii/ic liristcd rurri

of f/ie first species in Jour concf/c/ic piuitis envelop <t curve of class

three hjinij at infinity.

§ 2. Let / he the axis of a pencil of planes. Anv plane I cul-

o' in four points which \yill he denoted li\ 1, 2, W. 4. \yhilst .1//^

will indicate the ciuitre of the circle liii)i. We coii>ider the locus

of the (piadruples of centre- .)/ and lake lirsi the jiariicnlar case

where 1, 2 are lixed points and line / is a liisecant of o'.

As (he centres J/, and .1/, (of the circles 124, \.%V lie in the
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|il;iiii' L nnriTi.-illv liix'cliiiu' line I.:' tin' Incus 'i/ (•()ii'~i^l> (if ii ciii-x r>

l\iiiji III L Jiiid of ilic locus of the ceiilrfs .1/,, ;l/.^. Uiil ihf laltcr

ci)iisisi> ^^^ iwo ilitrerciit curves, as the |)oiiils J/,,.)/, never cdincifio

(iuniii;- llic riiliitii)ii of 1 ;iIi<miI /. |-"(m- a c(»inci(l('ucc of .1/,, .1/,

re(|iiires that llie circles %\\ and 1H4 coincide; as J and 2 are lixcd

|)oiiils, this oidv lia|i|iens when I, 2, '.\, 4 arc concNclic, iml llien

file tour points ,1/i Ijelong to ditlerenl liranciies ot" liie Icjciis.

§ 3. The locus of the poiuls .1/,,.)/^ situaled in A passes .vu' times

tliroii^di the niid|ioiiil .l/„ of J, 2, for the sphere on 1,2 as diameter

cuts </' eisewlii're in six points. So this locns is of order ilqhl and

will be indicated by f«\

The plane l\ at iiitinity contains the centres of four circles

determined by the points of p' at infinity. The i-emainin|i; four points

common to r^ and \i^ originate from two nodes generated as follows.

If ./ touches y'''^ the point of contact is the pole of the line at

infinity of ,/ with respect In all the "circles" lying in that plane;

so J/, and .1/^ coincide then in that point of contact, but belong to

different branches.

Through / pass three planes containing four concyclic points
; in

the centre of each of the three corresponding circles 1234 the curve

/i" has a node.

By assigning to .)/, and .1/^ resjiectively the points 4 and W we
establish a correpondence (1,1) between the curves \C and (»* ; so

these curves have the same genns. As the singular points of a curve

of ijt>)iii.-< one are equivalent to 20 nodes, the sixfold jKiint .1/,, and

the live nodes already obtained form the singular points of ;t\ So

this curve is of rank sl.vtefn ; its four tangents through .1/,, originate

from the four tangential planes of o' through / in which |»lanes J/,

and .\[^ coincide.

§ 4. The locu^ of J/, and likewise that of .1/,) is a twisted sextic

fi" ; its points at infinity are the points of o' at inlinity and the

points of contact of y"^ with planes through /.

Evidently it has live [loints in common with /; so it is rational

and of rank Ifii.

The three curves ji", fi,", it,." concur in the centres of the circles

lying in the three cyclic planes through /. Furthermore each curve

((" has still one point in common with iC. Foi- in the plane ./

loui'liing (/ in 1 ;or in 2;, J/, {M^, is at the saiiif time one of

the points .1/,, J/,; for :5 : J gives 124 r^ 324 and therefore . I/, J/,.
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^ 5. Ill (lie case ol an arhitrarv line / tlie locns of tlio poinl* .1/

is a Uristfil cum' /i'". Anv |iiaiie .1 tlirc)iiii;Ii a point a' inlinity ufo'

furnishes three points of r^ \\\ny: in ditfeienl dii-eclioiis. and on

y'^ tlie ciiive has /im four/old points. Moreover it possesses three

fonrfiihls fioints 'v\ the cvrlic planes llironu:li /.

As aiiv plane A hears four points .1/ none of which ;ionerall\

lies on /, ii'° has with / sivteen points in coniinon. Kacii of the eight

tangential iilaiies of o' fnniishes a tangential iilanc of <«"
; so this

curve is of rank forty.

It is of ijcnus one, for one can assign the point .1/* to each point

k of q\ So the generally known formulas

r = //< ('/I— 1) — 2 (li+D) — 3 ii.

wiierc wo have /•=:4(), m = 20, D^'.iO. y/ =: 1 , gi\c ,i =z i),

I, = 140.

So the curve has no cusps, Iml 140 n/i/iari'hf doiihl,' points (hise-

cant- liirongh anv point).

§ 6. If the pointN 1, 2, 3, 4 of o' form an ortkocentrir i/roiip,

their piano ./ cuts all the *' according to orthogonal hypcrholas;

then all the |)laiies |>arallel to .i furnish ortlKu-entric grou|)S.

The planes culling a direi-toi' cone of <!>' in two edges normal to

each- other on\olnp a cone nf the >ocoiid class. So two concoiiti'ic

dirccltir cones detei'mino foni- pianos culling llio iwo corresponding

*' and iherefore all liie '/>- of ihe pencil in orthogonal hvpcrliolas.

From this ensues: there an- Jour systems of [ninillel jilmies cnttiny

o* in orfhoeentric (/roups.

§ 7. We consider in any |ilaiio ./ through / the orlhocentres Ot

of the triangles /inn, which four points lie with the ])oints 1,2,3,4

on an orthogonal hyperbola cu'.

Evidenlly o' !- the soclion ol' ./ wiih a '/>' ilinuigli o' ; now wo

can bring through / a secoml piano cutting that '/>' in an orthogo-

nal hyperbola [^ 6). So any point of / lies on two curves to% i.e.

/ is double line of the l(icu> of the cur\o> w. Thereforo : the locus

[IJ] of thf orthocentrn Oi; /irs on a surface i2' irith douhle point I.

In order to dotormine I ho degree of (O) we remark thai in a

plaiu} I ihroiigh a poini at inlinity of n' three jloints (f lie at inti-

nily in the same direction, w hicli proves that T.^ contains fi'iir

threefold /joints of {<)). if / IimicIios iho circle /'^ . iho puini of

contact / is -oparaloil harmonically by y' ^ fiom any poini of the
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taiifffiil, i. 0. (if llic liiii' al iiiliiiily ol' .1. So all the |)Oi'|i(>n<liriiliU'^

lit" the triiiii,ii:ios /nni (•(incur in / and / i> a /'oiirj'n/i/ jKi'mt nf •!>).

lint tiicn |Im> cni'vc is df nn/i'r firciiti/.

If l\v(i |p(iinls / cdincidi' in a |ilaMf' ./ llic same lia|i|)eiis with two

pdinls ()/.. So lliningli / |)ass t'ii//i/ (anf;ontiai |iiaiies of o'" ami as

/ coiilairis evidently sirlrcn |ioinls of this ciii've, v)'"' is of )•<//(/ /r//7//.

it is of i/fHiis (inr on acconni of the ( 1 ,1 -(•(iiTespondence helween

the |ioinl / of o' and <
>i_.

From /; ^= 1 , r ^r 40, »/ =: 20 and /) ^ 2i [i\s there are two

foni-fold and four llireefold jioiiitsi we liiid (§ 5) li ^= i), A =r 14tj.

So the cni've has 14t) aiiimroit ilanhli' jioints.

§8. If /joins the |i(iiiils 1 and '1 of o'' ihe loens of the jioints O
consists of llu'ce ciir'\es. l<"oi- the poinls ()^ and (>.^ always remain

separated, if ./ rotates aboni /. Pmt on the conlraiy O' and (
>'

lielong lo, ihe same curve : for llie differenee lietween the |ioinls

.J and 4 disa|i|iears as soon as A is lan,i>ential |ilane.

We now can delei'iiiine the order of the cnr\c {()^) as follows.

We look. (.Hii in the first place for Irianjiles 234 reelangular in 2.

To that end we consider the cnliic curve o"^^ which is the projec-

tion of o* oii( of '^ on the plane at inlinily. On each line llironjih

the traee 1^ of 2J we determine the points K^ sejiarating harmo-

iiieally the projections of 3 and 4 from the circle y''^
. As o'^ cnts

the polar of 1^ in ihree poinls, 1,^ is threefold point of //) and

this curve a (niintie. lis points of intersection with o" arc 1 count-

ed llirice, six poinls on y'.^^ and an other sextuple forming three

[lairs of traces of mutually rectangular lines 23, 24. So through 1,2

pass three planes foi' wliicli the angle 324 is a right one: therefore

1 is a llo-i't'fohl /initif of ciirxe [(^).

If line 34 is normal lo 12, the point ^^, lie^ on 1,2. So line 34

generates a hyperlioloid if t rotates round /; so liy means of a section

normal to 1,2 it is immediately clear llial I here are two ehords 34

at riu'hl angles to 12.

So ilve jminls (>^ lie on /; therefore [(f^) is a ratiotnif rurrt' <t>,"

of ord-'r .s'/c irl//i n Ihn'i-f'dlil juuiit. The liiK' / is the hisecaut of w,"

passing throu^iii ilic llireefold point. Moreover we find ;• ^ 10.

// = 7, ,i = 0,

K\idenlly there are Ihree positions of i for which 312 isa right

angle; so ihe poinls I and 2 are tliri'i'/ahl on Ihe locus of the poinls

^>j. (>^. l""rom lliis ensues thai lliis locus is a ciirn' lu' irif/i tiro

t/irt't'/dli/ /iii/ll/.-:.

As 34 happens to he tangent four limes, m" is of raiii- .^ivieen.
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E\ iil<Mitl_v il is (if ijcitiis unr (st'O § .S'. Fiiilluiiiioio we li;i\c /) ^ S

ilwo douhle points on y'^). /4=r12. |i:=().

The .surface Si* (^ 7) t'oiilaiiiing llir tlir<r cnrves lo' . (o ^' , lo .' has

ihreefohl |)oinls in I ami 2. For. all oiliiogdnal li\ pcrbohis pass

ihrongli ihcsc poinls. Two of these h_v])iTh(>his Itrcak up inlo tlie

line /=:1,2 and a vhuni 3,4 at right angles lo it.

§ 9. If / has onlv point 1 witii o' in common the locus of the

points (> consists i>f an n/ containinji the jioints '>, and an <o'* con-

taining ihc lliiec other jioints O; this follows immediately if \vc

corkjider the jioints at iiitinity.

We determine the order 14 of the latter curve independently- hv means

of the nnndu'i- of limes that one of the points () lies on /. Tlie

planes eimiuiniui; two clun-ds at riiiht angles in 1 envelop a conf.

of cloMs si.r: for the ehoid 12 is iniersected ;it right angles l>y three

chords ami hears three planes in which the chords I'A ami 14 are

normal to each other a^ S^. So the triangle iik is rectangiili<.r in 1

for .v/.c positions of .1 and in each of these cases a |)oini '> coin-

cides with 1.

The cliitrils of o* inlersectinir / I'oiiu a scrull of orilrr fivi' with /

as double director line. So there are live chords normally cutting /.

each case of which furnishes a |)oint O on /. So wo lind an w" with

sixfold point J. ihrongh which point pa.sses still a jivcfohl .firnnf.

Il is of ijenits uur. as we can assign the poiid (>i to tlu' point /

of n\ From m = J4, D^lo. / =r 28 (on / six tanuents restj we

then derive /? = 0, h =z 52.

The curve e/ has / as fivefold secant, is therefore nitininil and

of nitik ten [h = 10, ,^ = 0).

Now tlie sui-face ii' has a tliri'efohl point in 1.

^ 10. We still consider the scroll, locus of the lines of Ki i.KK,

fi.^^.\fi (fi, lyinu- ill the |ilanes .1. .

Between the points of the curves ft'" and <?/-" exists a correspcnnl-

ence 1,1 . \U pi^ojectiin; the corresponding [(oints M and <> out-

of an ariiitrary Hue </ wi' jienerale a correspondence 20.20^ between

the plaue> ol' pencil (ti). Of the 40 coiiicideiicies 4 lie iu each of

the planes Ihrongh n and one of the two |ioints /. each of the.se points

iieiii^ fourfold point of ii" and of o''". In each of the oilier coin-

ciileucies lit's a line i' restiiiL; oii </. So the scn'll (el is of on/rr 'A'2.

We can verify this by iiieaus of the locus of the ci'iitres of gravity

6-'a of the triangles I m /i. It pas.ses three limes through each of the

four points of (,»' at inlinity and is therefore of onler turlce. As



lliis curve is alsn in 1 1 , 1 (•(iri('S|ii)ii(lciicc willi ii'", whilst il iiovor

lia|t|)ciis iliai (il ,111(1 ,1/, roincidc, iln' rcasoiiiiifi ffiveii aliove loads

lid'o anrw lo llio iir'(K'i' \V1 of [c).

§ 11. A Iwislcil l>i(|na(li-alic ciirvi' o' of Ihc second species lies

on one i|na(li-atic surface T onlv, Il can lie considered as partial

inlerseclion ol' T wiili ilie cnliic scroll ^"" ji;eMerate<l li\ ilie lijse-

canls // (d' o' cnllinu a f;i\ca bisecant />„. Eacli poiiil of li„ bears

two biseccinis /;,//' and the plane (A,/)') |)asses ihrouiili the single

director line _(/ of ^i"'.

'I'he pairs h.li' delcrniine an invdlnlion on </, ihe double |)oints of

which lie in Iwn doid)le langeiilial |ilanes nf «'.

|{e\crstdv the line coiniiiun lo anv two double laiiiicntial planes

of <>' is sinjiie directoi' line of a — '
; for the bisecanis l\in^ in those

planes are cut bv one bisecani h^, onlv and lliis line i> the double

direcloi' line M of 2t''.

We now determine the nunibei' of orlhoiioiial pairs h, //.

Anv eil.ne of a director cone Z.' of ^l"-' is at rij^lit angles lo three

oilier cdiics; so the planes ot' the ortlio;i-onal pairs en\elo|) a cone

(d' class tliret'. ()n L' the paii's h.li' delei'inine an in\olnti(Hi and

the planes (d" the pairs of ed^cs |»ass through an edge parallel to*/.

From this it follows that <i bears three'-) orthogonal |)airs A,//,

As the lines </ form a eongruence. there are x' planes ii cmi-

laining orthogonal bisecants; so these planes enxclo]) a surface ii'

of class three. The planes intersecting •/' in orthogonal hyperbolas

are jiarallel to the tangential planes of a cone (»f the second class

and envelop therefore a conic 'il at inlinity. Evidently a common
tangential ]ilane of 'V2 and "ii cuts o' in an orlliocenlric grou|). So

:

the phtnes of f/w ortho(/o))ii/ '/mn/nnii/les insrrilied in ^* fNi'i'/on ii

iU'velopuhh' (If I'/ifss si.v.

§ 12. We consider once more the locns of the (|uadrnples of

ortlioceidres in the planes / through a line /. If ./ coidaiiis a poini

') The lines g lorni a ( cjiiynience (6,8).

'') If S'' i.s represeiiletl by the e(|iiaii<in

(.(.( -f h;/ 4- cc -f ,/).ir = (a'.v -f /.'// -f .-'c -\- (l');r

\w liiul Inr any pair b, 1/ tlie e(iuati()iis

//
— d= ;.,) , „.r -f />;/ -I- rs + d — /- (a'.r -\- Ii if -f- ,' z -f d').

Su thi' (irlliotioiud (Hi^ilicm ot Ihi' liiics (A) and I ,1 rf(|iiires evidently

(.•'a=— f)' (1— /.-) + (,(—a/-)''—A- {,b-i'):'Y = 0.'

So lliere are three ortliogonal pairs.



of a* at iiiliiiir,\ , ilie i-eiitres O,. <>,, (), lie in the same direction at

infinilv and jrive rise to a tJiri>e/o/il poini at inlinity. As we have

fonnd in llie case ol" «>' (§7) y-^ contains /mi /oiir/'ohl /joiitts of

(it. Bni /'ac liears two points <> more, orijjinating from the two

Iri'yi'i'iiiits of o' meeting /. For if in a phiiie / the points 1, 2, '.i

are coliinear, tiie three perpendicnlars of the Hatleiied triangle 124

are parallel. Then the four orthocentra lie on the normal </ through

4 on the Irisecani: so q is i/unilr/si'riint of the curve (0\ and the

on lev of ((f) is 22.

There are six tangenl.-< of <j' meeting / and therefore as main

tangents of to-" doing likewise; as to"' has evidently J8 points in

comindii with /. this cnrve is of ?<»/// 42. As it corresponds in genus

to <i' and its singular |)oints arc equivaleni to 24 double points, we

lind 1)\ means of the Ibrmnlas gi\en altove ,?=:(), /; ^ 186.

§ 13. If / contains the |)oinis 1. 2 of <>', the locus {()) breaks up

into three dilferent i-iirves. As in § S we lind here through 1, 2

three planes bearing chords '2'A, 24 normal to each otiier, .so 2 is

three fofil jioint of (O^).

But now liie line 34 describes a cubic scroll (with double line /)

if A rotates about /: so 12 is cut orthogonally by tltree chords.

So we lind for {,()^) and ((>,) two rational curves of order seven.

The locus of (), and 0, is once more an w" with two threefold point.^.

The three curves are situated on a surface ii' forming the locus

nf the orthogonal hyperbolas 1234. For. in the three planes .1 bear-

ing a chord 34 normal to l^:zV2, the hyperbola degenerates into

tliese two chortls and /: so / is three/old line from wliich ensue.-J

moreover liial 1 and 2 are fourfold points.

So we may conclude iliat for a?i arbitrary position of/ the cort'c

'^ponding (n'tiiogonal hyperbolas form a surface of onier live with /

as threefold line.

Let us still cousider the case that / is a tri--<erant, containing the

points 1, 2. 3 of '?'. riicii <>, is always at infinily and each oftiie

lemaining three |)oinis ft describes its owii cur\c.

If 4 coincides with 1, (\ is at intiiiity, u Inch also happens if ./

coJitains a point of '»
' at iiitiiiiu and if ./ touches yv. • From this

we conclude thai each of ihc points O,. ()., ()^ describes a j-rt//o?/f//

curve of order seven, with three/old points in two of the points 1, 2, 3.

In fact each of the points 1, 2, 3 is verte.x of a rectangular tri-

angle for three positions of ./, or more exactly of two suchlike tri-

angles; for, if 14 is normal to the trisccani, I is oriiioccnire of 124

and of 134.
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Fiirlhcrmoic llicif .irc '{ X '• ['osilioiis of ./ lot' w liicli n roincides

with 4, Ic'iidin^ to a [iiMiit cuiiiiiioii to (J ' ami '<>.

I'"f(iiii this we inav slill (•(iiicliiilc ili.n thr |)laiir^ in wliicli the

iliUKlraiif^ie l"i.'54 ailiiiils (nic liiilit aiifilo L'ii\el()|i a siiil'aci; ot'

cldss 'M\. As Id tiiis we liavc l(» l)eaf in inimi llial ai:v iilaiic tliiijuf^li

a trisecani df .i' iia\iiiii the \crte.\ ol' the i-il;IiI aiijiif on that Iri.sc-

caiit iiiiisi he (•(Miiileil Iwici! as taiigeiilial phiiic.

Likewise we liiid that the planes for which the quadrangle 1234

admits two e(|iial adjacent sides eM\-elo|i a sutl'ace of chtss '.V,\.

§ 14. Lei lis liiialiv eonsidei' tlie hicns of the eeiiti'es Mk of the

circles circiiniscrilied lo ilie li-iangle.s I in ii in the planes .1 tliroiigii /.

Kach iif the I >vo Irisecants cutting / furnishes again a pt)iiit at

inlinitv ; each of the planes through a |)oint of o* at intinitv deter-

mines three p<iints of /'^^ and each of t!ie tangential planes of y"*

through / contains a fourfold point at inlinitv. So we find a curve

;«'•% cutting / in IfS points, with the riiiiL 42.

If / is the bisi'citiit 12, the points J/, and J/^ genei'aie a /ildiii'

rufrt' fi'" uilh the midpt)int .1/,, of 12 a.s sirfold point ; for the

sphere with 12 as diameter determines on <i ' the veiMices of six

rectangular triangles with 12 as hv[)othenuse. As we can once more

assign .1/, and .1/, to the points 4 and H, it" is like </ of r/eiiits

zero. So its singular points are equivalent to 2(5 doulile points. So it

must possess besides the double jioints on y'^ and the si.xfold jtoiut

.1/,, still /'our double points more. These can only originate from

coiKMclic groups 1,2,3,4. So we cou(dude: the planes cuttimj iV^ in

four conci/clir poin/s eurelop a .•ur/'dce of c/nss 4. ')

So the I'urve ii'^ cori'espouding to an arbitrary line / has /'y?<}'

fourfold points in the centres of the circles each of which

contains a ipiadru|)le of points of u'.

As it cuts /V, in /iro fourfold jioints naue, we get /> = lit).

By means of r = 42 and p^O we find ,? = (), h^ 174.

If / is trisecant 123, each of the |)oints .lA, , .1/,, .1/, ilescribes

a plane curve of order sereii with a sixt'old |ioint.

') Tliis is ill accoi-diiiice with tin' |e^ulls olitaiiifd by Mr. M. Stuyvai;rt in

his iniiuijural di'isrrkition {V,[udv ile quel(|ues .surl'aces algeljriiini^s cngendrccs

pai' dcs courbes dn socond el da troisii'inc oniic, (liuni, 1912; see Chap. I, Sur

Ics plans coupanl iin systcinij dc' ligiies cii six poiiils (rune conique).

HO

Proceedings Koyal Acad. Amslerdam. Vol. X.V.
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Mathematics. — "On the corre-'ipoixloiri' of tlw jidirs or' points

sepitrated harmonicallt/ hxj a tiristed quar/lr ciirrr." By Pnif.

Jan de Vries.

(Communitaled in the meeting of November 30, 1912).

^ 1. We indicate by P and Q two points, lying on a chord of a

twisted quarlic curve of the first lijid, sepai-ated liarnionically by this

curve pV As any point /' lies generally on two chords, in I he

correspondence {P, Q) to any poini /' iwo points Q are conjugated.

If P moves along a line /, (^ describes a curve /.'' of order six.

For any plane ./ through / cuts «>^ in four points ,S'/. and contains

therefore six points (^^i , where Qli lies on a chord .S/..S ni'd is

haruiunicaily conjugated to the points /'/,/ common lo ihal cluird and

/. If / is an arbitrary line, Q never lies on / when ./ rotates aboiii /.

The line QnQ^, is separated harmonically fr'om / by J\,S, and

<S,.S\. By assuming a position for / in whicii N, and .V, coincide

willi <j^., we tlnd for (Ii^Q^i :i tangcnl of // separalod haruninically

from / by /',.,''S\ and 7^,,«S,, whilst an other tangent of /." takes the

placi' of Q^tQ.,,- So each of the eight tangential planes of q*

conlains two tangents of /.* : so the nni/c of this curve is sixteen.

Moreover we lind llial /." iuvs eicfht points in common with <»'.

§ 2. The line p connecting liie two jKunts Q, Q' conjugated lo

7* describes a rcgulus A' if /' moves along /. Vov p is the polar

line of J' with rc>pect to o', i.e. liie intersection of llie polar planes

of /' with res|)ect to au\ Iwo ipiadralic surfaces liirongh o'. and

these polar planes describe two projective ])cncils.

Lei us now consider <iiii' of the two lines p cutting /. The

corresponding point /' bears two clionls •*>,>•. •*'"' 'S'S l.^ing in tlii'

plane J = /p. The point> (^,.^ and '^',,, lie on //. the [loints C^,,, <^,,,

(> , <J.,, lie on a line ii> ihroiigh /' hai iNonicallv separated from /

by the chords S^S., and .S'^N, . As A" lies on the reguliis /', w is a

line of .1". Any tangential plane of ./ cdntaiiis tlicrefore a ipiadri-

si'caiit of /." and bi tli the reguli of ./ are arranged by //' in a

corres|)ondence (2, 4j. Kvidenlly the (juadrisecanis >/ are the polar

lines of / with respect to the cpiadralic surfaees through y'.

§ ',]. If we assume for / a chord of '^.'. the locus of Q breaks

up into four parts, i. e. the chord / itself, the tangents /• and r' in

the points A', /." connnon to / and (/', and a /iristed crdiic /.'. The

|)olar lini- /; now connecls a ]i(iiiit (} of / with llir |)oinl <l' of llie

second chord k passing through P. This line descril)es a regains
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li;l\ IllH Willi / llir line / ill I'oIIIIIKUI. S(p iIic lncil> ol' (^' = 1,1 is

a ciirxi' /' I'iniiiuli /,' ami /i", us / is lo liavo l\\n iminis in (•niiiniuii

willi il aiiil I! and //' (•iiiTcs|iiinil aiiioin^sl oilier |ioiiils willi iIkmii-

seh'es ; iIh' (mii-vcs //' and o' liavi' Inm- niori' |iiiiiil^ in rinniiKiii.

\) 4. If / is u niiisccanl of o' in //. llir hiciis {(j^) dfjii-ncratcs

iiilii llii' laii,!4'(Mit /• and a ''. Aii\ plain' llir<MiL;li / rmitains licsides

// lliirc points (I: of lliL'sc two iiinsl lie (•oudiiin-d with //. if tlie

|ihuii' coiiiains the liinj!;enl /. i'lic (|iKu!i'isccaiiis y of / boc-oine liere

liisecants : for r rests on eacli of tlic polar lines ij of / (^2). The
plane (// loiielies o' in // and eoniains I lierefore I wo point-- ^^V united

Ml //. In relation witli the resnils obtained we coiudiidc from tliis

llial liv llie corfcspondence [I'Jh to a nnisecani of <•' a twisted

cnixf ot' urili-r lirr is ((nijiiiialed lia\ inu' a no<h' in the point conniion

to the nnisecani and o', the nodal lanu'ents Iviiiu' in the plane Ir.

So the oiir\e is of /•/////• /tui. Thronnii / pass six ('0111111011 taniieniial

planes of o' and /'.

§ 5. 'Idle vertices 7/- ol' the t'oiir ipiadratric cones containini;- o'

are snniuldi- jinints of the eori-espondence {l\'l\. For 7', hears oc'

chords and the corresjiondini; jionits (^ lie on the conic t-j ctnniiioii

to the jiolar plane t, -- '[\'l\l\ of 1\ and the ipiaiU'atic cone witii

7', as vertex.

To the line 7', 7',, as locns of poinis- /' correspond in flie tirst j)lace

the two i-i>iii<\< T|" and r./' and iiKn-eoxer \\\q line 'l\'l\ro)iiit<'(l lirict'.

V\n- the points >'/. in anv plane throiiLih ^•S, form a complete

(piadran^le of which l\ and 7'., are diaLidiial points; in ihe third

iliaitonal point />,, and (/,, coincide, whilst of the I'enuiining fonr

points (l two lie in r, and Iwn in r.,. So to aii\' point of 7\ 7',

correspond twn points of 7',, 7', and iii\ erselv.

if / contains the point 7', oiilv, the six points (^ Uiu^j: in a plane

/ tln'oiiLih / consist of two points in t, and onr," and ol" t'lnir points

Iving on lli(> line common to /. and the pidar [ilaiie of / with respect

to the cone projecting o' out of 1\. Then the cnrxc (^ breaks np

into the conic t/- and a jihnic curve '/.'
. In the two tangential planes

of the cone passing lhrt)iigh / the two points fj Iving on r," coincide

with two of the remaininu- four in n point of intersection of t,'

and /.' where the latter is touched bv llie edge of contact.

§ (). r>(M ns now consider the sni'face of the points (j corre-

s|)oniIing to tlie points ]' of a plane //. If .S/.- are the points (•omiiion

to // and u'. the six lines SlSi form llie intersection of // with the

(30*
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locns under discussion. So it is of order sir. As it contains at the

same time the lines toncliing (>' in >';.. these points are nodal points.

To tlie two points of t,' lying in /7 correspon 1 Iwo points Q
coinciding with Tk. whilst to the point of // lying on 7\'J'i two

points on Tm T„ correspond. From this ensues thai the four |)oints

T' have- to be also nodes of H'.

So to a plane correspontls a surface of order .*«• unth eight nodes

and ten lines.

^ 7. Let us now consider the correspondence between two |)Oints

P,Q separated harmonically by a tinisted quartic curve of the second

kind 0*. As P bears three chords of o*, it is conjngalod to three

points Q. To the points P of a line / correspond the points Q of

a twisted curve a"; for each plane through / contains si.\ points Q.

The three points Q corresponding to P lie in the polar |)lane of

/' wiih rc^spect to llie quadi'atic surface H' through o*. The plane

// rotates about the poiai' line /' of /. if /' moves along /. So /'

is a trisecant of /.".

The scroll of the chords of rt' cnlliiig / is of order nine: so nine

of these chords also inler.sect /'. To these nine belong the two

Irisecants of o* cutting /. each of which represents three chords;

they have to meet /'. as they lie on ihe iiyjierholoid //-' and are at

ihe same time trisecants of ).'
. The remaining three chords cutting

/ and /' determine the three points Q on /'.

^ 8. Each of the six tangential planes of o* passing through /

contains a point and two tangents of /." . so this curve is of rank

twelve and rests in six points on r>\ By N/ we represent the points

of o* lying in a plane drawn tliioiigli /; the cimnl l> = S^S, is

paired to the chord />' = <S,N, an<i luiw we consider the corre-

spondence between the points J' and /" in whicii /> and />' intersect

/. As P bears three chords we fimi a (3..'i). If /; and A' intersect /

in the same point /*, oidy the tliird chord through /' furnishes a

point P' not coinciding with /'; fidui this ensues tliat Ihe coinci-

dencies of the (3.3) coincide by two in a double coiucidency. So

through / three planes pass for wiiich // and // intersect in /; the

line /; separating / harmonically from li and // liien contains four

out of the six points Q. the remaining two lying on h and //.

So the curve /" admits three quadrisecants.

§ 9. Let / be a chord of r/ and .S', and .S'„ the points it has in

common with «'. Tiirougii any |)oint /' of / pass two more chords
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/;,// of rt^ So tlio locii'; of tlio point'; Q lies on a fMihi<- scroll J'

witli double line /.

In the plane />/ two jioints (> roincido in >',. two otlier ones in

S... whilst
(^i-j

lif"^ 'I' '' =11"' 'I,, i'l ''' ^' /' moves along /, 7=(^,3Qj,

describes a oubic scroll '/'' with doid)le line /; for llirongh (j^, pass

two linos (j.(/' to the points (^,, of the chords b,/)' concurring in the

point /' c(M-r('sponding to Q^,.

The scrolls J\ '!>' have the trisecants /,, /., of <j' passing througii

N, and N, in coininon. For if P coincides with N,, (, l)eeonies a

chord /) and. as (J^^ coincides ihcii with N,, at the same time a

line I/.

As / is nodal line (uv both scrolls, these surfaces have still a

twisted cubic /." containing the points ^^,^ in rommon. In the planes

touching 0' in .S'l and S.^ the point Q,^ coincides with the point of

contact; so <S',.S'j is a chord of /.'. This curve intersects a* in the

two points the tangents of which intersect S^S,; it havS for chords

the single director lines of the scrolls A', 0'.

So by the transformation {P.Q) t'le chord I passes into the system

consisting of / itself, the tangents .s',,^^ and a tmisted cubic.

Evidently a trist'canf t is transformed into tiial line to be counted

thrice and the tangents in the three points it has in common with o*.

If / touches o* in .S'l,, the scroll *' becomes a cone with nodal

edge /. In the osculating plane of o* in >S',5 q lies along /; so this

[)lane is coninioii tangential plane of /1° and '/»'. having still in

common tlie trisecant through .s',,. I'he residual iiilersectiou /.' touches

in <S,.^ the tangent of o'.

§ 1(J. If / is unisecant ot' o' in .S the curve /." breaks u|) into

the tangent .v of c,^ in N and a curve /.'
. The polar line /' of /

becomes chord of /.% .v being one of the three chords cutting / and

/'. The plane /'»S' touches H" in S and is therefore polar plane of

P^^S, it contains the tangent 5 and the trisecant of 0' on whicii

S lies. Of the three variable points (^ common to /.' and a plane

through /', two coincide with S and only one lies outside S.

Any plane through / contains besides 8 three points Q and has

therefore in ,S two points with /.^ in common. Also the plane I'S

not passing through / has in .S two |ioiiii> in common with /.' ; so

S is a node of /'. The plane Is contains beside ,*> only one point

Q; ^o it passes through the nodal tangents of the node. So to a

unisecant corresponds a tivialed quintic irit/i n node.

The curve is of rank eight, through / jiassing four common

tangential planes of o^ and /.'.
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Mathematics. "'Ihi n hiu- coinjih-.r determined hy two twisted

(7////r.v." Ilv I'rol'. Jan in. Vkiks.

(Gommiinicated in the meeting of November SO, 1912).

§ 1. We \'.ill iiuiit'ate llic cliords of llic ,ii:i\ei' twisleti culiirs

o', <> bv /, .V.

Aiiv plane .t coiitaiiis iliiee cliords / and three clidi-ds .<, therefore

nine |ii)ini.-> /'=r.v. In the focal .•ii/sfeni {I\.t) eaeli point has in

general (uo- local plane cai'li plane nine foci (.« = I. ,} ^ 9).

If .T rotates about iln' line /, llie points detennined on / by two

coiiiplaiiar chords r. s are conjiiiiated to each other in a correspondence

(3,1:5. As each point of coincidence furnishes a point P ^ is, I

contains sir pninis /'. the I'ncal plane> of \\ liicli pas> ilironiih /; so

(he third characteristic niiinber of (
/'. .t is si.i r/ ^= ii).

Let // represent one of tiie ten (oininon chords of o' and a". Any
point /j of f) admits x' focal |)ianes. i.e. all the planes ,-? throiitih /<.

Any plane ^i admits four foci iiol lyiiiu on A, whiUi al the >aine

lime any point /> of /> is focus. So the lines A are loci of .s7»(/»/(?r/'ot7

and siiKjnliir food planes.

If /' is assumed on <»'..< is a ilelinite chord of if. whilst / may
he any line coiineclinji; /' wiili an oiher point of m' ; then any |ilaiii'

through .< can lignrc as focal plane .-^ in which /' counts fiu- two

of the nine foci. So the curves u' ami o' are suh/niar ciirres for

the local system '/'. .t).

\\ 'J. Ilic ]iolar planes of /' with reaped lo the x" (piadralic

surfaces ihrough <>•' lia\e a |ioiui /.' on / in couimou ;
/' and /.'

can be said to be separated hannonically by o'. If /' di'scribes any

line /, the jiolar planes of I' with respect l.o three (piadralic surfaces

of ilie net not belonging' to the same pencil rolaie about iliree delinile

lines and describe therefore three projective pencils. So the locus

of R is a twisted ciil)ic /.", intersecting o' in four points ; for on the

four tangents r„ of' o'', resting on /, the point conjugated to I' is

every time the point of contact H„ ').

We indicate by > the point on .< harmonically separated from /'

bv (;' and consider the relationship l)et\vi'eii /i and >'.

To any plane — as locus of .S corresponds a cubic surface //' of

') This generally kimwii involulory cubic Iransloraialion has been invostigaleil

lliorouglily by Di'. I', ii. 8i:iioitk iNieuw Ariliid' voo;- W'isknnilc, !2iul .series,

vul. IV. I'JUU, p. IJUi.



|i(iiii(s /*: as //' iiilciscci'- ilii' t\\ istcil ciiliic /" dcscfilicd liy /'wIk'Ii Ji

iii()\cs almin / ill iiiiu' |i(iiiils, ihe ('()i'res|i()ii(leiice (/^,.S') is of onl(,'r /////*'.

A |Kiiiit of (•(iiii('i(l(>iic(' 111' /' and >' can oiilv [H'osent itself when /•

and >• ciiiiicide, i.e. on a (•oninioii clmrd //. On any of tlie ten A the

pairs (/', A') and (/',S) ,i;eiierale two iiivoiiitioiis, of wliicli H^, H.^

may i'i'|iresenl the couuiion |)air. P>y assiuiiiiiy,- // in ///., we lind

//, for /' and ///, for >'
: so //, and //.. arc poiiils of coincidence

of (li,S). So (his coi-ies|iondonce admits tit-eittij loincidenaies lying in

pairs on the hn common choi'ds b.

As a point /i'„ of </ corrcspoiKh to cacli poini /' of ihe tangent

r„ of It^. 11^ corresponds In cacli point >' of the twisted cnhic a^'

inio which ;„ passes liy the tninsformalion \I\S): e'.'ideiitU' <;,/'' lias

four points in common with <f

.

('oiis(Mpieiitly tlie ciirxes {>''' ami (f are siiujidar curves of the

correspoiKh'nce {R,S).

If // describes the tangent /„ of o', P remaiiis in the point of

contact of r„; so ihc point .S* coiijiigated to Z"* is slngnlar and corre-

sponds to all tlic points of r„. K\'ideiilly the locus of -S* is the rational

twistcnl (j' into which >'' jiasses by the transformation (P,S).

So the corresi)oiidencc {li,S) admits tiru sin(/n/'ir tiristed curves 0/

order ni/ie, <>' and ()".

As the developable with o" as cuspidal cnrxc cuts <f in J2 points

I't' and o" iia\e twelve points in common; likewise <>'' rests in 12

points (Ml (_,'.

§ 3. We now consider the lines /> = ES. If /* describes the

line /, I)
generates a scroll of order six; for we found above that

the plane -t ^ P^ passes through / in six positions (§1).

The line p generates a voniple.r. We determine the number of

lines /( belonging to a pencil with \erlex A and plane /.

If li describes a I'ay / of pencil (/>,/), S generates a curve

intersecting A in nine points (§ 2); we conjugate to / the nine lines

/' connecting these points with L. In this manner we get in the

pencil a correspondence (9,!J) eacii coincidence of which furnisiies a

line p connecting two points Zi? and ».S' corresponding to each other. So :

The comple.r [p) is of order eighteen.

Evidently the 20 points H are principal points of the complex;

each ('(Miiplex cone passes through these 21) points.

§ 4. Any point R„ of 0' is singular, for it bears the lines;) connecting

it with the points ,S' of the c(u-responding curve <j/ (§ 2) and so its
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foinplex ciiiic (iegonoi'ates. ('oiiso(|noMlly llio fiiivos o' anil u' lie on

llie .•iiiii/iiliir sur/'occ of tlie (•(mipiox.

The edf?es of llie x' cones |>iiijeciiMu ilie ciirxcs <»/ from llieir

forrespondiiig |MPini L',, a> xcitict's foini a coin/nience of wliich \vl'

will (leierniine ortler anil elass.

The locns of tlic curves <</' is the surface 2.''- into which the

(lovelo|ialile with <»' as cuspiilal curve is Iransfcrnied liv (/\.S"\

The cubic coue> wilh an arhiltaiy imint M as vertex and o^ and

<t' as director curves, intersect in St edfjes, each of which connects

a point N of o/ witli a point R' of o" ; if A" coincides with the

point /i",, to \vhi<'h <t/ corresponds we have to deal with a ray of

the congruence |>assin^ liiroujiii .1/. We will conjugate these 9 points

li' to R„. The line .l/A" cuts the surface i;'-' uienlioned above in

1"2 |)oints N lying in gcneial on dilferent curves o„' ; so to R'

correspoiiil 12 points R. Tiie corres|ion(ience (R„. R') has therefore

'21 coincideucies, i.e. the order of the coiigrnciice i^ '21.

Any plane fi contains 3 points A'„ and each of the corresponding

curves <;„' has 3 |ioinl> .^' with ft in common; .so the cla.ss is {).

So ihe lines ,S', A' form a congruence (21,9 and an other congruence

of the same type is formed by ihe lines S^R. The two congruences

ad nut suece.ssively <p' and o' as simjiiJar ciirre.

§ 5. Any point N* of llie rational o' i§ 2i is the \ I'l'lex of a pencil

ol comjik'x rays p the plane of which contains the corresponding

tangent /„. So the curxes o" and <,- lie also on \\\v sifu/n/nr surface.

The x' |>encils with vertices N* form a rom/nu'ncf which we will

study more closely.

In an\ plane it lie !• points S* : the tangents )\^ coi'respiMuling to

t'lesc points determine 9 rays ji lyiuii' in »« ; so the congruence is

of class niiii'.

To any |»oint S* we nuU<e to coriesp(vnd llie 9 points >'' of o"

which can be jirojected out of the arbitrary point .1/ in a point ot

the corrt"-|ionding tangent r„. Tlic line .1/.*^' culs 4 tangents r„, so »S' is

conjugated to 4 |ioinls .S*. As any coiiu'idency .S' -S* is due to a

ray of ihe pencil with vertex .S'*, ,1/ bears 13 lines RS*, i.e. the

congruence is of ordi-r thirteen.

So till' complex coiilaiiis iirn (oin/nii'nces ''_13,9) each of which is

b;iili lip of x' pencils. They admit succes-ively (i'aiid u" as slih/iildr curve.

^ (). To the complex //i iiclong'- the sysiem if generatrices of

the dexelopalile d(>teniiiiu'il li\ i

)

' ami o'. .Any laii^(>iit /\, ciil'- tour

tangents .v^ and i-cvcrsely ; so ihr points of coniact /i'„ and .\, of ihe
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tanjioiits coiiiuniitcil lo cacli nihcr in lliis way arc in cnri'osiiondoiico

(4.4. I>\ prnjccliim llic |)aii> id llii> cni res|»t)ii(l('tirc (ml of a line

(^ the |)('ni'il (if planes (u) is arranjied in a con-esiiDnili'iice (12,12).

As each (•dinriiliMicy I'urnislics a line ji = /i„ .S'„ resting on r/ (lie

di'ri'ldihi'i/i' iiikIci' lli^(•ns^illn i> nf urili-r 24: it lias o' and n^ for

Jdiir/'oii/ ciin-i:-;.

An\ (MiiM'd / of o' incciinu' o' lielonus in ilie ronijili'-x, tor in

llie (•(ininKin |iiiinl i>\' / and r,' ilie |i(iinis /' and .S coincide. The

cli()rd> / uf (,' ciiliini: a line / liiMieiale a scroll of ordei' four with

(/'' as nodal curve; so llic locns i)f the choi'ds ; is a scroll of ordiT 1 2.

On llic latter surface (,'' is a si.vfold curve, for tlironjili any of its

points |iass the coinnioii edges of the two cones projecting 9' and o'.

So the coinpii'x i/n contains two s<-ri>//.t af ordi'r lict'lve, the

generatrices of which are chords of one of the curves o% <>' and

secants of the other.

Let jr be a chord of o' not meeting 0'
\ then the tangent )\ in

one of the points R^ common lo o' and that chord must contain

the point P. If I' moves along that tangent, > describes a curve 0/

;

the cone projecting the latter curve out of /i*,, has edges in common
with thai of which o" is dii'ector curve. So any jioint of o" bears

() rays //*. .\s an arbitrary chord /• can be cut by chords p* in its

points common lo o'' only, so all in all by 12, the locus of tiie

chords under discussion is of order 12.

So the complex contains tivo scn>//s of oriler t/ri'lrc built up out

of chords of one of the curves o\o'.

Physics. — " Deti'rmitintion.f of tlie lYfntrf/'vi' indices of ijases under

h/(//i pn'^.i-uir-<." Second communication. "On the dis/ier.'tion

of itir itnd of cdrlion dio.vide." By I'rof. L. H. Sikktsk.m.a.

(Communicated by i'rof. H. R.\.mkki,in<;ii O.n.nes).

(Comimiiiicatcd in the meeting of November 80, 191:2).

4. T/ie disper-iio7i of air.

This has already been repeatedly determined both for the visible

spectrum ami for the ullra-rcd and ultra-violet rays. I'la- results,

iiowever, diverge considerably, and, moreover, the dis{)ersion has

never been measured under liigh pressure.

Throiigii the kindness of Prof. K.xmeki.i.noh O.nnks compressed air

was i)laced at my disposal with whitdi dispersion determinations were

made in exactly the same way as iho^e for hydrogen described in

a former juiper.
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III llic following Tiible are given the results of lliree series of

ohservalions. For llie meaning of tiie svnbols eniploved reference

niav be made to the correspontling Table for hydrogen pnblished in

the pajier just mentioned.

.1//'.
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'I'lic iiicaii values arc

:

/r„ A'o "-'(/

ki, ki, ki,

(),IS4:U5 l,07(iH.s 1,1(;417

±1,7 ± 0,(j ±1,0

llcnci' \v'_' ii't'l for llic (lis|i(M'sioii cini.slaiils

^•<..
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Carbon dioxide.
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ill w liicli ). rc'iHX'soiilh llic \\ a\ c-lcii^lii lu air. It j;i\e.s llic lullow iii^

(lili'ereiK'es lictwocii obseivi-d and calciilatc'd* values

:



Microbiology. — ''()n llo' cuNipi'silii'ii of li/ro.-tiiiii.s;' /nnn two

i/tzi/iin's". Hv I'lofessor Dr. .M. \V. Bkukrinck.

(Coinmunicatod in lln' meeting of December '28, 1912)

Tlie prodiii't ot the aclioii of t\ro>iiiaM' on ivrosin is cniiiiiKuilv

ciilkMi melanin, wlio.se (•dloiii- niav lie jel black, luii laUes all sliacie.'^

helwocn iiglil hrown, |iure red. hrownisji red, sepia and blaek in e.\])e-

rimenlal eonditions. Tiie.se pigments are of nncommon stal)ilit_v and

I'esist even liealing uilii strong alkalies and snifiirie acid, wliei-eby the

biaek runs somewhat into ln'ow n biii in cliiof i-i'inains nnclianged.

Kven when boiled with iiili'ic aci<l the melanin remains almost nn-

ehanged. It is acco|iteil that iIk- pigment of the hair and hide of

liigiier animals is as.sociated with these snbsiances and is derived from

tyrosin.

Melanut /onnufion f/;/ <i/mbiosi' of (in Actiiioiiii/ccs icif/i u /mrfcriuni.

On a culture jilale of the ccuiipo-itioii : distilled watei', '2 "
„ agar,

0.1 "/o lyrosiii (dissolved iii a lew drops nalriumcarbonatei and

0.02 Vo K, HP* ),, on which some centigrams garden soil are sown ami

which is kept at 30° C. hundreds or lliousaii<N ol' little sods ol .Ic7/Vu>-

mi/ce^ {-StreptothrLv) will develop after two or three tlays. The tyrosin

serves at the same time as source oi' carbon and of nitrogen. Hut

the agar itself also is attacked by these microbes, although with

dilliciiliy ami iiscil a^ hiod. 'i'liis i- nni Miipri.sing as many Actino-

»*yc<;.v-s|)ecies can even live on ci'llulose as source of eai'bon.

The common bai-teria of the soil develop uol or hardly on the

tvrosin |)late and caiiiiol in the given circumstances i-ompete with

the slowly gr'owing Actinoini/ces as they iln ini bciier media, e.g. on

broth agar, where Actinomi/cYs ne\'er oi-curs when bacteria are

present.

As tJie ilelicate threads of this genus enter deeji inln llu' agar, the

plates may be freed by washing from the bacterial colonies and the

adhering soil : then the Actinotnijces sods can be easily counted. In

linmns and hnmiis coniaining soil their number is amazing. When-

they can freely mulli|il\ on plates which are |ioor in food their growth

is unlimited and tiiey produce sods of great extension, e\eii ol' one

or moi'c det'imeters in surface, coinmonly producing \ery line

mvcelial-rings, which by turns bear spoies or not. These rings are

indejiendent of light and suggest a periodicity in the nutrition not

yet fully e.vplained.

In somewhat extensive culture ex|»eriments, similar to the above,

il nia\ with cci'lainty be e.\|)ected that at some placc^ brownish



reil (ir ji't-hlack s|»il> will (ii-JLiiiialc. Tlic lii'dwii sjnils aic <':ni>cil

l)v llic nxidisiiiLT actinii (if soiiic coiiiiiKiii >((il luuMoi'iti, which iifodiice

a red (ir luiiw n ird |iii;iiifiii tVdin Ivrdsiii; the black oiie.s, caused

hy iiiclaniii, \\hi(di will ln' iiioi'c c\acll\ con'^idcred here, have

(|uite another ((riuin.

Ill (PI' near ihc ci'iilniin o\' liicsc lilack >|i()l> always lies a coloin

of Aclinomi/fc'.s. Streaks on new culliire |ilales of (lie said coiii-

[losition to ol)taiii a piin^ culture, uive the siirprisinj^ result, that tlie

ori^anisni can visi-oioiisly ^row on the (\ rosin hut |)rodiiccs no jiiji;-

iiient at all. .\ more minute exainiiialion shows further, that the

hiaek plants of Artiniyinijci's lie iiiider ;i thin, ghiss_\ , transparent

layer of tine rod-bacteria. This layer co\ers like a luust the jet-black

sods of Actiiidiiv/ci's and prevents them from |u'oducini; spores, which

does take place on thai part of the myeeliiin!, which de\elops out-

side the bai'terial co\er. If from ihi-^ layer the bacterium is broiij::ht

into pure cidture. which is easil_\ done on brotliuelatin- or bi-oth-

agar|)lates, it proves to be an e.\tremel\ delicate polar ciliate rodlet,

wiiicli t"oriiis no spores and stroiiuly li(pielies ciiliure gelatin. Streaks

of the pure culture on a i\ rosin plale produces no melanin at all,

so that in this respt'ct the bactoriuin reseml)les AcUniiiin/rt.<.

It i.s t)b\ions thai we here have a case of pigment tormatioii

re[)osing on the symbio.se. of the two organisms. Kxperience shows

that this supposition is right : tlieir combined streaks on a new

tyrosin plate produce lieautiful black >pols of any e.xtensioi). As

they can both be very well grown on belter media, such as brotli-

agar, the experiment is, the lirst isolation effected, eas_y and interesting.

The experiment may l)e improveil liy pnniding the culture plates

with a better source of carbon be>i(le the lyro-in, for which glucose

and peptone pro\'ed pai'ticiilai'ly useful. On the oilier hand, additions

of an animoiiiumsalt or of nitrates had no effect.

In order to ascertain which of the two organisms is the real cause

of Ihe melanin produt'tion. the following experiment was made.

On an agar-tyrosinplate of the said com|)osition, parallel streaks

of lioth organisms were drawn with some millimeters, distance be-

tween. The result was not dubious ; after a few days the sli'eaks

of Actinoinyces vigortnisly de\elo|)ed and covered with snow-white

S|)ores, but for the rest were (piile colourless, riie bacterial streaks,

on the other hand, winch had dcNcloped to a thin, hanlly \isil)le

transparent layer, had become Jet-black \vhere\er they were near

ActlnomyiU'.s . The following must thei'efore take place : Actinoini/ci'.s

decomposes the tyrosin and produces from it a colourless chronio-

gene which is converted into melanin b_s the bacterium and easily

61
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(litfiises tliioiigli the agar, evidently without ^poMiaiieouslv oxidising

at tlie air.

From tlio foregoing it is dear that Actinoiiii/ci'.f, a^^ well as tlie

bacterium, can only be found in garden soil when germs of both

species occur in each other's ininiediale vicinity. To promote this

occurrence 1 have tried first on tit agar[)lates to grow Actinomyces

and later floated them with a tyrosin solution, in which the melanin

bacterium was present in so great (juantity, that it could develop

anywhere on the plate, after the tvrosiu had dilfused.

As the various species of ^-lc//«('//'y'v.v are very vigorous, polyphagous

microbes, which develo|) es|)eciaily in dilute media at the side of

the common bacteria, the most different food may be used for tiie

first part of the experiment.

So. an agarplate, only containing some potassiiimfosfate ami ammo-

nniru>ulfate, was sprinkled with a little dry iunliii mixed willi garden

soil. The soon developing flora was washed off under the tap by

which the loosely adhering bacterial colonies together with the non-

decomposed inulin. were removed. The agarplate was now clear

again but in the surface were hundreds of Acti7i07nyC('s colonies

which had not been removed by the washing, as they had penetrated

too deep into the agar. After treating with the tyrosin solution in

which the melanin bacterium was sus|(eniled and a renewed culti-

vation for some days at 3t)° C, black melanin spots appeared around

some six colonies of Actinomyces; this S|)ecies must thus be rather

common in the soil.

The tvrosin Actinomyces can also very easdy be isolated tVom the

roots of the elmtree {Ulmus campestris), in whose dead periderm

cells an almost pure Actinomyces flora occurs, as I demonstrated

before'). For the development of this flora some of the hairroots are

carefully washed, to remove the adhering soil and are then ground

in a mortar. The thus obtained brown paste is diluted with water,

mixed with the tyrosin bacterium which however is also rather com-

mon on the elm roots themselves), then sown out on a tyrosinplate

of the above composition. After a few days numerous colonies of Jfi/-

nomyces develop at 30° C, among which some jet-black ones.

Here it should be called lo mind that the two organisms produce

no pigment on peptone or hroili-coiilaining media, neither each for

itself nor in combination. But herefrom cannot be concluded that

at their cultivation from peptone 110 tyrosin originates. Nevertheless the

conclusion must be drawn, that if at the splitting of the peptone

') Ceulialbl. f. liakter. z Abl. Bd. 6, S. 2, 1900. Arcli. N6erl. 1900, p. 327.



035

tyfusiii is indeed t'oi'ii rd, ii is (i\idi>ed in another wav ImiI not In

melanin.

Tiial lliis .\ •liiiomiji-i's nins( licidii^; Id aimiher sjiecii's llian Acti-

iidiiii/ci's (///niinn/i'iii's. SCI '.'(inininn in unr en\'ii'iiniiHMit. is ulividns. The

hillei' nanielv is ciiar'aclensed li\ liie inodnclion of a (hii'iv hrown

[li^iiient tVdni |ic|)l(in, linl nui iViMti i_\ rosin i in whieh, as 1 liave

forinerlv ') >h(i\\n, iiiKhT cciiain (•ll(•llnl^lan(•es chiiKin may be foil n<l.

Several oilier specie- of .\ftiiiouii/ci\< prodiice Mne, red, or vellow

pi^menls. w herein . as lo llie liliie and red. I lie siiniiUaiieoiis presence

of cerlain \arielies of lia\ luicleria is favdiiraiile. In this case it is

not ivro-iii, linl L;iiieo>e. malalcs and nitrales thai lorni ihe chrumo-

U'encons t'ood, so thai the s\ inliiuse is Ihen exidenllv a->>oeialed with

other faelors lliaii ihose aelivc in llie |irodueli(ni of melanin from

Ivrosin.

llilherlo I haxe noi \ el heen ahle in lii|iiid eultiires w illi ihe help

of Adininitiici's and ils svinliionl lo prodiiei' a somewhat considerable

(pianlil\ of melanin. This eoidd nol lie foreseen as this genus is as

eommoii in ihe mud of moals and canals as in uarden soil. Ihil some

e.\|ierinieiils as die ahoxc lo liiid our A'iinoniifCi's in mnd ga\e no result,

so it seems ihal ihis species al least is a real mhahilanl of Ihe soil.

Thai piiiineiil piddnclion in ihis case is dilTlienll in licpiid media,

whereas Micrc.-^/'irii li/ra.-iiiiii/icd, which I desci'ilied earlier '^j, produces

it as rea<iilv in liipiid as in solid media, is perhaps owing lo tlie

general propriei\ of Acliimiiii/ci's lo grow Inil slow I v in solutions,

prolialil\ in conseipience of ihe liille leii'^ion of ihe disstihed oxygen,

Microsjiira, on the other hand, is as a line w aler microlie. evidently

better adapted lo that tension.

T/ii'iiri/ 11/ llii iih'hunii foniiitluni ").

In |thysiol(igical cllelni^lly it is genei'ally acc'cpled ihai al llie tyrosin

reaclion from ihe lyrosin tirsi originates homogentisinic acid, ammonia

and caiiionic acid aflei- Ihe formula

C,H,,X(>, + (), := CJl.O, + i\H, + CO.,

Tyrosin Hoinogenlisinicacid

and Ihal only afierwards by a new oxidation the homogentisinic

acid IS ctunerled inio melanin.

1) Gentralbl. t. HakU-r. -J Aht. Hd ti S i', lltuo. .Anli Nei'rl, 1900, p, 327.

Commonly the cliinoii is aijsi'iil, uliicli 1 iliil imi know in lUOO.

-\ The.so Pimcediiigs, Xlli, 10G6

') For lliu literalure see Gzai>ek, Biechrinir licr I'llan/.t'ii. Hti. 1', p. 40:2 iuid 478,

I'JOo. AuDKUnAi.UE.N, Pliysiologisclie ('liciice, p, 'A^rl and Sli.'j, I'Jli'.',

61*
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This miglit give a good explanation of the symbiose experiment,

supposing that Actinomj/Cf.i produces lioinogentisinir acid from tyrosin

and tlial tiie symbiotic i)acl<'riiim oxidises tliis acid lo melanin. Talicii

for granted tliat these two jji'ocesses are due to two sejiai ate enzymes,

this conception may In- called •liie two enzymes theoiy ' of the melanin

production.

In order to obtain more certainly rcgardini; the coriectness oi

tliis suppositon, I made some experiments uiili the soda salts of the

homogentisinic acid (C^H,(),) and compared the results with the

conversion of the calcium and soda salts of the gentisinic acid

(C;H„OJ. Both substances I owed to the Chemical Laboratory of the

Technical Uiuversity, the homogentisinic acid as leail salt, which

1 converted into the soda salt, the gentisinic acid in free state. Both

behave towards microbes in a correspoiuliiig way, but the gentisinic

acid oxidises more greater difliculty.

1 also received from Professor Pkkkt,h.\rin(; the lead .salt of homo-

gentisinic acid, prepared from urine, iuit this could not be distinguished

from the other.

At the preparation with these substances of neutral or feebly

alkaline agar plates, on which the o.>Lidising microbes were to be grown,

the difliculty arose that already during the heating at the air a brown

colour appeared, which was not the case when cold. It could,

however, with certainty be staled that, as was expected, Actinomt/ces

produced no pigment from these acids; on the other hand, the

symbiotic bacterium gave a dark brown colour, which may finally

run into jet-black. .\s this bacterium produces some alkali, it

might seem doubtful whelher Ihis alkali migiit be the cause of the

more intense pigment |)roduction, or if any oxidising enzyme, |)roduced

by the bacterium, were acli\e in this case. By <'autiously neutralising

the existence of an oxidase, which diffuses in the agar to a relatively

great distance from the bacterial colony, could be ascertained. It is

clear that the thus found enzyme might be called "homogeiitisinase".

It will be seen in- and li_\ llial it also occui'.-- in liighoi' plants and

perha[)S corresponds to the common laccase,

Tlie formerly describeii Micro^'pint tyrosinitticn (I.e.) living in the

sea and in sewagewalor, oxidises tyrosin directly to melanin without

intervenlion of any otliei- organism. That this is done here also by a

vigorously active tyrosinase is easily shown willi the fnrm living in

the sea, the bacterium, when killed by riijoi-oform. being still able lo

cause the melaiun reaction. 1 lliiid< il i> proved now . that also in this

case the tyrosinase consists of I wo enzymes, as it is possible with

Mu'rospira lo oxidise ihc homogentisinic acid lo a dark pigment.
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III nrdcr to asccilaiii Iidw in this ros|iect llie tyrosinase of the

liii;licr plain- behaves, I imik sii'oii<r tyrosinase preparations derived

tVoiii llic |)iitat(>, the l)celr()(it and latcv of /jiji/mrfjin /j'l/hi/ris^)

which i|nici<ly cohiur tyrosin soliilioiis deep likick, an<l made them

act (HI hoiiio^eiitisiiiic acid salts. Tiie latex ol" ICiij)horbia Ldtlupis

is eMreiiH'ly tit !\ir these experiments as it can always lie made to

dfip tVdiii lht> h\iiii;- planl, which sii|ip()ri-. our winters very well in the

garden. A sint^le drop mi an ajiar-ty rosin plate at from 30° to 50° C.

forms deep black melanin spots after a few hours already. Hut homo-

gentisinic aciil can also be oxidised with great velocity. For this

experimeiil 1 used an aiiar|ilate id' this c()m|)Osi(ion : water. 27o agar,

0.5"/,, natrium homogentisinate. 0.()2»
„ NH,("I anil 0.02°

„ K.^HPO,.

On this plate drops of the latex were put and besides streaks were

made of Artinomycfs and the symbiotic bacterium. After some hours,

at 30° C, dark brownish bhudv fields a|>peared, evidently more

readily formed than tlie black lields from the tyrosin.

After abont 24 hours Actlnonu/ces also began to grow but no

pigment at all appeared, as was to be expected. The symbiotic

bacterium did not develop under these conditions. But some broth

being added to a like medium the bacterium could grow and oxidised

the homogentisinic salt to melanin. So it is certain that also

the tyi'osinase of Euphorbia Lutht/ris must be a mixture of two

oxidising enzymes; one of these, which may preserve the name of

tyrosinase, produces h(imogentisinic acid from tyrosin, the other,

"homogentisinase", forms melanin from the acid, and corresponds with

the oxidase of the symbiotic bacterium. This enzyme requires no

special name as "homogentinase" and "laccase" are probably identic.

Although the 'two enzymes theory" of the tyrosinase may be

considered as conlirmed by what pi'ecedes. still it should be called

to mind that, when a method of experimenting is used somewhat

deviating from the described the above result with Eii})hiirbi(i Latyn's

is not obtained. Siudi is. namely, the case when the milky Juice of

the ])lanl is put on agarplates with homogentisinic acid salt, with

aiklition of broth for the liacteiia. Then the sui'prising fad ot-i'urs

that tlie bacterium is active but the latex is not. Whereon this

difference reposes is not idear.

Finally it may be mentioned that the existence of two enzymes

in the tyrosinase of the beetroot was already made probable by

P. C. VAN DER Woi.K (Reclierches au sujet de certains, processes enzyma-

tiques chez Beta vulyarb, Nimegue 1912).

') Tlie latex of Euphorbia jMhistris, E. Peplus, E. helioscopia, E Myslnitis,

contain no tyiosinase
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Mathematics. — "On Sifiueri'in /tuints In conjie.vion inith si^stems

of nine Q-fold /loint-! of /dane curves of order '^0." Bv Dr. W.

VAN 1)1 K Woi'DE. (("nniinuiiicatod In- Prof. P. H. Schoitk).

(Communicated in the meeting of December ^8 1912).

^ 1. Ill a former communication ') has been indicated what is

th3 locn.-; of tlie point forininii: with oiiihl ^iven poinls a svtileni of

nine nodes of a nun degenerated plane se.vlic curve ; here will be

treated a more general pmbleni inrludiiiL; ilic preceding one as a

particular case.

To that end we remark that by nine arbilrarily chosen points

/>i, I)^ />, a curve of order '?»> passing o times through these

|ioinls is deteiiiiiiied ; in general Imwexcr this (J;i. is a cubic curve

counted o times. So the |)robleni we propose now is : "Eight points

/J,, D., D^ being given, to determine the locus of the point Z),

under the condition that the nine points D, can be 9-fuld points

of a curve (.3; not degenerating in the manner mentioned.

^ 2. As we shall find bv and by this problem is very closely

related to the foiiowiug one: "Let />,, />,,..., /)', be the base points

of A p'Micil ^.i' of cubic curves, and u, any curve of this |»eucil.

Ou ?<j lie (o'

—

\] |ioiiiIs >' eacii of which forms wiili /i, a Steinerian

|)air') of order y. To determine the locus of these jioinls ,V, if »,

describe-; the pencil (,i')"-

§ 3. We start by treating the tirsi of the two jiioblems.

So the eight points /-*,. D.^ .... /-), are gi\en and w(> lia\ e to

determine the locus of the ninth point Z), satisfying the condilion

Slated. In the quoted memoir the case o = 2 has been treated ; for

coinenience saUe we re])eat here tlu' |iiiiicipal results.

Then we o •cnpy ourst-hes with the fase o ^ '.\ before passing to

•) W. V. D. WouDE. "Double poinls of a c,- of (jcnits or 1 (Proceetiings of

Amsterilam. vol Xlil, \>. ti^'.h

Compare also Dr. V. S.m.u)kr, -Thi- inrolalorbtl hiralional transformation of

the plane of order 17" (American Journal of Malliematic?, vol XXXlll. p. 3'28).

-) Two points P and Q of u^ form a Steinerian pair of order n, if it be possible

to inscribe in u^ one and therefore an infinity of clo.>ed polygons with 2n vertices,

llio sides of which pass alternately through P and Q. Literature: Steinkr (.lonr-

nal <if Crello, vol. X.KXll, p. 182); Kuppeu (Math. Ann ,
vol XXIV, p. 1) ; Schroter

(Tlieorie rier ebeiieii Kurven driller Ordnnng, ^ 31). l-'or the Irealinent by nie.ins

of elliptic functions see Cleuscu : Vorlesnngen iiber Geometric.
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tli(> ^I'lioriil ca^ic of an ;xiliili;u\ ;(. Kiit wo wish to fiivc just imw mie

tlieorem wlicic o lias already aiiv ai-liiliai\ \alu(> :

"//' /^,, 1).^, . . ., I),, are Q-p>hl pout/.i of a non dfgenerated cni-ve

Cfl; of ordi-r 3o, tln'si' points are at tlw same time the base /mints of

a pencil of curves of order 'Sq, each of which passes q times throii</h

A. />.•••. A,"-
K(ir (lie proof il will suiKice to remark, that the nine points lie on

a ciiliit- curve m, ; so the pencil mentioned is represented by

csp + Au,/= = 0.

^ 4. By /),, 7).j , Z), we will liencef'ortli denote arbitrarily

chosen points ; we represent by (^i') the pencil of cnrves c, |)assiiig

Itirougii llieni, by B^ the ninth base |)oint of this pencil. So tlie

principal results, obtained for o =r 2, are the following :

I. "The locus of the poini forming with />,, 1).^, . . . , , Z), a set

of nine nodes of a non de^'-nerated ') c, is a cnrve _/, of order nine

passing three limes throngh D^, /J„, . . . . , D^".

II. "This cnrve /',, is also the locus of the points corresponding

with B^ in tangential point on the cnrves of pencil Gi')".

III. "Let 11^ be any cubic of (,i"j and (•„ any sextic passing three

times through />>,, />, , />>,. Then the line joining the last two

points common to //, and c„ will meet «, for tlie third time in the

tangential point T of 7^, on ii./'.

Before continuing our considerations we wish to correct the pre-

ceding communication. We have indicated there that B^ does not

lie on _/, : indeed this is .so, but one of the proofs — the geometii-

eal one — may give rise to difiliculties. Therefore we once mcu'e

prove here: />', does not lie on /,,. To that end we consider
_/, as

the locus of the points on any cur\e of [,-i') ecu-respond iiii^; with />',,

in tangential point. Now A', will be a jioint of /,^ . if and only if

one of these jioints coincides witii B^. wliirli mily can hap[)efi if />*,

is a nolle tor one of thetnirves of (,i'). Of these nodes — the 12

so called "critical points" of the pencil ~ none however coincides

with one of the base [)oints, if - as it is tiie case here — eight

of the base points have been clR)sen arbitrarily. So B, does not

lie on /,.

§ 5. We now [lass to the case p ^ 3.

We still denote by Z>,, D^, . . . . , D^ arbitrarily chosen points,

1) Here by )ion degenerated is iiR'ant a curve not breaking up into a c^ to be

counted twice. In this uiannei- is to be interpreted henceforth the expression >10H

degenerated c, used now and then.
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wliiUi ",, ,-t' . H, ami y Ufe|) ilio >i'xiiilii'alioii a>--ijj;iieii lo (liriii in

art. 4. Now ilu- (inesiion is lo delermine ilio locus of llio |ioiiii

foriiiiiiir will) />,, I). />, a set of tlireol'old |iniiiis of a noii

tlcfjenenvied r,.

In order to determine a curve '•, passing tiiree times tlirongli

1) , l)^ D^ we can im|)lv to it tlio comlition of containing six

arbilrarv imints. ( »f these six jtoinls however no more than two')

mav he on «, ; llien the last point coinmon to '/, and f, is deter-

mined ineqnivocallv. We will show imniediaiely how tlic latter point

can he found: jirovisionallv we start fnini an\- r, will: the eight

given threefold points, ciiliini; i\ in an arbitrarily chosen fixed point

.V. This (\ cuts /(, in two points more: the line connecting these

two points has still a third point l\ with ii., in common: according

to the lii'sidmil 'riiiovi'in of Syiaksti.k the latter point is a fixed point,

i.e. independent from the chosen curvi- r,, passing tlirouuii A. Now

we first determine the jtoint A"; to that end wi' choose a c, breaking

up into a curve ?, of pencil (t^') and a curve <,, passing twice

thrimgh />,, I),, ....,/->, and passing moreover through A. We have

seen that this r, cut.s «, in one point )' more, being collinear

with A' and T (^ 4, III): moreover ?/, and v, have B, in com-

mon. So the lutiiit E is the third |)oiid of intersection of the line

}'/)'„ and ?/,.

If now we fix on », two points A', A' ami consider a curve c,

with threefold points in />,, /J,, />, and cutting », in A' and

A', then the last ])oinf of intersection of this y, and (/, can be found

as follows: we first determine in the manner indicated the point E:

then the third jioint of intersection of the line EX' and », is the

])oint looked out for.

lit'innr/:. We have stated, that an\ r,, with /),, D. D^ as

threefold points meets ;/, in three points more; evidently this does

not hold if this t\ breaks up into two curves one of which coincides

with //j. In this i-ase the residual cur\e of ordei- six must be deler-

niined in such a ninnner that it admits on u^ nine nodes, eight of

which lie in l)^, 1)^ , />>,. So we fall back on the case <» = 2,

but we can discard this by requiring that 1)^ has been determined

in such a way that the , under discussion does not break up, neither

into a <, to be counted thrice nor in two curves c, and c,,, the latter

of which admits a node in any of iis jioints of intersection with

the former..

') Sec c.^'. Salmon FncDLER : Hiihere ebene Kurven, p. '28.
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^ (i. li is now iiMmcilial('l\ clear ilial llicrc are fuiii' pdiiiis in

wliicli aii_\ ',, will: llic llirccfnid' |iiMiits 1)^. 1)^, /J, iind passing

tlirouuh A can Idiicli n,, i.e. in anv nf llic rnnr |i(iinls ailinilliii'j;

A' as iani;-ciilial ponii ; likewise llial any c,, wiili ilic ilirccfuld |i(iints

Z>,. I>., />., loncliiii'j;- ii, will cnl this curve in A.

We now w ill Iry lo (Iclcrininc A in sncli a way lliat :1 coincides

willi one of llic lour |ioiiils ol' w liicli /,' is llic lanuenlial jioiiil ; in

that ca.se any ',, with llircel'olil jioinls in 1)^, J)„, . . . . , IJ^ and

loiu'hinp' II, in A, \\ ill have in A a tiiiid (loint in eoiiinion with i/,.

Let lis sii|i|iosc thai llie |ioiiil A has lieen deterniined so as to

satisfy the coinliiion nienlioned ; then wc can desci-ibe in ii^ closed

lie.\ctii,ons the snccessive sides of which pass alternately throu{>h />',

and A. If we elioose ii, as first vertex and P is the tiiird point of

intersection of il^X and ii,, then there is a eh)sed hexagon with the

successive sides B,BJ\ TXV, VBj:, KXX, Xll,I\ /'A7?, (fig. 1).

Fig. 1. Fig. 2.

So the points A to be determined arc the eight points each of which

forms with A',, on ?/, a Steinerian pair of ordei- three, 'j

§ 7. Wc now choose one point out of liiese S and call it A';.

If we then reipiire that t',, lias tiueefold points in 7^;, Z>, ..., Z), and

tonciies », in A',, we can assume arbitrarily four more points

A", A, M. X of this curve, which as we ha\e seen abo\e has in A',

still a third point in common with ii.^. Proxisionally we suppose

L.M.N to be tixed points but A' to (iescribe a right line / ihrongii

1) That B,j and the point X satisfying the imposed condition form on ii^ a

Steinerian pair of order three can also easily be shown by representing the points

of ?<;, by means ot an elliptic parameter. It (3 is the parameter value for U,, and
,'' that iov the point .\' taken provisionally at random, we find for the values cor-

responding to T, Y and K respectively —2.3, 2,3— .i' and x—8^3. So the condition

that E be the tangential point ot A' is 35 ^.'Hx. Ghietly tor the cases p = 4, 5, . .

presenting themselves later on the use of this parameter proves to be very convenient.

Compare Clesch: Vorlcsiingen iiber Geometi-ie (p. Glu).
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A', (lillerent from the taiifjont to '/, in .Y, : ilieii the C, describes a

peruMl. one vm-\e of which passes through any point of k. The coin-

cidence of A' with .V, then furnishes a C, hiving in A'^, three points

in connnon witii «, and two points with {•
-. so tiiis (', has a node in

A, ami one of its l)ranches touches n,. If now we allow L to move

along /.A', to A', and afterwards M along .l/A', to A,, ^ve generate

a C, having still threefold points in /9,. D. .... /J,, now admitting

a nii:tii threefold jKiint in A', and passing moreover tiiiougii an

art)itraril\- chosen point .V (compare § 3). So the point A', is a point

of the curve /^ under discussion. Therefore :

T/ie curve jx cuL-i any curve of (,i') besides in the base points in 8

points more, ft is at the same time the locus of the points forming

with B, oyi the curves of (,?) a Sleinerian pair of the third order.

^ bi. In order to determine the curve /, more closely it is neces-

sary to know the oriler of mnUiplicity of the points /),, JJ^ D,

on it, i. e. how many times each of these jioinls happens to form

with B„ a riteinerian pair of order three on a curve of {^'). Let u,

(tig. 2) he once more an arliiirary curve of {;i') ; then wo |)roject

B, out of J)^ on a, (i. e. we dcterniine the third point J, common

to /)./>„ anil a,], from this point A^ we |)r()Ject />, on «, into -I,,

from A., we once mtue project A', on n, into .4, and so on. alter-

nately projecting Hr, and />,. Tlieii wo allow ti^ to describe the

pencil (;{') and determine the loci of the points .1;, J. I„ ; then

every coincidence of A^ with JJ^ points to a curve out of (,i') on

which /J,, and />, form a Steineriau pair of order tiiree.

So we liiul for ilie locus ot

.1, ; \\u' line /A />',;

^•I, : a (J, with a double pniui in /^,, nol pas-^ing through D, and

/)', but cuiniainiiig JJ,. 1)^ . . .. 1)^.

A,, a ('. Willi an onliuary point in /J,,

a threefold puiui in I).,.

doulile poiiil> iu I),, I)^ . . .. D^,

a foui'fold point in />, ;

.-1, : a 6',, with a sixfold point in />,,

a threefold p(»iut in I)..

fourfold points iu /J,, />, . . ., D^,

a diudile point in B^ ;

-Ij : a C'ls, with a fourfold point iu D^,

a sevenl'nld poim in D.2,

sixfold points in />,. D, . . ., D^,

a iiinefold point in B^
;



A„ : ii ('.. willi a I wcUcldlil |i(iiiil in /)^.

an c'i^liU'dM |iiiiiil in /).^,

iiiiR'Tiild |iciiiil^ ill />,. />, . . ., JJ,,

a sixt'dlil point III /) , ;

A'2n il (':u,- with a //(»-(-J l-fold |i(iillt ill /J,,

a (n' — 1 )-fnl(l {Kiiiii ill />,,

/(--toUl IKlilllS III /)^. 1)^ . . ., 1)^

an // ,// I )-l(ilil |i(iiiil ill /j,,

;

^42/.-|-', : il C'):,-j-|-:!.,-)-i with an iv-\'uh\ |ioiiil in />,,

an ill'' -\- n D-lnId poinl in //,.

(/?,' -I- n)-UM points in 1).^, 1)^ . . ., U^.

ail (/( -(- I )-t'olil poinl in />„.

We prove tliis as follows. It y:oes willioul saving that the iofns

of .1, is the lino l).,li.,. Thronuli any point I, of this line on eciirve

u, ol' (,}') passes ami this etirve is cut In J,/-*, for the third time

in .1.. Ill />, we draw the tangent to //, and we indicate by J,'

the point roiniiion lo this laiij^cMit and J).^B„. Now if ?<, describes

the pencil (|i'! it will happen twice that ^1, and .1/ coincide; in

each cf these two cases A.^ coincides with D^ , so that D^ is a

double iioini of the locus of .1,. This point .1.^ describes a rational

cubic curve, to be inilicated lieiiceforlli by «,, any line lliroiigli D^

having only one more point in common with this curve. It contains

the points />,, D^, . . . , D^, as D.^ Jl, cuts each of the lines /), />, ,

I)^ D^, . . . , /), /), in one |)oiiit.

Let us now consider the locus of .1.,. It is immediately evident

that D, is an ordinary and /).. a threefold point of this locus; for

«3 is cut by B., D^ in only one, by /I, I)^ in three points; in the

same manner we prove />,./>, D^ to be double points. So

we have still lo inxesiiuate how man\ times ^4, coincides with 7f,.

Let .Ij be once more an arbitrary point of <(, and », the curve of

{^') through .1.^; then the tangent of //^ in />*,, cuts 'f^ in three points

A\. So the [loiiits A., and A'., generate a correspondence (1,3)

furnishing — «, being rational — 4 coineitlences. Any coincidence

of A.^ and ,1/ gives a coincidence of A, and /:>, ; so A, describes

a curve of order seven, to be indicated henceforth by a. . any line

through yj, containing three jioinls more of liiis locus.

We can prove thai />'„ is a fourfold |ioiiil of (t. also as follows.

In case .1.^ coincides w itli one of the points ,1^', .1., is at the same

time the tangential |)oint of />', on the curve out of {^') through .1,.

So the iinmber of points common to /r, and the t<in(j»'nfi(tl curre of

li, — i. e. the locus of the tangential [loint of JJ, on any curve
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ol' ^,i'} — amoiinis lo fom'. the commoii points coinciiling \viili the

base points of i,,i') disregartied : for, the tangential curve is of order

four and admits B, as threefold point whilst it |)asses only once ihroiigii

JJ^. 1),. . . . IJ,. So B^ is a fourfold point of it. and this curve is of

order seven. From the numher of the doulile points we deduce that

a. is rational; this is right, for it corresponds point hv point with

the line DJi.,.

As to ihf Idcii-; of .1^ it is immediately clear thai B, is a double

point and // a ihieefold |Miinl on it. while it passes four times

tiirough IJ„ D, , />»,.

The tangential curve of IJ^ is cut by n. l)esides in the base points

in () points more, which implies that JJ^ is a sixfold point on liie

locus of A^ and ihai iliis curve is of order twelve, any line through

/J, containing six more points of il. In the same manner we deter-

mine the loci of the points .L, .1^. .1., etc. and then the loci of

-lo,, and .l-Jn-i-i can be found l>y the Bernoullian method. Provision-

ally we only still wish to remark, that the locns of A^ has an

eightfold point in JJ.., for this proves that the points B, and D^

lV)rm two Steineriau points of order three on 8 curves of {^').

^ 9. Let us return to the point we started from. We have seen

that the curve /., under discussion — the locus of the ninth threefold

point — is at the same time the k)cus of the points each of which

forms with B, a Steineriau pair of tiie tliiid order. On eat'ii curve

of ((?) lie besides the base points eight points more of
/., ; moreover

/),, D,, . . . , /), are eightfold points of /.,.

We have now to investigate whether B, lies on /^ or not. Tiiis

can only ha|)pen if on a curve r, of (ji') the point 7i, coincides with

one of the eight points each of which f()rin> willi it a Steineriau

pair of the third order. However il is eas\ lo prove that a suchlike

coincidence of two Steineriau jioints can .only present itself in a

nolle; for the group of the nine inflexions this is immediately evident

and for the other groups of Steineriau |)oints of the third order it

can be deduced from this by projection. Xou 7^^ is not a uoile ot

a curve out of [,i'): so it does not lie on /,.

As the number of points common to Jr and ii, auunuiis to 72

we tiiid :

"The curve jx w of order twenty-four : it hus l)^, D ^, . . . , D^ as

elyktfohl points."

^ 10. We will enumerate some |)oints oi jr. which curve will

be dejioted furtherniore by /,,. It is cut In the line />>,/>, in eight
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more points; any point I' of IIicm' i'ii;lit di^lormines wilii l)^J),,...,U,

a |)Oncil of cni-vos r„ with thrccfulil points in llioso nine points.

Any oilier point <l nf I) J)., (Iclcrnnno a curve c,, of this pencil

having ten points in c(unnion with lli;it liin' ;inil lireiiUin;; up tlici-e-

forc into that line and a ciir\e (\ willi (loiihlc |)oinls in />,, IJ.^, I'

ami threefold points in />,, I) 1)^. So any point of intersection

P of />, 1)^ and /,, is at the same time a luxic of a i\ forming

with /^, /^, a („ with nine threefold poiiils. Al lirst this result mav
seem astonishinii,' ; for we can indicate eleven points on D^lJ, each

of which forms with Z>,, J).^, . . . , IJ^ a' set of nine tlireefold points

of a (•„, and of these eleven points we tiud hack eight only. lint

the three other ones |iro\e to determine a c, (and therefore a |)eiu'il

of cur\es r,,) excluded from the iieginning.

To prove this we consider the net |d) of curves c^ determined

by the six tlireefold points //,, />,, . . . , D, and the double jioints

D^,D,\ the curve of J.^com of this ['f| is of order twenty-one and,

as it passes five times tlirongh />,, U.^, it is cut In the line r)JJ^

in 11 points more. So D^D^ contains 11 points each of uhicli is a

node of a r, belonging to [d].

Now let US consider the curve <\ passing through />,, D., and

admitting 1)^, />,,...,/>, as nodes ; this completely determined curve

cuts D^ 1), in three points E, F, G more. Each of these points bes

on the curve of .l.vcom of [rf], for e, forms with the curve c, of

(^') passing through E a c, of \<f\, of which llie point A' is a node;

likewise these two curves form with the line JJ^ D, a curve c, of

which Z)j, T), 1)^ and E are threefold jioinls. However E does

not lie on /,,j, for this <,, can be considered as the combination of a ('a

of ((i) and a c„ and this combination has been excluded beforehand (,§ 5).

But it is evident that E, F, (1 do lie on the curve /„ cpioted in §4.

The eight remaining points of intersection of line D^D. and the

curve of .I.\cohi of
[<(J

do lie on j,, ; so on each of the 28 lines

DiDk can be indicated eight points oi j^^.

Moreover /,, is cut by the conic /J),, D^, . . . , IJ^ in eight more

points. These lie at the same time on the curve of J.^coiu of the

net [a] of curves of order seven passing twice through D^,D^,...,D^

and thrice through D^, D., D^. This curve of .Iacobi of order eighteen

is cut by the conic D^, /).. />, in eleven more jioints; of these

however once more three do not lie on /,,, i.e. the points common
to this conic and the curve c, passing once through /J^, D,, . .

.
, D.^

and twice through /^„, /)., /),.

So on each of the 56 conies />), Dk />/ /),„ 1)„ can be indicated

eight points of /'j,.
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^11. We miu treat iir u siiminarv way tlic ^eiieial case:

V is an a r b i t r a r y ii ii in b e r.

Once more llie arbitrarily cliusen points Z>,, D^, . . . . 1)^ are given

and llie (|iieslion is to <letorniine tlic locus of the point torniinjj; witli

tliese given |)oinls a set of nine <..-t'oM jioints ut' a non defienerated

curve of order 3o. In the same way as we liave used tlie results

obtained for 9 = 2 in the solution of the problem for q =r 3, we
can solve the successive cases o =r 4,0, . . . liy using every lime the

results obtained in the immediately preceding case. So we consider

for j» = 4 at lirst a \arialile <\.. with fourfold points in DiJ),....,D^

and touching a curve n, of pencil if) in a point A: tiien we
determine tiie third point of intersection of u, with the line connecting

the last two points of inicrx'ction of c,, and «,, whicli point is

independent of the choice of c\„, etc.

Hut before we stale our results more in detail we wish to utake

a remark. We liiid, that any point D, which can present itself as

niiiiii o-fold point of a non degenerixled ca- must coincide witii one

of the points forming with B^ a Sleinerian jioinl of order o. The

locus of ihe latter points is a curve t'3(;_i-i with (y-— l;-fol«l |i >ints in

Z>i, D„ .... /),. Now however it is evident that this curve degene-

rates in several cases. So, if e.g. we consider the case o =rr 6, we
shall tiiiil among the point'- forming with //, on a cuI•^e of (,?)

Sleinerian pairs of order .six also the points which form with />',

Sleinerian pairs of order two and of order three. So the curve

C3fi--r, here of order 105. must break up inio /,. /^^ and a curve

of order 72 passing 24 limes ihroiii;li /^,. /),. .... />_. Now ilie latter

curve forms llie locus proper of the ninth si.xfold point of a non

degenerated curve c,^. So the two curves of which the first is the

locus of the ninth o-fold point, the second that of the |)oiiit forming

with B.J a Steineriaii pair of order o, coincide comi)letely if o is a

prime number: if o is no prime number the lirst ciir\e is a part

of the second. So we have found :

"The locus of the ninth f)-/ohl point coincide.^ completely or par-

tially irith that of the points forming n-ith Ii,, on the curves of (^')

Sleinerian pairs of order (>. The litter curve cuts anij curve of (jJ')

besides in the base points iji (o' — 1) nu)re poirits, has the points

D^, Z>5, ...,£)« for ((>' - lyfold points and w therefore of order

3 (p' — 1). The former coincides completel;/ with this curve, if q is

a prime; in the opposite case its order and the multipliciti/ of the

base points on it can be easily deduced from the correspo7idi7i(j

7Uind>ers of the second rnn:e."
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Physics. — ^'(}n tin', c/iuni/i' Itidncci/ Inj jin'ssun' in I'bxtricnl resin-

/aiirc nf loir ti'inperatiin'." I. /.rnd. \U H. KA.MK,Ki.iN(iii Onnks

mikI Hknct Hkckman. ( 'uiiiiiiiniiciiKMi N". 132'' tVoni tlic Phy-

sical Ijal)oratorv al Ijcitleii. (Coiiimuiiicated l>y I'lof. II. K amkh-

i.iNoii Onnks).

(Coniinuiiicalecl in tlie aipcting of November 'M), 1012.1

§ I. I iitrnductioii. Tlie (liHicullies which cncoitipass the c.xplatiatioii

of the variation of resistance wiiii lciii|ieratiife on the lines of the

theory of electrons as develo|)e(l l>v Kikckk, Dm ok and Lokkntz, and

which are of particniar iinpoil wiiliiii the region of low temperatures,

render it desirable lo undertake an investigation of the hehavionr of

resistance at these leniperatnres niider modification of various external

conditions. With that end in view we have already ileveloped in

certain directions an investigation of the hehavionr of resistance in

a magnetic field (and of the closely allied IIai.i, phenomenon). In

the present jiaper we communicate the result of a first investigation

of the change of resiitance under the intluence of nnifoi'ni hydrosla-

tical pressure. Our first aim had been to trace the connection between

pressure coefficient and temperature coeflicient. Our data, however,

are as yet too few to sei-ve as a basis for deductions — however

obvious these may be — affording an explanation by means of

vibrators, electrons, dissociation or variation of the mean speed ^).

The dependence of s|>ecific resistance {w^f,) .ipon pressure (/'} can,

in general, be represented by the formula'}

v-si, = n-u,,>'^
"""'''''

.

in which a ami h are constants, and //';,,,, is ihc specific resistance

for p = J. When p is not very great, this gives

w=w^ (1 - ap) Tl 4- y ^V^ = «•, (1 + yp)

for the resistance of a wire which is subjected to uniform hydro-

statical pressure, in which

and ^ is the compressibility. Hence the variation tio =z w — jf,, is

given by

i\w = y/>
tc

in the following only y has been measured.

1) B. Beckman, Upsaia Univ. Arssiirift 1911, p. 107.

-) B. Beckman, I.e. p. 16.
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The ineasiuemeiil of" y at very low lem|iei;iliires is one of exlrenie

dil'litnilly. For. al these temperatures, liic tem|ieratiire coeftii-ieut is

so great tliat even the sniallo'^l tiiiclnations ot'temperatiire can greatly

affect the resistance: in tiiis way a slight distnrhance of the ternpe-

ratnro e(iiiilibrinni can occasion a variation of the resistance which

completely obscures the whole phenomenon of variation with pressure.

Willi the wire we used, for instance, at T= 20'. 3 K. a pressure

of 100 aim. brougiit about a change in the resistance of only about

0.001 i2, while a change of 0.0008 il was the result of a variation

of 0.01 degree in the temperaiurc. And it is pretty obvious thai it is a

matter of extreme diflicully to re-adjusi ilie leinperatiirc lu wiliiin

0.01 degree of its lorMUT value atV.'r ii lias been aileicd by tlie heating or

cooling of the liquid occasioned by fluctuations in the pressure.

There is a second factor operating which renders the measurement

dinicuil. When tlie con)pressi(m has been conliuiied foi' a long lime,

elastic after-effects occur whii'ii can also ailain a \ahie liial is a

considerable fi'aclion of the magnitude to be obsei-xcd. Should, the-

refore, the variation of pressure be distributed ovei a long period of

time in order to disturb the temperature e(|uiliitrium as little as

possible, this after-action will give rise to a source of error.

J, \ A>

J I

3 fcc',;;

Fig. 1.

\S 2. The lead to be subjected to pressure consisted

of a iiirniug about 2 metres long and about 0.2 m.m.

in diameter. After some practice these long thin

turnings could be successfully prepared. Attempts

to draw wires of this small cross-.sectiou did not

meet wiih succe.ss. The wire, <t. was wound upon

an ebonite cyiindi-r (see fig. 1). To either end was

soldered a band, c,, c.^, rolled from a wire of elec-

trolytic co|)|ier: to these bands were soldered the

two pairs of leatls. </,, c/^, (/,, </,. To enable one to

sidiject the lead to pressure it was enclosed in a

liiick-walled copper cylindei', .1,, closed below by

a heavy ca|). .1,, ^sciewed and soldereiH. and ai)ove

by a cap .1, through which two cop[ier capillaries

.1,, .-Ij, pass. One of these capillaries, J,, is used

for liiliiig the cylinder wiih liipielicd iia-^ and for

exerting |)ressure upon the liipiid, while the other,

A^, is comiected to a manometer and. al the same

time, acts as a safety \al\f, in allowing the litpiefieil

gas to escape in tiie event of the supply tube getting

frozen. This .secoutl lube also admits the wires required



'.t4'.t

foi- llic rcsisliuicc iiioasiuviiirnj^ Al llic ii|p|m'1- cud of . 1 llirse wire.s

pas.s lln<>ii;;li ;i perfoniled cnIiihIci- of cliuinlc in \\ liicli tlioy aro

cciiieiiteii willi marine filiif, and this r\ liiidcr i> held iii;lii a^aiii-t

(lie tiilie li\ a screw cap. liesistaiices were measured h_v llie mciiind

of (i\'ei'la|)|»iii,L; slnints.

6D

Proceedings Royal Acad. Amsterdam. Vol. XIV,

62
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Till' cN liiidcr was iiiiiii('r.~oil in a cixosial, ^
' . t'oiisi>!iiiii dfa Iraiis-

|iaii'iii \aciiimi ^lass |iru\itloil willi a |iiiiii|) slincr (sec tii>-. 2). Kifj;.

I shows llie laller in jvspecl antl cn'ss si-i-linii, c, is the olinder

and <., the |)is|(in. 'I'lic kMM|ii'ratnrc nl' llic halh was regulated and

measured In means of llie guld ix'sistanee dieiinomelery', also show ii

ill (iu. I. We may refer to earlier diaiiiams Coiiim. No. 83, I'l. IV,

and Coiiim. No. 127. |i. '2H in which the same letters have been

used, tor details of '.iie arraiii:cinciil )',„. )',^. .\„, A/,. A,,„. A,,.

)',. tor regidalinii' liic pressure under w Inch die liipiid in llie cixoslat

xaporises.

When llie lein|ieialiire of llie cryosial lias lii-en adiu>led llie same

Uiiid of gas as has heen li(|iielied in it is aduiilled into ilie exjieri-

meiital cylinder liy the tap A, lliioniili .1, from llie reser\oir A'l,,.

which lia> pre\ ioii-ly lieeii tilled al high pressure. .\ seciuid reservoir

A',', is cou]ileil III |iaialiel wiili //,„ so that gas lU'ed he lakcn IVoin

A',„ only ill siiflicieiil i|iianlily lo coiii|ilcle llic lilliiig of ihe cylinder.

Ill this way llic reservoir A',„ is much longer available for raising

llu' pressure in the experimeulal cylindiM- lo ihe highest values. .An

oilier reser\oir /i.. >er\cd as a regidalor, and, as gas was added, the

pressure was read on llic niaiioinclcr .1/,. The lap A., was used for

the evacuation of the apparain-- and coimcctioiis ln'fore the e.\|icri-

meiits hi-gaii. The supply of gas was regulated li_\ A',. P>eliind A', a

cxliiidcr /I is coupled in parallvl willi the e\|)erimeiital liihe lo ser\e

as a Inilfer; lo ihc iiilcl liilic of lliis cvliiider is coupled :iol niil\ ihe

experimeiiial cylinder liiil also llie dill'erenlial manometer. .1/,^. lo

which we shall return preseiilly. riirongli the la]i A', gas can be allowed

U) escape from the expeiimenlal cylinder and from llie liiilier. 'I'lie

])ressure of llic Lias Ihey coniaiii can lliiis he Uepl al any desired

conslanl value liv means of A,, and A,. Kegidaliou ol' llic pressure

i^ made according lo lli(> iiidicalioii^ ol' ilie diiferciiliai manometer,

.l/.j. one side of which is allaclied lo llie experimeiiial ap|iaraliis and

the other lo a reservoir /i',, which is mainlained al ihe reipiired con-

slanl pressure and i>, for ilial |ini-pose. imnicrM'd in icr. To adjust

l<i llic dc-irc(| pressure die dill'erenlial inanonieler is lir>l rendered

iiioperaliv e liv opening llie lap A,, ('are mnsi lie taken in admitling

in-essure lo liie manometer llial friclion doe> not give rise to dilfe-

reiice of piosii-e lielvvceii ihe parls of llic apparatus il connecls Mif-

ticieiil lo cause llie nieiciiiv of llie dilfereiiliai uianomeler lo be

blown over. 'I'vvo sleel overllow vessels .1/,,^. .!./,.,, serve as a safety

device. The pressure in the e\peiiiiieiilal cylinder is i-ead from llie

manomcler .)/,, which i-- connccled lo .1.. A, isa-afelv valve wliicli

comes iiilo oneraliini when .1 iiiiisi be w^fil for exIi.aiisliiiL!;.



\S !<. All iili'ii ul' llii' ili'j;ivt' of |)iiril\ ol' liic lead is (liihiiiH'd iVmii

llio \;iliu'> w liicli we LiivL' licix' lor llif r('>i>l;iiicc' al various lciii|icialiircs.

TABLli 1.

Resistance of the lead wire

Fh I at low temperatures.

289° K
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l*'(tr ilie jires-irire i-iicfliriL'iM K. I.iskm. ') gives

•;• = — 1,44. lO-' at 7'=27.r K.

I'roiii our ineai^uieineiils we liinl

•/= -2,25. JO-s at 7'= SH)^ K.

and y = — 1,7 . iO -^ at 7'=: _>() .:i K.

.•<o tliat the |iressiire eoeflieieul has liecume soiiiewliat greater ai the

lower temi>eratiire!<. The increase olitained between 278° K. and !MP K.

changes again to a diminution. The accnnun of tin- nieasureinenls

is still too >niall Ut allow us to attribute anv signiticance to this

diininuiidu ai ihe lowest temperatures.

If we consider the decrease — Liv in the resistance for p = UK) atni.,

we tind tiiat it approximates to zero at the lower temjieratures. Thus

we II nd for P/ij

.

278° K. for p = 100 aim. - L ir = 0,017 il

90° K. „ „ „ — L ir — 0,008

20°.3K. „ „ „ —£.ji' = 0,001.

Physics. — " fsol/ienn.s of inonatoinic .-mbdanccs and of tlieirhinanj

lii'ulures. XIV. Calculation of some lltermal (/uan titit's for

argon". Hv H. KAMiiRi.iNGH Onnes and C. A. Chom.mkj.in.

Comm. X". WV^c fruni ilie Physical Laboratory al Leiden.

(Coiniuunicated in thu meeting of November 30, 1912^.

The empirical reduced eijuation of state for argon, VIL A. 3,

published some time ago'), enables us to calculate a number of ther-

mal quantities which are essential to a knowledge of monatomic

substances in general and of argon in |iarlii'ular. Tliese (|uantities

may also be obtained grajihicaliy. Calculation bv means of an etpia-

tion which lits the experimental results over the whole region of

observation allows, however, a much greater accuracy to be attained.

/Oy \ /d-p \
In the prebent paper") we give values ot I

;^ J
, ^,1 >

(gr; <oi:)/ Pr 't^^'--"-'— '-

1) E. LisELL : Upsala Univ. Arsskiift l^OS.

-) II. Kameklingh Oxnes and (J. A. Crommelin, I'um. June litl2, Gonini.

N'. 1-28.

') Already indicated in Suppi N'. 23, note 192, p. 146. Preliminary values

obtained by C. A. Crommelin lor some ol" the quantities here diseussed have

already been jiublishid i)y H. II. Amagat. tl. It 9 April, 1912.
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rioiii'c'ii, ami of I'l'iNd \\i \i's d, u\[ T
()7

r' , (•.•ilciilaii'd

;i-- I'lini'lidiis III' I III' t('iii|ioia(iii(' and of ilic fieiisily tVorii eijiialiim

\ll. A. ;< -V Tlic Icinporaliin' is c^iircsscd in I\ki.\in dpiriees and

is calciiiiilod IVoin (>'('.: liic picssnie is expressed in inteiiialioiial

atmospheres ').

The imporlaiice of a, knowledge of llicsc (|naiilili('s cspccialU as

fimctioiis of llie lemperaliire lias ali-eaiiy l)eL'ii repcaledly iifsisted

ii|i<.in ') so tlia( we need say iiotliinii' I'm-llicf here upon llial point.

Wo shall oidy say ihal ai-coi'dinn' lo the chief \ \n I)|''.k Wa.m.s eipialioii

wilh constanl ii^.^'w aiid A',, (
'

1 . ( 1 and 'f\i shonld lie inde-
ed 77, \OvJr

nendeni ol the lenipei-aliire, ami conseinienllv should vanish,
1 '

•
\ fl f' I

so ihat Ihe de\'ialions whii'h lliey all slmw may Ite taken as a

measure of tlie de.ii'ree to which arpon deviates from the simple

assumptions reuai-din<r molecules accejited liy \'an dkk Waai.s in dexe-

lopiiiji' his principal eipialioii.

Agreement, at least approximate, with the chief \an dkk \V.\ai,s

e(|ualioii would tirst lie t'xpeeted in the monalomic siihslances, and

tiierefoie the investigation of these (piantities for argon as well as a

eom|)arison of the results with those for substances of more eomplex

molecular structure Is of the greatest importance.

Cousidei'ation of the (|uantity introduced liy Reingamm ^),

ai{= V' HIa-" do

enables us to see that, as far as the mutual actions of the molecules

is concerned, tiie assumptions upon which van dkk Waai.s founded

iiis chief ei[uatioii wilh constant ii„ , b^ . and R,y must undergo some

modification such as has recently been inti'oduced by van d1';r Waai.s in

the various developments of the consideialion of apparent association. If

we retain for the moment the most immediate assumption siiitable for

monalomic sui)stances such as argon, that the atoms are incompressible,

then ciianges in (i\{ would be wholhdue to deviations of the molecular

') E. H. Amagat, luimcroiis papers in the (I. K. collected in "Notes sm' la

pliyslque et la tliei-modynamique". Paris 1912.

-) For tlie nolali()n,s used in this papei- sec Enr. math. \Vis.s, V. 10. Siippl. N". 23.

'J Hue. math. Wiss. V. 10. Einheiten. a.

•*) M. ReinCtANUM, Diss. Gotlingcn 18t)y, Ann. d. l'liy,>. {-4). IS (190.^) p. 1008.

Suppl. N". 23, p. 140 sqi|.

'') M Reinuancm. Diss. Cirillingcn IS'.t'.i.
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I'oi'CO iVdlii llir ^llll|ilr lllllial ;issillil|illnii^ liiaclr In \ AN lilJ! W'aaI.s.

,Siicli cliuii.ii.x's ill 'i\' iiiiiilii niTjiii.iii' IVdiii llirce causes : cliaiif^f ill till'

<^„, ill ilic /j,, (II- ill llic /,', 111' llii' riiicf c'i|ii;ilioii, US a result nl'llic

radius nl llio s|ili('ic nl' uclidii Ikmiii^ IhiI siitiiiiiy (;i'ca(er lliaii llial

(if Ilii' iiiiilcciilc, a rirciiiiislaiice '
j roxcalcil in a|i|iiin'iii association.

Since

llie (|i.('sli()ii as Id wlii'lhiT
j ,

.

) i^ iii(lc|M>ii(iciii <>{ ilic i('iii|H'i'alurf'

anil llici'clnri' i^ 0, i> iikisI inliiiialch (•(HiiiccUmI wiili the

i|ii(^sli(in as Id w licilirr ^ ** '"' ""'• ''''"' '^ '""- 'iuic tliis

\ i)r J I

i|uesli(in rcinaincd iniilccidiMl on acconnl cf llic lack of cx|)ei'iniciital

dala. We iinw kimw llial, at least fur a niiinlier of substances,

/()/. \

is in li'eneral a fiiiietiini of tiie leniiieralure, and that llieretore

p\
does not vaiiisli.

dJ'Jr

If we iKiw c(iiii|iare tlu^ lieliaxiiiiir of ariioii \\'itli respect to

/dp \ ..

I

Willi that (il isopeiilaiie wc lind corres|ioiideiice in many respects.

YoL'N(J ') ') deduced IVoiii his oliser\atioiis upon isopentane that

/dp \

(r decreases \\itli lalliiiL; leinneralure lor n -^ 4.(5 c.c. ; at "reater
ydTj,.

-
i \ o

\oluiiies u|i to //=40()c.c. it increases with falling- temiierature,

while it reuiaiiis practically constant at still greater volumes. For

argon, for which tlie \<iliiiiies are expressed in terriis of the iioi'uial

volume as unit, if the law of corresponding states were accurately

obeyed these volumes would correspond to /'x := 0.00377 and

vs = 0.328 or ox m 2(55 and (>x = 3.05.

The argon oliservatious eiuliraced by \ll. \. 3 lie entirely within

these limits, and from '{"able I we see I hat argon agrees with

isopentane wilhin Ihc region of oliservatioii. ()\er the entire region

. ] tails with iiicreasiug temperature. At the lowest argon density

') Tills cii-cuinstaiice Ciuisrs a cliaiiur in l\^ also, cf. H. Ivamkulingii O.n.nks and

W. II. Keescm, Siippl. i\" -Ja, Ni-. 47.

-) M. llHixiiANUM, Diss. Uiillungen. 18U'.i, pg. 4:2.

^) S. Young, Froc. pliys. soc. Londen 13 (lSii5), p. liU'2.



pj; ^ 20 ilie ilmiiniilioii lieoomes extroiuclv small, pointin*; to con-

stiiiicv at still lower densities. Arfion diHers IVoiii isopenlaiic, Imw-

ever, in iliis res|)ect that with argon at hiiiluT densities far aliove

ojf zi= 2ti5, the inerease heeonies still n)oro ra|iiil, while the liehavionr

of isopentane would lead one to expect a diminution in tiie rate of

increase.

From ills observations upon isopentane Yoim;') dednceci the toilowiuir

rule foi' the behaviour of

GI-)..>...„<" \

><•

-!-'k

This i-uie has aiieailx been couiirnicd for a varielv of sid>slances,

and is, as far as its second part is concerned, also obeved bv argon.

For carbon dioxide, elhvlenc and isopentane, R|'1N(;amm found

rr , 'V
thai iho qnaiililv '^i;

''.v,-Ar''
r is a iniuiiiiuni lor / alxiul

('k and at Icniperaluies about J0° above t\,. If the law of corre-
i

sponding states were strictiv true this niiuiiuuiii for argon should be

at px =r 380, and therefore outside the region of experiment. Nothing

can be done consecpiently bevond trying to judge from extrapolation,

if, and where, the minimum exists. If for this ])urpose we graph

(i\i as a function of on at — J 22° and —116°, then extrapolation

towards higher densities shows that it is probable that these curves

3
would also oxhibii a luiniuiuin for argon at r z= - vk

Physics. "Ihi tin- n'cti/liii'nr (lidiin'ter /or<ir(/iiN." By K. .M \tiii.\s,

II. K AMKRi.iNoii ()nm'.s. and C. A. Ckommki.in. Comin. 131</

from the physical Lalioralory at Leiden. (Continued).

(Gommunicalwl in liio meeliny of November 1912).

^ 5. Results. The residts olilained are gi\en in the following

table', (p. mUi:

The calcidated values of the ordinates of the diameter given in

this table have i>een obtained from the iMpiation

l)f^ = 0.2095(5 — 0.00 2()235 / k .

>) 1. c.

-I Tor the iiolatidiis, see Siippl. No. 23.
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I'lic diiViiu'toi' has liccii drawn tliioiiuli llic |,ciiiils llh'^.'MC

and — j;^r.54 C„, k.cU;;,.

III K.LT

bath
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§ (>. />/.<tv/.v.v/('// . The slope of I lie tliaiueter is jiiveii liv

Tliis I'oellieient is very hirjie, larger than has heeii ("ound for any

(tiller siihslanee yet investigated with the excc|ilion of xenon, for

which I'attkrson, ('uii'i'sand Wi'.vti.a\v-(tKav ') have found —().(Mi;>().">ri.

('oniparison of llie values of liiis conslanl tbi- the two iiionalnniie

snbstanees argon and \eiioii again reveals the iiilliienee e.xerteil upon

it hv the values of the eritieal teinpeiatiire.

Willi respei't to the eritieal density the following reinarks niiist

lie made. If we assmne that the diameter remains rectihiiear right

np to the eritieal point, we then tin

^yta = 0.5:^078.

Using the eipialion

1(1

..It.

the value

yk., = 0.509.

was previously found iVoiii the argon isotherms, ^i The dilference

Itetwcen these two \ allies i> of the same order of magnitude and

is in the same direelion as the dillerenees found foi- other snlistanees.

eailioii dioxide^ '. nii'lliyl cliloiide '

. --ulpliiirdioxidi' ) aiiiongsl others.

The fairly larg(> dcxialion iVoiii leclilinearily of the exjierimental

diameter appari-iil in the iieiglihoinliood of — 125°. 17 ('j„k-i-. 'igi'fcs

well with ihis behaviour.

3.283 \va> llie value previously") olilained for the crilical coelli-

cient on takiiiLi K|,/=il\4,, • we iio\\ lind

whieli is therefore slightly greali-r than lliai for oxygen ") i3.34(>i

if. therefore, w(> leave I\ni=:3.K{ for helinin out of aeconnt, oxygen,

and not argon. i> ilie siilistance for wliicli K4,i lies nearest the theo-

retical \aln(', 2.1)7, (1('(1iic(m1 iVom \ w ni'.n \V\\'>'> ('(iiialion.

') Pattkks(.)N, CrIi'FS :iiiil WiiYii.AwCu.w. I'liM. U.S. lA.l S(i(191:2i, p. o7ii.

-) G. A. CuOMiMKMiV. I'loc. Ik'c. lUlO, Coiiiiii. No. 1IS((, and Tiicsis lor lin'

doctorate, Leidt'ii 191U.

') VV. H. Kkesci.m. I'riic. .laii. 11)01. Ciimiii. No 8S; II. Kamkhi.i.noii Onnks

and W. U. Kkksom, Pioc. I'Ybr. 1".I08. Coinm No. 1U4((

^) G. H. Bhinkman, 'I'hesis for the doctorate, Ainsterdain HH)1.

") E. Gardosu, Arch. sc. phys el Nat. Geneve. (4). 31. (I'.Ui'i \>. 1l'7.

"j H. Kamkrlinoh Onnks and ('.. .\. Gho.m.mki.in. Proc. Maicli I'-M 1 Cmimi

No. 121(t.

) K. Mathias and II. l\AMKKi.iNriH OxNKS. I'luc. Trill. I'.ni. Ciiinni. .No. 1.7.



'I'lu' (lcii>il\ III' ilic lH|iii(l nl -IH:{°.I5 agrees well w illi the li^iiros

nixeii liv \'>\\.\ ami Donnan '). Tlic (liiroreiico is less lliaii I
"

„.

Allliduuli llic ilcviations of ilic diaiiicler IVoiii recliliiiearil_\ are

siiriiciciillv -mall Id cnaltli' (Hic In >av llial ariioii olie\s (lie law nl'

I lie (liaiut'lci-, liiev ai'c slill loo lariic, ami espeeially loo svsteiiialic

In lie (ilic III ('\|H'riiiieiilal errors. As is easily seen from tlie laiili'

anil iViiiii llii' arriim|iaiivinji' liu'iire. Ilir i'\|ieriiiienlal iliamclcr in (he

nt'iiiiiliiMn-liiMid nl' llie criliral |i(iinl rxliiliils a cnrvaliiri' contvu'e

lowanU llir axis nl' leniperalnre, wliile al iiii^lici' lemperatnres it is

('on\e\ lowai'iis ihc same axis. 'I'lie same lieliaxionr has alreaiiv

licen oliser\'e>l in oilier siihslances, c, l;\ carlion dioxidi- '

.

In liii'. 'A are ^iNiMi llie redueed densilv curves and ilianielei-> for

ctlier (ivAMsAV and \ cu ms'jj, isopenlaiie (Young ^)), oxygen (Matiiias and

K vMi'.Ki.iMai ( >.\NKs )), x( noil (Pattkhson, Ckipps and Wiiyti.aw -( in \^ ");,

argon and lielinni (KAMEin.iNon Onnes'D, llie rediielion from the

experimental dala lias been made l\v means of the eritieal density

obtained from llic diameter.

( )n a previous oceasion it was slio\yn by Ka.mkhi.incjh Onnks and

Kkksom ') how ihe cipialions of stale for dilTerent snbstanees deviate

one from aiioihcr, and how thoe dilferences may lind expression in

dexiatiou fiinctioiis. ( )ii doing llirs, ii appears that Milistaiices ma\

be iirrangLMi in nrdcr so ihal llic dc\iatioiis of siieeessix'e snbstanees

gradually increase, while u alsci ap|)ears ihal snl)slances of widely

divergent critical temperalnres ai'e then foniid to lie in the order of

their crilical temperalnres. The c\eii>|ililicalioii of this genoi'al pro-

perly, atfnnled by the behaviour of the diameter was noticed bv one

of ns .Slime lime ago ") and is brought to light in tig. H in which the

density curves are seen to enclose one anoilier.

If the law of i-orrespiinding states were slrieily obeyed, then tliese

cnr\es onghl to cnincide exat'tly. Fidui the diagram, Imwever, it is

seen that this is imi the case. The cnrxes enckise one anoilier '") in

i) E C. (J. Balv and !'. (i. IJu.\x,\n, .luiini. Chnn. Sue. Traus. 81. (191-2). p.yil.

-) H. K.A.MERLIKGH Onses and W. H. lvi;i:se.\i. Proc. Febr. 1908, Coinm.

N". 10i(r. J. P. KuENKN and W. C. RonsoN, Phil. Mag. (G). 3. 190l'. p. 624.

^) \V. Kamsay and S. Vounij, Pliil, 'I'lans. 178, (1887) p. 57.

') S. VouNG. Proc. pliy.s soc. beiidon 1894/1895 p. (i()-_'.

5) Ic.

") I.e.

•) H. KAMKKHiNGii OxiNKs. Pnic Dec. 1911, Omnni. iN'. 1246.

-) Enr. Math. Wiss. V. 10, Suppl. N '. 28.

'') E. M.ATin.^s C. it. 139, (19041, p. 359,

•"I In the dia^iani of N '. 30 of Eiic AhdIi. Wiss. V. lO. Siippl. N". 23, is

cicaily sliiiwii llic siiiioiinding of llir lioiindaiy ciiive tor licliiini by llial for iso-

priilanc.
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curve. (Till' dli-nv alKni- Im- m'ikhi, however, exti'iid imU in t
^ "T).

The cilllM' (if lllis coi'lt'^liulKlcflcc raw well lie ('\|il;ui)f<l on (lie ilS-

!5iim|)ti()ii '
I llinl llic ('(iiitriictiii^ inlliHiicc of liie simpler iiiolecnlo

atitl the (li\crtiiiiL; iiilliiciice iif llii- coniiiaralix olv lii^ili critical (eiii-

jieratiin! ( -(- 1(5 .(! (') lia\f, at ica>l in |iarl, caiicelled each dlher.

Physics. MiiijiK'tic i-i-si'iircln's, \' 1 1 .
i ht /)'iiiiin'i</ni'ti.i>n <it loir

li-iiijiiriititn'.< {continui'd). \\\ II. K amkhi,!N(;ii On.nks and

K. OosTKunris. ('oiiiniuiiicalinn N". \'.V1,- t'nun llie I'insical

Lahdi'aldi'v at l-cidoii. C'diimiiinicalfd iiv I'rol'. II. 1\ \mkiu.in(.h

Onnks.

iCommimicatcii in the meeting of December ^8, 1912).

§ 9. CrijstuHlzftl matuiUHi'sf suliilidti-. The sail was procured from

Mkkck as |)iiri>s. |iro analysi. Tlic result were ')

:
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^ 10. Anhi/ilroits manganese sulphate. All the water was driven

out of the salt by heating.

The results are given in Table VIII.

With aniivdroiis manganese sulphate another tlivergence from the

law of CiKiK over llie wiiole liehl of htw temneraiures was found.

Down to nitrogen leniperatures, however, ii is only a disturbance

of the first kind. At iiydrogeii temperatures a further disturbance

shows itself which is not unlike ihe di>lurbances with sdiid o.xygen,

and at any rate belongs to a kind of (iisiurbauccs that we have not

yet been able to reduce to a definite iy|>e. It i^ reuuarkablc that

just as with crystallized ferrous sulphate the presence of molecules of

water of cryslallizatiiui causes a diminution of Iho quantity L' to a

very small value in comparison with that of the aidiydrous sub-



^ II. /'iii'//ii'r iif/sm-'i/mits iipmi feinnis snljiluiti' and frrric snl-

jihiiti'. Al'lcr Ilio ('(iiiclii^iini Of lln- iii\ c^liujiliiiii Ircatcd in ('(niiiii.

N". ri'.IA, \vc iiiriH'd Id ihc <lclermiiiiili(m nf liu- wuk-r cniilaiiicd in

IIk' |)re|)ar;iliiins fcrrons sni|ilial'^ I and IcriMHis sul|)liiilc III.

I'rof. \ \N li' M.i.ii': kindiv invosti^alod liip pr('|>ai'ati(ins and tniind

llial lli(\\ cnnlaincil fcrrir as well ,is t'criMni.s snlpliali'. Tlic\ canni.l

tlieref'oie lie lakcn as a rdialde basis for culcMJalions of tiie iiimdior

1)1" niafi'iielons, and to make llioso f)()ss:li|(> the incasnroiriciils will

lio I't-pcatod wilii |Mii('r lucparations.

The (|naniilali\ e ii'sidi aiTi\ rd al in ('unnn. X". 129// eoncei'niiij''

tiie aj)|ieararice u\ distiiiliaiices of Ihc firsl kind in (
'i kik's law and

the possihililv iif lindinfr the eniislaiil (if Cihik fbi- these sniistanees

bv means nf a rdrre'i-tion. siill retains its \alne.

As regards the ferric sid|ihalc, wliicli ihe iiieasiireiiients in § 4 (if

('oniiii. N". I'iHA referred hi, the adini.vlnre (if water ma\ be |iiit at

about '/. in lirst a|i|iro\iiiialion. The niolenilar susce|itibililv of ferrous

sulphate is therefore ' /. smaller than thai of ferric sulphate, so that

valeuey shows its intluenee in lliis iron salt also: all this in contra-

diction to what was oliserx ed in § 4.

We must also reniaik, that the sign and the order of magnitude

of the corrections which would be neeessai'v to dediiee the niindier

of magnetons for the |inre materials from the ineasuremenis of the

ferrous sulphate I of our ("oinni. X". 129/; and those of the crvstal-

lized ferrous sulphate of K.\mk,ui,in(;ii Onnks and Pi<;i{uikk in Conini.

N". 122^, make it seem possiiile that lliere is a double analogy between

ferrous snlphati' and manganese sulphate. Just as in manganese sul-

phate the nundier of magnetons in the crystallized and in the anhy-

drous substance is e(pial, the .same would be found for crystallized

and anhydrous ferrous snl]ihate ^yiz. 26> if fo-' the aidndrous sub-

stance Curik's constant is calculated wilii the help of the correction

by A' ^ 31°), and in further analogy with manganese sulphate, this

number with ferrous sulphate is also one less than in the solution,

if for the latter one may take the number, that has been found l.y

WlM.S ').

Should the disappearance of L' with the introduction of water

molecules be ascribable to the increase of distance between the iron

atoms which is caused thereby, then it would be possible that with

dilferent contents of water of crystallization L' decreases with the

ini'rcase of ilie niimlicr nf lunlccnles of waier of ci\ stallizalion. We
intend therefore, to examine a salt in this respect, that crystallizes ")

') 1'. Weiss. Journ. ik> pliysiijue I'.lll. p. ".i77.

') Compare the investigation of Mile Fevti.s, C U. 153, p. G68. 1911 un the

63*
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wiili ii -eru'- of (lilVerenl niiinl>ers of molecules u( waler of ervstal-

lizaiiou, and from tlial to deduce a possible dependem-c of L' upon

the density.

^ 12. Plat'nmiii. A Miiall cviiiidor of pure platinum from Hkk.vfas was

examined. The snsc-eptiliilitv cliaii^es very little with the temperature.

Oil account of its small value it is dilticnh to determine /. accuratoiv.

The results are contained in Tahle IX.

1
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§ 14. fXrygen. Tlie siisceptihilily of li<|iii<i (ixvgeii luis been defer-

iniiicd li\ K AMKi{i,iN(;ii Onnks 'and Fkkkikk Iiv iuo iiit'llwjds. li lias

niiw alsd lieon invoslijiated liy tiie attraction niellioil in atiuiil the

same \va_v as tlie susceptibility of'.li(|niii hydrogen in Conini. N". 122'/.

An evacuated cylindrical glass tube was luing in the magnetic field

and then the repulsion measured thai the lube underwent when the

surrounding space was filled with li(piid oxygen. The value found

at T=z^{)°. 1 K. agrees well with that in Comm. N". 116; the

snuill difference at the other temperatures is explained by the fact

lliui the leuiperatures could not be very accurately ascertained.

In the following table the values found stand beside those of

K AMKiu.iNGH Onnks and Pkkrikk according to their formula

XI 7' rrr 2.284.10-3.

The (juesliou natui-ally arises whether the behaviour of liquid

oxygen can also be repr'e.sented by the formula V = '/i{T -\- L'). If

we assume that A' =z 71° this comes out pretty %vell, as appears from

Table \I in which ;he values of •/ are taken from K.\meri.ingh

Onnes and Perrikk Comm. N° 116, Table III.

TABLE X.

Liquid oxygen.

y.W' /..W'

K.O. and O. (AT. 0. and P.)

90°1 K

79.1

70.2

241.1

258.1

270.7

I

240.6

256.8

272.6

When the atoms are assumed to be free in the molecule C
gives for the number of magnetons 11 i)er atom a'alculated 11.04),

TABLE XI.
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and (III llio liy|)(Hliesi.s iliai in ilie li(|ui(l two ^a^ luolei'iilcs aiv

rifiidiv coniiei-ted it gives I J per iiulemile of two atoms.

Kroiii •/ (
7' + A') :^ 38600 (tlie mean of (lie luimbers in ilio talile)

with /!' — 71° one linds for T= 29:^ K

This is verv close to the valne for <raseons oxyireii at 20° C found

by Wkiss and Piccahd '), fiom which follows 7 iiiagneioiis for each

ot the oxvf^en atom assumed to be rigidly connected.

Seeing that above 20° C gaseous oxygen follows Cirik's law 'yit seems

to be by some chance tiuit our formula with Z^' = 71° gives that (igiire.

The gi-aphic representation of '/z ii* a function of T, if our for-

mula actually remained Inie u|) to 20° (". would consist of two

intersecting lines that have their poiiii of intersection just at the

Ieni|terature at which the \alue (pioted is dctci-mined. which cer-

laiidy would be a curious coincidonc3.

Another possibility which Prof. Wkiss suggested, hi a kind private

communication, is that there might be discontinuity in the region

between 0° ('. and — 183° (_'. which has not been investigated, by

which it remain.s accidental that the continuation of the line for

li(|uid oxygen cuts that for gaseous o.xygen just at 20' C. There

is much to be said foi- this explaiuilion. It is cpiile possible that the

change of deiisit\ between liipiid oxygi'ii and gaseous oxygen

makes Z.' into 0. This would be in accordance witii what was

deduced in § 10 for. the inlluence of the water molecules upon the

\'alue of L' for manganese sulphale, and moreover (jiiite in accor-

dance Willi Wkiss's idea that llie iiioleeular Held essentially depends

upon I lie density.

We can I'lirllier observe, ihal lln' change of density, wlucli lakes

|)lace discoiiiiiiuoii>ly with e\aporaiion, can lake |ilace conlinuouslx

by an iiidii-eci Iraiisiiion. In ihe above line of ihonghl, if we assume

thai ihe divergence for li(|iiid oxygen iVoni Cikik's law uiav be

delined by a L' and jiay altenlion to the chanue of the iniinber of

magnetons which must be assumed in ihal case, the L;iapli which

represents
'/x

'•"' "xygeii of a Liiven deiisiiv as a I'niiclion of ihe

iciiiperalnre would be as in nuxgneiile a succession of straight lines

peiha|ts connected by rounded oil" pieces. The magnetic eipialion of

slate which expresses the susceptibility as a function of density and

') P. Wkiss cl A. Piccard. C. R. 155, p. 123-i, VM±
) Prof. Wkiss who has particularly investigated Ibis question, kindly tells us

llial the oxpeiimeiilal results of GuitiK agree so well with Cukie's law vvilliin llie

limits of observation errors that A' could not be more than -f-
8° or—8\
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leiii|>or;iliire (with ;i v'ww lo (Iclcrminiii^ wliicli llui o.\|ieriiiieiits of

Kamkrungh Onnks and I'i.kkikk were iitulertaken (see Comin. N°. 116

^ 1) would 1)6 given by a series of similar lines, dillering for the

diflerenl densities.

We must not forget that it is l>y no means established that in

the ease of oxygen the divergence from Cumi-.'s law is determined

by a A' which ciianges with the density, and tiiat it obvionsly may

be duo lo an association of moiecnles into complexes with a dimi-

nution of the iuiml)er of magnetons.

However this may i)e, our attention is again drawn to the im-

portant question whethei' the divergences from Cikik's law de|)end

ufion a peculiai'ity of the atom within tlie single molecule or frinn

the a|iproach of the molecules up to a very small distance.

In § 3 of Comm. N°. 122ii by K.\mkrtjngh Onnks and Phrrikk,

it is said that preliminary experiments with nuxtures ofliquid oxygen

and nitrogen, which will soon be replaced by better final ones and

wliicli were based on liie above mentioned association hypothesis,

seemed to indicate thai bringing the molecules to a greater distance

by dilution in the li(|uid state has no influence of importance upon the

divergences from CuRiti's law. Here the (juestion is I'aised in

this form: whether A' is a (piantity which as peculiar to the atom

in the single molecule can also be found in the gaseous state or

whether it can oulv be developed liy bi-inging the niolecides into

immediate vicinity of each other. Fuither ex[)erimeiits 'i with oxygen,

already plannetl, must deciile this.

(7'(9 be continued).

Physics. — '•
I'/ii' hiir ofcorre.'iponil/ni/ s/nti's /m- diijcn'iU substances."

By Prof. J. I). v.vN ui'.r W.vm.s.

(Communicated in the meeting of December '28, 1912).

In the following pages I shall give an account of the result of

the researches which 1 have made of late about the properties of

the equations of state for different substances. And 1 shall commu-
nicate in them the simple conclusion at which I have arrived for

all the substances for which a chemical combination does not take

place, and the moiecnles continue lo move separately, either really

isolated, or perhaps joined to groups, if this aggregation (quasi

association) behaves in the same way.

^) As this communication is going to press, these experiments liave advanced

so far, that we may accept with great pioljahility as I lie lesult of them, tliat

gaseous oxygen of yu times tlie normal density obeys Curie's law down to — 13U"^ C.
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Wlii'ii I flisfovered ilic law ni' citviv-imiKWu^ slates, 1 could slate

the restiill in two wav and in ilio Uegiimiiig 1, therefore, liesilaled

bel'oi-e niaUin;:; a choice lielween these Iwo uavs of expression 1.

r

if for liie dilferenl snhstanees t and m are eijiial. r := is also
'7-

ecjual, 2. if for the dilferent snitstances .t and )ii are e(|nal. the

volume for all is the same iinnd)er of linie> llie volume of the

molecules. For so far as 1 saw then these two expressions were botli

true, and it was after all ininiatei-ia! whether 1 eliose one form or

the other. Hut the first form was more suitable for experimen. and

the second form woidd only be of llieorelieal value — and so I

ehose tlie tirsi I'm in. In order not to net into jjreat dillieullies at once,

we shall disrepvrd (|iiasi-as.socialion for the presei\t and our result

will therefore, at least for the present, be valid only for higher

temperatures and not great density.

If we write ji = .-t))i. R'f= /yj\in and r ^ rr/, , and if we |)Ul

RTk , .= A', we derive

:

and as we found —^.^ttt^' oi" , = /^-~^> fThe.se Proe. XIII

p. IJS) we may also write:

/-I

('+''-^(•-.0=

111. our latest iiuesti^alions we have shown that

64
>r — ^ -(/ — I)

27

either (piite accurately, or with a hi^h degree of apinoxiniaiion.

Subslitulinji- this, we lind :

/-I
7—1

3(^+' ;')(•-,.1,,)='" 1 1/''-

3

or

.^-1

-1 = 8m

3

/ ~3"\ / 3» 6 3

It we put .-r, V, ;» = 1, we lind;
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3

ht,

Willi f T= \ ;ui(l (•(iires|)iiiMliii!r /• = .'{, we lind ^J, and with

y':^ 7 \\ e liiul ;

/'t 3 3 8— — 0,978.
/-„ tVI 1/ -J 7

/'t .
3

As lias liecn toiiiKJ oiiU lillli' sinalK'r lliaii 1. - will uNo

differ Itiil lililc iVoiii I; tVoiii /'.s- <] 8 follows in ihe case that

*•'' = — (/ — 1) is aNMiiiieil us [jcrlecilv accui-ate, wilh />• <^ 8 :

27

8

or

8

< '/-I

3

"i/^
Hence

v-
/-I

3

>1

But il is to be evpeoted that the value of will be

oidv Utile greater than J. bor /^4 willi / =: 3 we llnd it e.xacllv

equal to 1 and with /'=7 we tind a \aliie of / little smaller than

would follow from / I 2 = 3, namely /'^ 2,1213. We accordingly

determined this value at about 2,09. But then we eoiiclude at the

same lime that if / should have risen to 10, the value of r wonld
"

3
descend to below = 1,73. Ai all events in the e(iualion:

/-I



tlu' t'ai'tor 7 will iiidci'd he somowliat irreator tlian 1. hut diller

only link- from 1.

If \vc (•(iiiliiK- niirsflves In iluu jiail nf llif wlinle region where

no (|nasi-associali<in wcnili uitMilioning is lo be expected, to wliioii

pari llio critical puinl alsn l)clonirs. the last oqnatinn will hardly

h

ohaugi'. if we jmh nnil\ in it inslead of (/ . And then a inle

follows from lliis holding for all normal snbstances. so for not ;v(///y

V
associaiiiig substances, viz. tor given .-r and m, —— ha^ the

1/-^
3

same value. For substances with the same value of/'— 1, )• is

therefore also the same aud with ditfereui \alue of /"— 1 we have

7"-l

or according to results obtained in These Froc. p. SM)3.

V l>.,„, V \h^J

Not rigorouslv valid for the whole region, however. To equal

reduced pressure and temperature corresponds a volume which in

hq
reduced measure is dilferent for the different substances, when ^

r
differs. I'.iit if we wi-ite the value fiu- r, and the value

r —

fin- r', we obtain

:

\t>UmJ

b,, r.1 /A ,.,r'\y('^]
V l>lim V \l>lin,J

And as Wf lia\e concluded to the approximate equalilv of 3,

r —^, r ( —^ ] etc. we liud as ai)pro\imate rule: .At the same
f>lim \l'Um )

reduced temperaline and |)ressure the same volumes are for all

sid)Stanoes tlie same uumlier of times the moiecnlai vdlume vi/,. h,^.

if, therefore, we had expressed the lau of corresponding states in
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Tlio iiioaiiiii'i' (>r eiiiKiluiii is ofcdiirse lliis

tlic second \v;u ,
il iMi;j,lil li;i\r lircii iii;init;uiic(l iiiicliiiiiued loi' all

iKiriiial siihstaiices. nl least iivci' a large pari ol' llie whole rcfi;i(»n.

fliat e.j;'. tor the redueed volume, which in the svsleiii in which

y"=4 is put e((nal In r,, r, must he taken in tiie svsteni.

where" -

—

^-
. I hiis the critical xdliime is iMnial to !5/y,,, if /'= 4

•i Oiim

and the reduced volu-ue is then e(|u;d lo J. Bui in ihe system in

which /'= 7 this volume would have the value of 1^2 in critical

measure. That the reduced volume is found I 2 times larger is due

lo this that we have divided hy a I 2 times smaller factor.

Hence Ihe dilferent .t, m, v surfaces for substances, for which

b„

hn
raiiiht (lill'er, do nol cover eaeh other, hut thev can be made

value of r by

to overla|i for Ihe greater jiarl, almost entirely, if we divide the

l>lim

Then, liowe\"er, the border lines. Ihe loci of ihe coexisting vapour

ami li(|ui(l phases ha\e not been made to cover each other. Nol

even by a|ipro.\imation, for this locus, which is determined by

p{v p dv ,

also requires the knowledge of the properties for smaller volumes.

and will, Ihorefore, also demand the knowledge of presence or

absence of (piasi-associalion. but especially Ihe knowledge of the

/.

course of ^ . But this wdl be discussed later.

The cause of the circumstance that ihe abo\e mentioned proi)erlies

oidy hold by appi-oximali(m is clearly lo be seen, if it is borne in

mintl iIkU ihe c[uautitv in tiie l'oi-m found for the etiuation of slate :

.T + -6 = 8/,



is iidl constant as soon a-s — ^ ]. If vcrv lartre volumes are con

-

f'tim

cerntd. wi- ih;i\ |nit 1 for it. uiid even in the ci'itical \{iluinc. \ i/..

r b^, the dillerencc wiih 1 is still sliglit. ami we liiiil tVoni

:

bg
1 1 _ ik_j^ I

V bii,„ y

\/,

b,, hi:

for = '2 tlic value of — to be equal to 0,97 or 0,96.

\\v conclude from lids that for the vapour \olumes of the horder

line the rules given above hold with a high degree of approximation.

But for the liquid \olunies is smaller than would l»e calcu-
b^

blim

h
lated if wc had relaiueil — = 1, and the densitv id the liquid

b^

greater. The limiting liquid volume is even not hg. but 6/,„, , and so

bq bq—^ times smaller, and the limiting liquid densitv -^- times greater.

This must bring aluiut a change in the value of ihe factor y.

id we can

Let us put

x\ud we can calculate the value of this change

and tnr /> constant

Qgas + Qrl

Qgat + Qvl . . .. .= 1 + y(i— '»)

2Q'l-r

= 1 + h(\-m).

.\[ very low temperatures the gas densities disappear. With sub-

traction of ihc two equations we find:

For m r=z we must introduce the limiting liquid ileiisity. and we get

:

r-^-3=:(2y-l)
blim

or

rA=2(y+ l)')
blim

>) These Proc. p. 903.
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As ;•
I
/^ —- is sonievvha) sihjiIIit lli;in .'5, we iiet

:

llcni'c the \;irialiilily t)f A is tlic ciiiisc thiit I he law ot' ((irrcs|)(iiiilii)g

States does not liold ixmIcciIv Uw all sdluincs. IT tins \arialiilit_v was

governed h\' one law, and il accoidiMgly was llie same (or all

substances, it would hold perfectly. Foi' then the \alne of
^^9

f>lim

and so also of r would be the same for given .t and ///. If the law

of the variabilitv of b, hence I y —
, is different, then r is indeed

not equal for given .-r and ;», but the law of cori'espondence, as we
have stated it here, holds with a high degree of approximation, at

least for volumes ^ rk- Then for given .t and in the value of

r V

blim V iHim

As the volume decreases, the law begins to fail. For v ^ vi; il

holds almost good, below this (he deviation becomes greater and

greater. The value of b />/,„,, however, does not seem to diifer much

for the different substances. It is not etpial to 1 for any substance,

not even for monatomic ones. So subs(aiices for which A is cons(ant,

are only lictidiis. When, therefore, in m\' continuity I calculated (he

critical circumstances keeping b constant, this did not take place

because I thought that h would be invariable, but in the expec-

tation (hat in (he cridcal \olume (he piandty b would haxc chan-

ged so little that the influence of the change would l)e inapprecia-

ble. And as we have found now, the quantity

b^ 3 8

^" lyi" 1+3-^

is, indeed, not much smaller than 1 for .-r and //*==: 1. And even

b,!

if we should assign to — a value so excessively high as would be
blim

the case if we put it at 3 -- and subs(ances for which (his value

would occur will, no doub(, have (o be looked upon as licdons —
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we slioiil"! >iill tiii'l ]> ().1K{, Flio ii-aMin. ilieret'ure, ihul evon tor

srt'al (leiisilie> llic luu ot' ritno>|(()ii(ietioe is fiillillcti by apiiroxiiiiaiiou

will W i>\\ inn ''1 'I'i^ ''i«*' does imii dilior iimcli for tiie different
''.i,u

sulislancos. Moreover llie region in w liicli tlie (]eviation> would

become ol" importanre. is inaccessible lo experinienl : e. ji. tor llie

lif|nid volumes wliicli could coexist wiili \apoMr \oliiuies al values

of )i' <C "• '"' '"' ^ol""iP'' under an excessively hiuli picssure.

Wo shall add a tew more remarks.

Thai the coincidence of the surfaces ^ f\.t,in] for great

I//.
valnc> of V entirely disap|iear> tor r \ery small ami near r/„„, uill

1 / '''(

be clear if we jiav attention to the tact that for 1/ -^= 1

y f>lim

1

the surface has no points below r =r —
; tor then rt"" ^= />,, and

rt = 36, . For
I
y^ - "- e(|ual to a value greater than 1 . r,,-,,, =r 6/„„ and

Vk = >'f>g, or

blim

1 blim
,

Vlim *<7 1 blim

riim =

V b i,„ [/ bii„

If e.g. —^ = 2. we have obtained new points for the r surface, and
blim

the surface begins at ^ —
. It ^vill be obvious that in such

1/ bii,„

b,,

circumstances with ditference of the \alue of there can be no
blim

question of coincidence. There is only jierfect coincidence with equality

of —^. If this value dilfers, the -urfaces almost coincide, imleed, for

blim

V
large value of v, but for very small value of r the

1/blim
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ordinales will (Minlrjicl and ;i|i|ir(i;icli In zero as liecoines lafj^er

"lini

in a region, liowever, wliirii is lianlly arccyssiUlc to experiment.

Anotlier remark.

r
From liie circiimstanco llial tlie surfaces ma\ he coiisidered

to coincide, especiallv for larf;;o value of r, it should, however, not

be concluded lliat the border linos coincide. Tlie top differs alread v.

The loj) lies at .t, ?//, and r e(|ual to I, and so — -differs; and

y blim

great differences are even deriveil for ilic gas-branch at low tempe-

ratures from the relation which holds approximatively, — /- =/'
.

Tlius we find in the region where the law of the rarefied gases

would hold

:

I

/i
— L — m =r \-\-o

3 r V blim

Hence in a region where correspondence would perfectly prevail

the border lines differ e.xcecdingly much. This is of course the con-

b„
sequence of tiie licpiid volumes no longer corresponding when —

blim

difTers, and the construction of the border line also requires the

pv
knowledge of these volumes. Where the gas-laws hold, — =1, or

RT
jrr Pk vk— -—— = 1, and now we have come to the conclusion that
m RTk
J^Tu . ., ,.^ . , ,

.
, ,

8

Pk^k
for the different substances is equal to - \y/ — . Then

V blim

Jtv 8
I

/ b,,

m 3 y bli,n

or 3T V . a

V bii,„

A contirmation of the thesis, that the ,/', ///, ; surfaces

bli„

coincide for great value of r.
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Now the iiiipditanl (|npsti(iii is still left mulccidi'il. in liow far

does the' \aliie ot - dillci- \i>v liic (lill'crciit siilistaiices. We have
f>l!m

alreaiiy stated lliat it i> imi |iriilial>K' thai there are .sul)sta!iees for

which tliis (|iiaiilit\ =: J . These siiltstaiu'es have sonieliiiies been

eailetl pfr/i'd/;/ luinl subslaiiees, Imttheii it shoiikt be borne in mind

8
that sinee it has appeared that / ^ 4 and .s- ^ for iiKinatoinic sub-

stances, even monatoniic substances would not be |)erfectly hard.

For all substances, with mir present Unowledjire we may say without

exception, --^1, and ])roiiabl\ not \(>r\ dillerent troiii 2. Now
blim

"

we might aceouni ini' ah.iul 2 iiy assuming qit.iis/-iis.iiifi(i!iiiii. In large

volume />,! is the fourfold of the \olume of the niolecides : hence if

the sjiherical shape is assnmeil and the diameter is |)ut = 'J,

//,, ^ 4 »o'. The limiting volume of the substance is present when
(T

tiie pressure is iniinite at tem|)eratnres 7'^(). Tlien the molecules

must touch, and the vobiine is only little smaller than o' or ^>,„„^ o'.

Hence

:

2.-r

l>!) ^ -^- bii,

or f>„ ^_ 2,09 hi„„ .

Hut on the other hand we shoidd consider that often

If not the spherical sha|)e was assumed, but as extreme case, a

rectangnlai' shape, />,, would be ^4(5", and /;;„„ = d', and ; ^4.

This will, pi'obalily, not be expected bv anybody. For ellipsoidal

shape we should again lind a little more than 2. In this way it

seems impossible lo me to explain llic \alue of - <^ 2. 15ut we
It III

shall possibly discuss this later.

The original theorem of the cori'es|ionding slates pronounced the

ecjualily of the -t, ;<, r surface. In the form given here it states the

sn])erposition of the .t. ?» — - surfaces. These two foiins would

1/ f>lim

coincide, if there was oidv one sinule law for the course of b. In
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llii' form ui\<'ii licrc iln' r onliriates are oiilv times smallfr. lint

tlie ii(l\aiilati(' nf ilie Ibiin unxrii here is obvious, when there are

(litltMi'iil Uiiids ol' siilistaiiees tVoiii the point of view of the law of

eori'e.spondrhce. l'"irsl of all it |)oiiils (ml the cause foi' the existence

of these (liliercnl l<irHls, ahniii which cause the form liiven oi'iginaliy

does not reveal anvlhiuL!. Secondly il appears thai altenipis to liml

perfect conespondeuce between these diliereul kinds must fail, and

have certainly no chance of success hy variations in the -t and in

ordinates. And thirdly it shows that the deviation between the

different kinds of substances is a jiiadual uue, and the coincidence

in the rarefed gas-state is restored.

Physics. — "On the \\\\A.-e[ject, (iml on the rlKauje in nui^-tance in

n magnetic field at loir tem[iei'atnres. VI. The W\\A.ejfeel

for nickel, and the iiKKpielic chaiuje in the re/istance uf nickel,

mercurij and iron at low tewjieratureti doion to die melting

point of hifdriMjen". \\\ H. KAMKKi.iN(,n Onnes and Bengt

Beckji.vn. Conimunicatiou N"". 132(/ tVom the I'liy^ical Laboratory

at Leiden. {Communicaled by Prof. H. K ameki.ingii Onnes).

(Gommauicated in the meeting of November 30, 1912).

§ 17. ') Magnetic rhange in die rcsislance of snlid mercnrg. The

resistance was measured of mercury coniained in a ulass capillary

9 cms. long, and of O.Ti mm. diameter. The ca|)illary was U-shaped,

and to either end were fused two glass leading tubes which were filled

with mercury. The resisiunces were measured by the Koiilh.mscii

method ot' o\ erla|ipniii shnnl^, in which the main curi'eni wa>

/ ^ ().()()() ;tm|). The mercury was frozen b\ blowing cooled hvdrogen

va^)(alr into the cryostat through a glass tube whose lower extremity

reached below the resistance. The resistance was found to be

7,97 <-' at T— 2.s7°,:} K.

0,1014 7'= 20°,:^

0,0618' 7'= 14^5

') The seclions of this paper are numbered iu conliuuatioii of those of Comm.
N". 130c (Oct. ^6, 191^2).

H4

Proceedings Royal Acad. Amsterdam. Vol. XV.
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TABLE XIX.

Magnetic change in the resistance of mercury-.

7'=20°.3K.



9.s:5

IIL'SS WHS |llllc S( IIW I KTK nickel. // illld //// illX' LilVell 111 ('. (i. S.

iiiiils, / \\;i> 0.7 Id (I '.' aiii|i.

The rcMills iii\('ii in 'I'ulilc .\.\ arc -^Ikuvii i:ra|iliicullv in Fiji-.s.

I and >

Tiic 11 \|. I.died fin- nickel decreascN as the lein|)craliire falls tVoni

(irdiimrv i-cioin leinperal nie ; lliis lias alread\ liccn fiMind liv A. W

.

Smith'; Ui he the case dn\\ n li> li(|nid air lein|ieralni'e.s. Accordini.;

to A. KiNO'i'
'

llie llM.i.cirect lor rerni-inaiiiidic siih^luiiccs is

|pro|Mirtional to tlie niaiiiietisation and not to the Held. Hence, when

llie inaunetisiUioii attains its niaxiinnni \aliie, the ll.M.i.eHed nrist

also e.xhiliil a stale of salnratinn, that is lo >av. ihc curves liivini;-

the lI.M.i.di'ed as a rnndiini of the field must show a lieiid. Smith's
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At 14°.5 K. llie HAJ.i.i'frect is siririly propovtionai to tlie lipid,

ivs is also the case at 20^3 K. as far as // = <>()(UI. Al i»0° K.

llie HALLCoeflicieiit is a linear function of the lieM, diminishing as

the field increases.

For llie HALLcoeflicient in very weak lields the relation

R, = ceyi'

holds.

The Leuit qiiantily i>i.

R
the lanjient of the angle of rotation

of the ec|iiipoteiilial lines in unit field, is here a linear function of

the temperature.

The following Table shows the extent to which tliose relations hold.



{18')

Fig. 3.
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^ lit. Clniiuii- ill the ri'sisliDic' of pure iron In n ni>ii/ni'tii- jle/il.

As ex|ieiinK'ntal malcrial an iron wirr from Koiilsw \, Sweden, was

uspti for wliicli we are indebted to llie kindness of I'lcif. ('. 1!i:m.1)J(Ks.

Stockholm. On analysis llie following: im|»nriiies were found presenl

C 0,10 7„

0,007

(),(V28

0,014<Si

Ml,

llins giving a total

wire was drawn li\

inipiirily of alioul 0,18

lli'.ii \i:rs Id a diaMielrr of

lii'fore :t was drawn llic temperature eoeftieicnt was

^,. After anal\ si> tlic

11.1 mill.

"'80"

0.14:
«'289"

afterwards it

«'80>'

was ^— = 0.17.

The iron wire was wound non-indiietivelv upon an ebonite cylinder,

and was so jilaced in tiie magnetic tield as to he |>erpeiidiciilar to

the lines of force throughout. Tiie metluid of overlapping shunts was

used for determining the resisiaiice. Uesistances without Held are

aiveu ill Tal'le XXIll.

TABLE XXIil.

Resistance of pure iron as a function

I of tfie temperature.

288.0 K.
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Fiir. 4 shows llic r('sis|:ui('i> ;is a t'liiictioii ol' llie licl«l. Tin' (il>^or-

validiis at 77° K. are iii(licalo(l l)\ a luoken line.

TABLE XXIV.

Magnetic change in the resistance of iron.



fhysics. 'On t/w Hai.i. efi'irt, mid on tin' c/ian</r in resist, tnee in

It nnignelif field of Ion' (enipemture.s-. VII. The H\\A. effect /or

ijold-silrer al/oi/s <it feniiierntiire.s down to the meltintj point of

/ii/dro(/eti". By Hk,N(;t Mkck.man. Coiiiiiiimicalion No. 132(' from

the IMivsioal Laliorulon at Leidt'ii. (Comniiiiiicaled bv Prot".

H. K.\MKRI.1NGH OnNKS).

( Communicated in tliu moctinj; of December 28, 1912).

Tills I'omnumioatioii i.^* a ooiiiiniialinn of C'omin. ^s^ l'SO/>.

IV. (lold-silnr iiUoys.

^10. Measm-cmeiils at t.'iii|KTalm(>s of 290° K., 2()°.3 K. and

14°.5K. of tlie Hai.i, eIR'Cl for llireo .1?/-J</ alloys I, II. IIP con-

tainin<i a larm- iicnHMilaiii- of yold wort- |iiililislied i)y KA.MtiRi.iNGH

Onnks ami myself in Coiiiiii, X". I29<;, § 12. and in Coram. NM30c,

§ 1(). The results of my meaMiifmonts made on one il) of these

alloys at 90° K. were given in § 9 of L'onini. N°. 130A. I have since

investifrated three other alloys containing a greater pcrrentage of

silver, and in the preseiii iiapci' ilic results of these new measure-

ments (in the IIai.1. o\\vv\ for .l/z-.l-/ alloys arc gi\(Mi and are dis-

cussed in connection with llic former results.

The ohsrrx alioual melliod was the same as was formerly used.

\ I/.. iK' form of the componsalion method developed liy LkhkI''.t ')

as used In van Evkiu)in(;k,n '). An iron-clad Tuomson galvanometer

was used, wiili a jieriod of ahout 4 sees, and a sensitivity of about

1 mm. dclleclion at 2..") m. distance for 5X ^^^'^ volts. In this

melhdd disturbances produced b_\ llic ihermo-currents arising froni

the lliei lud-magnetic elVecI of von KTTiN(;snAi'SK.N are completely

eliuHualiMl (inly in the case of instantaneous closing of the main

current circuit. On account of the comparatively large period of the

galvanometer this was not |)Ossible in the present ex|)erimenls ; but

still, these disinrbances were too small in the jircsent ca.se to be

ob.served.

The main current \\a> 0.5 to 1 amp. '\'\\v plates were circular

,11 mm. diam.i with poiiil cjcclrodcs. The resistance of the plates

was meaNurcd a> well a.- llic ll.si.i. cH'cct.

'i'lic allo\s weri' obtained liy fii>nii; jiure gold and silver in a

p jrcelain ciiicible, and then rollinji them out. They were all sub-

iuitte<l to analysi.s. I am greatly indebted for Ihe.'^o analyses to

>) Lkurkt, Diss. Leiden 189"). Gomni. L( id.-n X". lit, 1S9.J.

") v.. VAN Hvi:rdiN(.ik.n, C.onmi. Lcidcii. Snppl. .\". 2. Cf. also 11. Ka.mkrlingh

OSNIOS and B. I'.r.cKMAN, (I.miimi. .N". 12'.ta, UU-J.



\m9

I)r. ('. llonsKMA, Maslcr of llif IJoval .Mini, rircchi, and lo Fil.

Lie. (i. Kviii. Ai,MsTR('iM, li[»salii.

In ilic Tabli's, // icpi'cscnis ih',' lidd >lr(Mmlli in ;zanss, /i the Ham,
c'Oerficion( in c. ^. s. nnils, //••/ llic ro.sistanoc in ()lini> at tJic alisolnle

tem|ieratnro 7', and //-„ the n-sislanco at 0° (_'.

Alloy II contained 10.7 atoniic |»eiTtMitages of silvt-r. I'lic thick-

ness of tJK' i)iate was ().()4!t mm.
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Allov IV confainc'il ()'.i.4 aidiiiic percemages of Aij. The plate was
().Os:i mill, thick.

TABLE XVIII.

Hall effect for (Au—Ag),y.

7= 287° a: .T=9a°K T=20°.3K
II

7"= 140.5 AT

RH -/?XIC< RH -/?XIO< RH - Ry,m RH -/?XI04
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instance, an adiiiiximc of 2 aininif (KMccnlagos of j^'old rednces ilie

conductivity i^cxi>re^scd in the above measure) from 71.10X1**" '"^

iOMO-

IS

IC

1.T

10

-+-

'y

\

^'^"X

W DO S3 wc

Fig. 1.

<>•/•

1.35 X lf>"- The cuives expressing the temperature (piotieiit = "

as a function of the atomic percentage foilo'.v a similar course. The

researches of Kamermngh Onnes and Clay') on various gohi wires

liave shown tliat the degree of purity of a metal can be very

~H
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arciiratelv f^auj^ed tVoiii a tk-U'riiiiiialioii ol'llio tciii|nTaUiic rnolliciciit

of its resistances at liy(liuf;;en loiiiperaliiies.

Kigs. '2 ami 3 -Imw ilic II ALLcoellicieiii A'/ at leiiiperatiires of

290° K.. 90' K. and 20\3 K. as a fnnction of the atomic percentage

of Ai/. Tlie curves rcseuiltie those which give the electrical con-

ductiviiy and the temperature cpiotient of the rosistanco as functions

of the atomic percentage. (Cf. KAMERi.',N(iH (>NM.saiiil l!i not Bkckman,

Comni. N°. 130c). When silver is gradually added to jjure gold, the

IlAi.i.coeHicient at low tcniiieratnres diminishes, at first rapidly, and

then more slowly, until, with a mixture of altout ccpial ipiantities

of .1« and A(f, a large change in llie coniposiiiun occasions only a

very small change in the HAU.etfect. The lower the temperature

the steeper is the descent of the curve. For instance, when a

2 7o admixture of silver is added to pure gold the HAi.LcoellicienI

diminishes

at 7'=2()°.3K from 9.8 X 1<* * '«' H.TX^O '-

al T= 90° K from 7.6 X J" ' '" ^.tJX^*^ ^

at T= 29(F K from 7.2 X i"~' '*> <i.8Xl" "•

Hence a small .1'/ impiiriiy in gold occasions oidy a small varia-

tion of the llAMA'Ifect at 7"^ 290^ K. which, liowc\cr. becomes

more appreciable at lower temperatures. < )n the oilier hanil, as is

evident from the measurements of A. von ErriNtisiiArsi-.N and \V.

Nkknst '\ Fi. VAN Acni':i, ') and \. VV. Smith''), the addition of a

small (piantiiy of Sn or S/> lo Hi, wiiicli e.vhibits an nnnsnaily large

HAT,l,-elfect. occasions even ' at ordinary room U-mpcralinv a lireat

change in the llAi.t.-effect.

n Fig. 4 are shown the t'urxes

of the tem|)eralure (|iiotienl^
TZgoo

290"

R20..V
and

A'.>.

as functions of the atomic

|)ercentage of .!(/. These curves

have the same general features as

those of Figs. 1, 2

Fit', i- In Fi ."> ij-

ano >.

hown the relation

between /{ and 7' for some Aii-A;/ allo\s. The course of the curves

between 20°K. and 90°K. is not (piitc certain, as no observations could

') A. V. Ettingshausen laid \V. .Nkunst: W'ieil. .\uii. 33, p. 171, ISSS.

2) E. VAN Aubel: G. R. 135, p. 78G, lt)0-2.

»j A. W. S.mith: I'liys. licv. 32. p. 17s, I'Jl 1.
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be iiuidc between li_\ ilro;;eii ;unl o.\}fi,eii leiiiiH'rulm'e.-^. 'J'lie>e |i<iili(iii>

of the eiirve.s are tlierelbrc iiidicHted by doited lines. Willi Ai/ and

t

o.i>
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20" 3 K.). Oiilv llie ullovs witli a lar^e pcrconlafrc of A</ af

7':^20',3K. are an exci'iitiun Ui iliis rule.

into-

IS

1S

J)„
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Physics. -Du /.'., Hai.i rjjrcl, (tud on Ihr r/utni/e in I'lrr/ricn/

ri-sisldiici' in a iir'i/netic jh'lil nt Imn (mii/ti'rdtiircs. VIII. T/ir

Ww.l.i'lii'ii in 'iiHurmiii uml liisnnilli at loir ti'Difteraturi's

iliitrn III llii- iiii'/tini/ jiuint n/ /ii/ilni(/en" . Hv 11. I\amkhi,in(;)I

Onnks and I'>kn(it Hkirmw. ('iiiimiiiiiifatioii X". \'A2t/ from

llie Piiysicai LalioialoiN al l.eidoii. ('oiiiiiniiiicated l)y Prof.

II. 1\ \\IKIiI.IN(.ll ( »NM';s.

(C:<iinmiinitMliil in llic iiiiM'liiijr ol' Uccumber 28, 1V)1:2).

§ 20 '). 7'/((' H.\i.i,('//;v7 in Ti'llufitnti. The ineasiiremeiils were

iiiaiie willi a sIkhI pciioil \Viki)i;m.\nn lialxanoinelcr. Tlie piiiiiarx

cuiTCiit \va> / =: O.'J aiiij). Two jilatt-s wcrt' iiivesiiyaled. Iiolli con-

sli'iiclcd IVdiii ilie |iiirest Mkkck Iflluniiin. The lirst plate 7V^,/ was

(<,iin|irossed in a steel nioidd. aii<i ihe seeoiid plate Ti'^.n was cast

ill a sleel iiioidd. Tlie lir>i plaie was very hritlle. Both plates were

eirciilar with a diaineler of 1 ciii. The electrodes were platimini

wires '/^ """ di diaineler. and were fnsed into the plates. To these

platiiimii wires ilie leads were then soldered. The S|)eeific resistance

uiul Its teiii|ieratnre ciieflieient were diti'ereut tor the two plates; at

7'= 2H9^I\. ii\^, was twice as great for the lirst as for the second.

The resistance teuipei'atnrt; coeflicieni for Te,,i was always negative

over the whole teinpeialnie region 289° ^ 7'^2()°.8I\. '/'c^,/; cii the

other hand e.xhiliited a iiiiniinnin in (he resistance helow 7'= 70°K.

The thickness of Ihe piaie I'l),! was 1.175 nun., its resistance

at 7'=2iH)°. K was /r = ().« <i

20^:3 /r = :il)

and again al '/'=290°. /r=l.(l;

at low leniperaliiies iherefore the resistance is coiisiileialily increased;

cooling, moreover, caused an incrt-ase in the resistani-e at ordinary

tein|H'ratiire, which is probably due to the production of small fissures.

At 7'= 290° the specific resistance was 1.95X10' c. g. s. We
obtained the following results 11U and // given in c. g. s. nnitsj :

(see table XX \'
[i. 99S'.

At 7'= 290= Ihe specilic resistance of 7<'^,// was l.Ol X It)" e.g. s.

The [ilate was I.S.s nim. thick. The change in the resistance with

temperature is -hown in Table XX\'I and in fig. 5".

Hence, as has already been mentioned, the resistance of the plate

7V|,// attains a niinimnin at alxnit 40° to ()0° K. This behavionr is

somewhat similar to ihal found b\ |)i;\\\k lo be characteristic of

1) The sections of this C.oniniunicatioii arc numbered as continuations of Coinm.

No. 132(/.

-) The diagrams are numbered as continuation^ of lliose in Coram. No. Vi'ia.

65

Proceedings Royal Acad. Amsterdam. Vol. XV.
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TABLE XXV.

HALLeffect for Tr.y



tcs. for iiiaiiiiclili'. iiH'i.ulic lihiiiiinii iiiid iiiclallir /.ircDiiiiiin, a jilic-

iioiiuMKiii (>\|ilaiiii'(l li\ .1. l\(iKM(;siiKH(iKi( liv tlic (lissociiitiiiii of elec-

tfoiis from (lie aliniis.

0,1

0,1

il
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geii teraperatures at uliicli /.'„ [R{ovH=0 is about 5"/„ greater

than /{ for H= lOOOO.

l'\)r liotli |ilrttes tlio H M.i.elloct iiic.rcasos ai lowci- teiuperaliu'cs,

Jl-io^K .

.

while llie ratio — is llif same. I his is verv reiiiarkahle, for the

plates are completely (iiliereiil with regard hi ilicir speeilie resistance,

.

resistance t»inperatiire coenicieni and absolute magnitude of the

H.M.LelTect. For both plates the value of ilie HAi.i.etfeet is siuali

compared with that obtained by A. v. KTTiNiiii.MsKN and \V. Xkrnst' ), b'AO.

and also by H. Zahn '), and tlio electrical conductivity is also small.

According to ihe researches of A. M.atthiesen'), F. Exnkk*).W. H.ake.n'), J.

F. Kronkr") and others, various nidditicalions of lelhiritini occur; accord-

ing to Kr<")NKR it exhibits dynamical allotropy. The two modilica-

lions iiave very different conductivities. The specific gravity of the

plate T(),i/ was fi.l38; this is perhaps connected with the circum-

stance that it cooled slowly after cjisting. and that it was subjected

to local heating when fusing in the electrodes. For a preparation

very quickly cooled Kromck gives a specific gravity as low as r>.8.

The modification with the lowest specific gravity seems to ha\e the

smallest electrical conductivity.

^ 21. The ExLLeJe'-t In Bisnmtli cn/.^fols. In Table XII 1. ^omm.
N". J 29'/, we gave results of measurements of tlie llAi.i.efieet in

bismuth crystals for the case in which the crystalline axis is per-

pendicular to the field, and the main current runs in the direction

of the axis. To these we are now in a position id add results for

the case in which the field is parallel, and the main current perpen-

dicular, to the axis. For these measurements we used one of the

crystal prisms which had been used by Van F]vI';ruin'!EN (Siippl. No. 2)

in his measurements, choosing the most regular of the three (2, 3

and 5 1. c.) which had been tnund suitable for this purj)Ose (cf. p. 82 1. c).

In the following Table are given A', H and A'// in c.g.s.

At ordinary temperature and in weak fields A'// i? negative, as

was first discovered by Van Everdi.nge.n and subsequently confirmed,

by J. Becqierel ').

1) A. VON Ettinghausek und \V. Nernst. Sitz Bor. .\kad. d. Wiss. Wien. 94,

p. 560, 1886.

-) H. Zahn. Ann. d. I'liys. 23, p. 146, 1907.

3) A. MATTmESEN und M. von Bose. Pogg. Ann. 115, 385, 1862.

*) F. EXN-ER. Sitz. Ber. Aknd. d. Wiss. Wien. 73, 285, 1876.

6) W. Hakes. Inaug. diss. Berlin 1910.

*) J. F. Kroner. Inaug. diss. Utrecht 1912.

7) J. BEcguEREL, C. R. 154, p. 1795. June 24, 1912.
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III slrnii^cr liic'lds /('// liccoiiies [losilixc, as was also rdiiiiil to

1)0 llie case hv Van KvKHDiN(iKN and Bkcqukuki,. We iiiav, liowcner,

iiicideiitallv remark thai the iiiilial iicjialivc \ aliirs t'oiiiid li_\ Ukik^ikkkl

arc iimcli greater lliaii ours, and thai with him zero is reaclie(] in

much stronger tields than with iis. This leads us to s!is|)ect that the

initial nejialive values we have ohtaii.eil ai'e to be asci-ibed to some

cause which occasit)ned their occurrence to a much hii^ her degree in

Hkcqikhki/s experiments; this would he the case, for instance, if our

bismuth were pui-er than his, but still not yet (jiiite free frojii

impurity. If that were the case, then with alisolutely pure bismuth

we should, |ierhaps, at ordinary temperature, obtain nolliiiif: but

increase of llll with tins Held, the rate of increase being slower in

the initial stages.
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Hill tiiio can still {|iiito well imagine, liowevei', that at liiglier

teniperatnres negative vahies can t>e oltlained in weaker (ielcis in

the course of the change which /.'// a-^ a tinuiioii nl' // iiniiergoes

with the leni|ieratnie. The part plaved l>_v adinixtme would then be

reslricled to a displacement of the temperatuie at which a negative

value coulil still just ajipear, and this temperature woidd be higher

tnr liisinulli ot" greater |iuril\ than tor nnpnrc hisiuiilli. This would

.be analogcMis to the diminution of ilic negative ell'ect at hiwer

teiujieratures in the case discussed in § 14 of Cunnn. No. I'iitr in

which the axis stamis perpcmlicular to the tield.

At lower temperatures wc tuninl the llM.i.edect positixc in all

lields, which is nnt what Ukccjikkv.!. found to be still thej-ase at

liipiid air lemperatiires. It is further worth noting that I'H shows

no fiirlher change with loinperaliire below the temperature ot'liipiid

air. This makes it iiiipiulaiit to inii|ilit'\ the iiicaMircnients given in

Table XII 1 for the axis perpendicular to the field bv others at the

temperature of liijuid air.

It is seen from Fig. H that lor fields greater than 2000 gauss at

iS

w

t

-/l-i

'is:; iMC soao loto; f;<vw;

Fig. (i.

low temiicratiire, and in fields greater than liOOO gauss at ordinary
'

temperature. A'// is clearly a strictly linear function of the field. If

we write

A'// =,///+//,

in lliis reirion, we obtain

7'= 290 "K

„• = -\-i.7

// = — 5G00

7'=90"K

,i' = -f 2.5(5

// = + 1300

7'=2o.:rK

/y' = + 1100
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^ 22. /I'l'iiiiir/: iijitin ijir incnut.-ic in tin' /('sist.ance of' Insiniith in <i

iinii/iic/if I'lchl. A rriciiillv remark liy I'l-of. II. di Hois leads us to

a t'mllicr (level()|)iiietil nf (iiir i.leas coiiceriiiiig tlie oeeiirreiice of a

iiia.xiimiiii ill (lie is()|)e(lals lor the increase in tiie resistance of

hisiniitli.

Our Mieasiireinents niaUe it pi-ohalile that the niaximiini found

l)V Bi.AKi'. al the lein|)('ratiirc of litpiicl air must be ascfihcd to the

|)resence of im|iuiiiv or to some modification occasioned, for

instance, h\ mechanical treatment, and that this ma.vimnm is not

obtained with |)ure normal bismuth al these tem|)eratures. The

values which we oblained at the boiling point of hydrogen make
it also certain that neither is a maximum to be fonnd between

the temperatures of liquid air and of liquid hydrogen. In the region

of hydrogen tenqteralnrcs a falling oil' in the rale of increase of the

resistance of the bismuth wires is clearly apparent. The existence

of this diminution has been proved twice, and on each occasion for

different currents (and, as is e\ident from the table, for various

fields). But a ma.ximum, that is to say, a return to smaller values,

we have not obtained. From the course of the curves given by

Bengt Bkckm.vn in Comiu. N°. I30r/. it still remains possible that the

phenomenon reaches a limiting \alue. From various analogous

phenomena we might (|uite well e.xpect something of this kind to

happen at extremely low temperatures. In Comm. N". 129</ we
commented under 1, § 2, upon the uncertainty as to whether a

maximum is reached at these temperatures, or rather an asymptotic

approach would be found to be made to a limiting value, stating

that "Perhaps as the pui-ily increases the maximum in the isopedals

is displaced towards lower temperatures". The measurements we
have made with the plates Bi lay further emphasis u])on the ''per-

haps." As the temperature falls to 20° K the plates Bif,i. HipU,

which were not so ]iure as the wire, exhibit no diminution in the

rale of increase. And yet, on account of the greater imj)urity sus-

pected in these plates, they should be expecteil to exhibit a maxi-

mum between 14.°5 and 73°. K. if there were a maximum for pure

bismuth at temperuluies lower than 14°. 5 K and if this maximum
were displaced towards lower temperatures only by an increase in

file purity of the material. In contrast with this we here find that

only the diminution in the rate of increase remains between 20° K
and 14°5 K. Further experiments upon different bismuth prepara-

tions are of course highly desirable.
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Botany. — "Some correlationjthi'nomi-nn In /n/hrlds". \\\ Miss

T FsMMKs. (t'oininiiiiic.iiiMl liv I'lut'. Moi.i.).

(Coinmunicatetl in the mei'ling of Novemher 8U, 1912).

Ill I'cct'iil vcai's lliort' li;i\e liccii iiliscrvod alsit in livbritlisalioii

plR'iuiiiK'iia wliicli sliow a ccrlaiii rclaliiin between diHerent

cliaracters of a planl. Ahvadv in IHOO (okkkns') pointed ont

this rclalion and called ii Kakloienkoppelnnfi". Some years

later Uatkson ') pnt I'oi'wani a llieorv to explain the plienoniena

ob;;er\ed. Accordinii' to Hatkson, in llie t'orniiitiou of iiainetes in the

case III' a plant lietero/.y.uons foi' more than one ("actor, the various

possil)le condiinations of factors oi- ^cnes do nol arise in ecpial

nuinheis. Thirt' may lie two reasons for this. In the tirst place some

factors may show a certain tendency to remain connected whilst

they are however not so completely coupled as to preclnde occasional

separation. In the second place there can he between <lifterent laclors

a tendency lo rejudsion.

Some examples of snch 'iianietic-couplinji " and '•repnlsion'" or

"spnrions allelomorphism", as B.vtkson calls these phenomena, are

alieadv known. 1 loo made oliserv alions in the course of my in-

vest if^at ion on li\ bridisatioi: dial could best be t'xplaineil by such a

ti'enutic correlation. Whilst howcxer the cases known u|i lo the

pi'esent i-elale lo charactei-s whose |iresence (u- absence in the |ila(ils

iinestijialed is easily delermined, ihis is not so in my ini|iiiry. I

ha\i' siMilied characters whose tlnciiiaiinii' \ aiiabilily is \ery marked,

while niiireo\er the distinction belweeii 'he pai'ental Ibi'iiis lor one

and the same character alreaily amounts lo several genes. The

characiers are, as L.\N(;') expresses ii. pulvmeric. On this acconiit

the itlienomena becoine so complicated that a complete analysis is

im|iossilile or only |iossil)lc by most laborious investiii'ation. I ha\e

so far therefore taken a shiu'ter course and. shall mdy show in ihis

prelimiuar\ paper dial llie phenouii'iia pniiii In a cori'elalion not

onlv belweeii I \\(i bill iiideeil bei ween a ;j;realei' number of chai'aclers.

My ob.serxalions have been made on the cross already 'i eai-lier

described, between Linum n/u/usti/o/iiuii lluds. and a variety from

1) C. CoURENs. Uebur Leckiii/rnhAnardc Bol Cfiili. lid. .s4, r.KK), p. II ol IIr-

reprint.

i) \V. Batkso.n, .Momlt-rs l'iiii<iples ol HeiiMJily. lOO'.t. p. 148.

') Aknoli) L-,ng, t'orlgeselzto Vurorbiingsslinlien. Zoiisdji'. f. iiiiliikt. Ahst. iniil

Veruibungsiclire, Bit. V, li)ll, p. IKi.

*) Das Voili.illcn lluklnioreiHl vaiinMi'mli'i .Mi'rkm.ili' Ihm ili'i' l!:iblai(lii.'niiijr. Rec,

d. Tiav. but. NOeil. Vol. S, I'.tll. p. 201.
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l']ii\|il (if l.ininii i/s//it/iss/iiunn \. winch I li;i\ r callcil l'^i/i/ji//<ni /la.V.

Tlic cliit'l' poiiils of iliircrciicc hcl \\ci'ii llirsc |)hilils ill'(' llif follow iiif( :

lli(_- lliiwi'i-. liic IViiil ;iii(l llic seed of /y •ii/i/iisfi/o/uim arc smaHer

tliaii lliosc of /^i/i/jifii/ii //ii.r, ami iiioii'ov cr llic colour of llic llowcr

is liiiiiliMV

i'lic I'ollowiiiL; mean vaino show iliis.

/,. inii/ii.</i /'(i/nini. /yi/i/ii/iiiii //u.r.

Len.nlh of pclal <S.()8 nini Ki.'iO nun

Hrcadlh „ 4.45 „ Ki.O'i „

Leiiglli of seoil 2.40 „ G.U8 „

Breadth „ 1.54 „ 2.94 „

By analysis of the second generation 1 was able to show that the

(liirerenee in length of the petal of the two fofnis is caused liy at

least four factors. Tliis holds good also for the l)rea(illi of the

petal, while the diUVrenee for the length of the seed amounts to at

least four and for the colour of the tlower to at least three

factors. The dill'erence in lireadth of the seetl is also caused by

several factors. ')

I have attenipteil to trace the beiuuionr of the above characters

on hybridisation. The first generation was uniform and intermediate

in tlie case of all characters; in the second generation a considerable

segrelalion had occurred. This generation consisted for each of the

recii)rocal crosses of fully 100 plants. Both groups were separately

investigated. Since these however gave e.\actly the same results, I

will only deal with the ci'ossiug in which /,, inniiistifuliinn was the

father. (_>f this 1 have ol)ser\ations of all ciiaracters in exactly

100 plants.

The length and breadlli of llie |ic>ial were detei'miued liy taking

the axcraLie \alues of several llowei-s ; t'or the determiuatiou of the

length and breadth of the seed a greater numlier of seeds were

measured, mostly 50 to 100, and the a\erage was taken. The colour

of llie tlower was estimated in the manner described before") and

expressed numerit'ally. The light colour of the llower of L. cmi/us-

') Since the appearaiict,' ol' my above mentioned paper 1 have succeeded in

sliowing tiial the t'acloi-s wliich cause the difference in the colour of the flower

are distributed over both I'urms ;uul tlial these forms have no common factors The

proof of this was obtained by the appearance of while llowers. The plant was

found in much larger culture llian the one previously grown. In this case the

liybrid thus oversteps the limits of the diaracters in the parents.

With respect to the factors tor tlie other characters my investigations are not

yet complete.

-) 1. c. p. 2tiU.
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of seed
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Length

of petal

Breadth

of petal
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Colour

of petal

.^.759



1 000

Length

of seed

in mm



1010

tifoHinu \va* repres'cnfecrTVv'TI'llic iiiiicli darker rolmif i^tf /}/;/j)tiii»

jla.r bv 10.

I luive arraiifivd llie oliservaiioii.s ai-cordiiiL: lo ilie ascending values

(if tlio lenirlli ot" the seed in ordiT lo obtain a survey of llio mutual

relationship of the \aii(nis rharactiTS.

In the |tr('C(>dinii- tabk' liic lijrures |(hu'ed in a iiori/.imlal nnv refer

to the \ai'ious characleis of the same |ilaiit. in liie vertical columns

tlio.se for dilVereiit |)Iants are given. The whole table is divided

into four parts, each coiilaiinnir 2r) plants.

From these tablo it must now be clear whether there is or is

not an iiiler-relalidii iielwoeu liic ieniith nt' the seed and the olhei'

characters. If the latter are wlioliv independent of the former then

for each character the values ju a vertical direction ninsi follow

eadi other without any regularity ; the lowest average, and hi<.ihesi

values for each character must be di-ti-ilMiie<l eipially over the four

tables and the totals of the 4 >uccessive series must he ecpial or

nearly e(|uai or must at least be arranged without any reiiularity.

( >n the other hand should there exist an intimate relation between

the length of liie seed ami iln' other cliaracters such that they be-

have as a single whole, then these other cliaraclers \ ill also be

ari'an;zed in the tables accordiuii lo ascending oi' descending values,

except for small deviations due lo the intluencc of external circum-

stances.

A superficial inspection ali'ea<ly shows thai for none of the cha-

racters are the values in the \crtical columns in a se(pience; be-

tween successive ligures a good many irregulai-ities occur. If how-

ever the tables are compared with one another, it is seen that in

general in the lir>i lower \alues, in the last hiiiher \alues are

found

In order lo make a comparisan easier, 1 have added the values

for the 2.~i jdanls of each table. Below are given the totals obtained

for the dilferent characters.

Length
of seed
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We see the values for ;ill innr cliaiaclci^ iiicica>e in successive

series, it follows llicrdon' lliat, on the whole, in ilie plants wliicli have

the sitiallcsi lenLith of seed, thi' lii'eadlli of the seed and the leniilli

and breadth of the |ietal are sniail, whilst moreover the tiouer

sliows the lighter shades, and conxcrselv a <;reater lenglli of seed

is fijenerallv conideil with j^reater lireadth and a lar)i:er, more deeply-

coionred tlower.

In the same way as pniceediiifi' from the lenslh of the seed, I

have also determined the inter-relations of the other characters.

From the above table I have arran^^ed the values in ascending order

accordin.ii to the l)readlli of the seed and compared the others with

it. The same was done starting from the other characters, it is

uniiecos.sary to give here the complete tables. Below are set out the

totals obtained each time for 25 successive plants.

Arranged
in ascending

order of breadth
of seed

Length Breadth Colour

of petal of petal of petal

Plant 1- 25



10! 2

Mower and seed wliicli have lieeii siiidied is, as the fij^iiies simw.

8ucli ilial ill general tlie doveUipnieiit of all eliaraelers in erne plani

is ill llie same diieclion, since, for example, a long petal sliows a

dislinel tendency to lie eoiipleil willi a hroad petal, with darker

shade of tlower and wiili a iirealer leiiKlli ft'id breadth of the seed.

From this it might lie deduced thai here it is only a ipieslion of

ordinary conseipienees of slight dilferenees in e.xteriial cmidilidiis in

eonset|neiiee of wliieh the hest nourished plants develop more strongly

and form larger deeper-coloured flowers and larger seeds, in other

words that the relation oli>-erved may only he the usual correlation

plioiiomennii o\' lluciiuiliiig \aryiug chai'aeters, just as met with in

homogeneous material that is in pure forms.

There indeed (pceurs, as the observations showed, a coiTelatidii

between the characters in tiie parent foi'ins and also in the tiist gene-

ration, (if the same kind as the lelatidii here described.

In F.^ also this cdrrelation will play a more certain part, but

only in a subsidiary way and the phenomenon is chiefly due to

another cause. This is already clear from my earli<'r investigations.

Moreover I ha\e also traced the iclaliniiships in the offspring.

When the relation observed is a pheniuiicuoii of cdi'iclalive variability,

then the offspring of each individual nf the .second generation must

exhibit again the same correlationfigiiii' as the whole second generation

or at least the oll'spring of a plant which is extreme for one or more

charactci's must in general deviate much less tVoiii ihe average type

ihaii this plant itself. Now this was not the case, for il was found

that the relationshijis as they appeared in the /'Vplii'"> w'ere iTi the

main handed on to the offspring. Some examples having reference

to the length, breadth, ami cnliiiir of the petal will make llii-^ clear.

The values for four liiffereul /•Vl>lants and their offspring are given

in the following table. The first /-'j'-plaiil po.-sesses the three characters

in an extreme degree, the fourth has extremely small values for

them all. ihi' two others show ditlereiit condiiualiou.
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llie i-liai;u'UT> imdor (lisrii»i(>ii ilic <;oik's arc inuiiiallv i|iii(e in(ie|teiident

(if one anollior. It i> iiiosi nolouorlliy llial ilioir pxist> lietwi-oii llic

(actor{rr(iii|i> lur (iiiroreiit cliaraclers a closer relation tiian lielween

tlie factors for liu- same. Fnrtlier inveslijratioiis must sliow to wlial

extent tliis iilicnonioiiDn occnis in otliei- cases and wlielbei' it is

always cOMpleil \sitli a tcii<l(iic\ to jirescrvc the cdmplcte iniaijc of

ilie parent forms.

in tiie case here descrilied the jj;oiietic correhilinn is incomplete.

A.- is clear from the tallies plants arc found, w hicli for some chai-actcrs

more neariv ap|n'oacli llio one parental foiiii and lor oiiicr> arc nearer

to the second. The mindicr in which ihc dillcrcnl condiinations ooour.

cannot lie determined as is done l)v other investigators for theii-

crossings, al.M) liecan,^e ordinary c(n-relation jilavs throngli it and still

fnrtlier obliterates the separation hclween the groups. If at all, the

ratios conhl oul\ he found liv nnich more detailed iin estigatioii

;

tint it is clear from the foreiroing that hv this mean- scniie in.siglit

into the phenomena may be obtained.

The characters mentioned all belong to tlower or seed, the fruit

might be added >ince a ver\ close iclalion exists between the size

of the frui! and that of I he sceil. 1 am also engaged in tracing the

relation of ihe characlcrs meniioued lo those of the vegetative organs.

I am. howe\ei-. prcveuleil by circumstances from comjileting this

investigation in ihe near lului-e.

The resnlts of the investigation may be summarised as follows:

In hybrids of l.innn) iisitufissimiiin and A. aniiustifolium an in-

complete genetic correlation exists between the groups of factors or

genes for lenglh. breadth, and colour of the peial and Iciigih and

breadth of the seed; whereas on the other hand the factors for the

same character are completely independent of one another.

'ihe inter-relation is such that tJiere exists a tendency to approxi-

mate to the combination of characters as it occurs in the jiarent forms.

The genetic correlation expresses itself apparently as a phenomenon

of the ordinary correlation of fluctnatingly varying characters:

the latter correlation which al.so occurs, plays only through the-

former.

(

Botiinicd/ Ldboraiorii-

Uioniiiycn, 3 Oct. 1912.



Botany. .Imi. II. \ W lilKMiM: --(hi lln- rmuirrfidH lichre.i'H }>/ii/l-

/(i/ii.i/s (111(1 //(( ilis(nliiili(iii (if /III- /(!/( (it (jraii'lli ni iJii' sleiii\

(^t'diiiiiimiiciili'il liv I'rorcssoi- Wkntj.

((Icinniiiiniiiili'il iii lln' iiici'lirij: of N<ivc'ml)C'i' iiO, I'JIii.i

\'ari(iiis iii\('sligaloi's liiivi' slmlifd ilic longitudinal limwlli of llie

stem. Tlu'v liavi' for llic most jiai-t paid attention t<i tlic total

incrcMisf in Icnutli of the stoni and oidv a few investigated tlie ili.s-

Irihntioii of the rate of firowtli in one oi' several inlernodes. Com-

plete investigations, on w ideiv dilfcrcnl plants wiili regard to the

distribution of the rate of growth oxer the whole growing region

have so far not appeared. There oeeur indeed in tlie literature two

inipoi'tani niti'ranees which are based on preliminary observations.

The lirst is the opinion e.\pressed by Sachs' that the growth of

stems with distinct nodes dilfers from those with indistiiu-l nodes.

If the stem is ^harplx articulated then according to Sachs eacli

internode shows its own cnrxc of rate of growth. This rale increases

from the base of the stem towards the apex, reaches a ma.\imum

and decrease.s again townrd^ the upper node, if the stem has indis-

tinct nodes tiien the whole gr<iwing region yields a single curve of

rate of growth of this type.

RoT-HKRT '') has further (h>cnbed this. He speaks of individualised

internodes when each internotle grows as a separate unit and i)asses

through the great period of growth, whilst in other cases the whole

stem passes through this growing-jieriod as oi^^e internode. Notwith-

standing that these twn authors have clearly distingnished iwd

methods of growth, the growth of the whole stem in one growing-

])eriod has had most attention jiaid to it. so that in most text books

it is given (duef consideration.

This is the circumstance which led me in J9()7 to make measure-

ments on various jdants in the Botanic Gardens at Utrecht.

With regard to the lesnlts of this in(p)iry winch will be shortly

communicated in my Dissertation, 1 wish here to make a brief

preliminary statement.

With the aid of a little stamp made tor this purpose or of a

brush and India ink, linear marks were made on the stem, so

that it was divided into zones.

') Sachs Jul. 1873. Uebtn- Wuthstlumi und (ii'olropismus aufreclitei- Stengel. Flora

56 Jahrgang. Regensburg.
-') RoTHERT W. l.Sflll. fcbrr lliliol idpisiiHis. Coiin's Beilragp zur Bii)logie der

Pllaiizeu Bd Yil.

66*
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Iiiimeiii;ili'l_\ <iii ilic npiii|>loii(iu of iiilerval> i<f iiinc which were

as fur as piissible i.'t|ii:il, the leiifilh of Ihc z.oiio was measured

accurately to '/< ni.iii. 1 calciihitotl fnnii I ho increase in lenjjlli

the a\erage i-ale of'fjrowlh per in. in. iliiriiiir each separate space n\' lime.

In inaUini: the measnremenls a great (lir(iciih\ was the delcrmiiialion

of the exact linunilary (if the /ones, hecaii--e the poriiim of tliestem

on which tlie maiU hail lieen phvceil. grew at the same lime. I tliere-

fore tried to determine as far as possible the middle of the mark.

Ill my later observations, 1 succeeded in avoiding the error due to

this, hy mailciiig allernalc zones with a hMiiilhw isc line. 1 ilieii inol<

the extremities of the longiliidiiial maiU a^ the /.one-ltoiindaiy.

Rapid growth also caused tiiis houiuiary to become indeliniie and

dilVicnlt to determine.

To gain an iilea of lije t-rrors in my dlwervalioii, I fie(|neiilly al>o

iiieasnred in ilic course of my obst'rxations ihe zones wiiich iiad

already been found to have grown out.

I thus obtained numerical data conoerninu the length of the same

zone meaMired ai dill'ei-cni |)(iini- of liiiu\

The greater number of these data were identical, only a few

deviated. Calculation showed that llic average error was smaller

than the e.xpected degree of accuracy.

In Aspanii/iis ofyiciiialis 1,inn.. (linlijn hilolxi Ijnn., Hi'di'irt colchica

Hocii and Linuin imtatissimuin Linn., the whole region of growth

formeii a single curve of rate of growth, i. e. regularly increasing

growth from below iipward> and then decreasing growih above this.

Acer dasycarjiwi Kiiui... .lc('r pl<rt<mo'ides LtNN., Deutzia snthnt

Tunc, Lonlcevd tntiD'ici I.inn., S;/rinif(tvii!<jaris1ji}iS.,and Viburnum

Veltclii C. H. Wriomt showed a similar

curve of rale of <iro\viii with this dif-

ference ihai ihe zones in which the

nodes were siiiialed showed less

growth than flic zones lyiiiii- ncaresi

to them.

l*'ig. 1 shows I he I'lirxe of rale of

grow ill 111 Dciitzid Sciihnt Thbg. from

la"' lo 17"' .IiilvM.

I

V\ii 1. Dculzia Sailmi Tiuw.

J3-17 .tuli.

1) Oil ijic abscissae axis the zones iiave been plotted at ei|ual distances. The
tiiin lines give the division-marks between the zones, the thick lines are the nodes.

As oidinates 1 liave plolle(l llie average rales of jxrowlh of eacli zone dnrintr

a dcfinile space of time.

The rate of growtii of the lowest zone of tiie stem is given in llie cm vc on

llie lel'l, and that of tiie uppermost zone on the right.
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'/I'llDl/is ill/i/llil .MlI.I.KK. (Jli'Dlillis ri'Ctd Ll.N.N., /JtCdll/lltlls (r/o-

IiiiIks Lmui.i... Dultlid nir/i(/ji/is Dkss. Pn/i/i/oninii ciisjiKiitiim Sikh.

el Zr( (
, /'n/i/(j(uii/iii S,ir/iii/iiii'iisr !•'. SciiMiD'i' iiiid Sfiiii/tuciis iiit/rr

Linn. iIu> zones Iviiiii helnw ilic ikkIc Imil moreover a disliiictly

slower ^I'dwlli ilian ilie olliers. (See fig. 2j.

Fig. 2. I'ul//y<iiiuiii Suildilinenne V. .Suh.miuv U— 11 May.

Ill iiodi ^irouiis of iilanls in tiie begiiiiiiii^ tlie lowesl part of" each

iiilornoile ^rew fastest wliilsi ihe rale of iirowth near IIm' u|i|ierciid

decreased lill in lln' • iKide-zonc" il hecaiiie \erv sliiriit or zero

(I'olvgonnin).

Afterward llie maximal rate of siowlli was (li>|)l;H'ed to\\ard llie

apex and diniinislied in niafj;nilude.

Tlio zones in wliicli llie maximal rale of i^rowili had la-led the

longest time, dnriiig which iieriod ilii- iiia\iiiiiim in llie inlcriiode

alsd reached ils greatest \alue. increased iniicli more lliaii the iippei-

mosl zones in which the inaximnm lasted only for a shorter time

and in which il was moreover much decreased in intensity.

The dilference hetween the lirsl iiroiip 'Acer etc. and the -econd

gron|) (Clematis elc. > lie- in the rale at which ihe maximnm of

growth tra\els along each internode and the poini of lime at which

it occurs.

In the tirst ;:roiip the displacement of the niaxiiiiiim liegins in a

vcvy early sla^e of de\clopmeiit and the niaximiim is vei'v (|nickl\'

found lielow ihe node. (_)ii the other hand ilii- movement is slow

in the plain- of the second groii]), so iliat for -<niie lime, often indeed

foi- a coiisiderahle time, the uppermost zoik'> of an inlernode show

less growih than the inferior zone.s of the same internode.

Since the dilference i- contined to Ihe moment of time in which

and the velocity with which the maximnm moves in the diivclion of

tiie a|iex, the I\mi groups are not -haiplv dilferenliated. and sometimes

it is jiossihle to obtain a curve of the rale of urowili from plants

in iIk' one ^ronp which agrees with that from the other uronp.

I have not \ el been able to delerniiiu' fnun my observations what

factors may inllneiice the movement of the growth maximnm. When
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the inaxiinuiii vlianced to orciir ju>l iiihIim- iIic iidiIc ami was there-

fore nieasiired in tin- iioilal /.one, llii> /oik- showed the iiia.xiiiiiiiM

growtli.

Tlie ascent of the Z(tiie of maxiiiial

gi'owtli from the luisal porlioii of the in-

leniode now eontinned in llie lowest zone

of the second iiilei'imde up lo the niaxi-

innni rate of growtli of this internode.

In this case I found in hoth inlernodes

one ascent of the I'ate of growth witjioul

diminution in or neai' tlie nodal zone

(see (ig. 3).

Hi(iimh(,i lujudas Linn, showed two

Pig. 3. Sumtnuns niger Li.N.N.^l''f'e''''<' curves of the velocitv of growth,

Mr

Ji-
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reinaiiioil sitiialeil in llif basal inMiion, wlnlsl iii llir ii|i|i''i' |>.u't

growlli (|uicl<lv (liiiiiiiislKMl and wlmllv ceased.

In order lo ()liser\(> well llie nfnwlh of sienis with individualised

interiiodtw, exieinal conditinns niusl lie laMjiirablo. I Idniid that

dnrinii' llio da; s (in w lii(di die leni|ieralnre wys \eiT low (an a\ erajiC

of 10'' ('.) tiie enrsc ol' rate nt' j;i-()\vtli was almost a lioi-izontal l;n(>

with scarcelv any maxima, and this was also ihe rase widi [ilanls

whieli at a higher temperatnre had a sti'onfjjy nn<lidaliii^: eiirxc.

All |)iants, which were t'onnd lo ha\e a lower rale of gi'owlh in

or also nnder the nodal zone it<i which class plants with intercalary

fi;rt)wth also belong) possess coinplele nodes, that is lo say, they

show an external lhi(d<einn;^' round Ihe sl(>ni al llie |ioinl wli(>re a

leaf is inserted. This uiaii ha|»pen in plants with altei'uate leaves,

l»nt it (ilirdi/s occnrs in plants with opposite leaves.

( >n the other hand plants in v\hi(di ill-delined nodes ("iiH'omplele

nodes") are found, show in ihe ^^rovN ing legion a single cnrve of

growth rate and the nodal zones aie not dill'erentiated by a smaller rale.

It is therefore seen from these observations that there is here a

connection between [)hyllotaxis and the distribution of growth in

the stem.

With regard lo the strnctnre of the stem three theoi'ies are chielly

put forward. Next to the view that Ihe leaves spring from the stem

as independent organs (Strobihis theory) stands the phvlon theory,

which declares that Ihe stem is composed of die basal parts of the

leaves (Goethk. (j.vuduh.mu). Cki.akovsky 'i expressed this view in

his canlome theory.

A thiril opiiuon regards the interior of ihe stem as an axis round

whi(di there is a lav er of leatlike origin.

HoFMf.isTKR regarded this development as oidogenetic, whilst

PoTONiE ') thinks that it has taken place phylogenetically. The pith

is accordiiiii to I'otomk the |irimeval canlome, lound which origi-

nally x\lem and phloem have developed from "leaf feet" (phyllo[todia).

Ckl.vkovskv's theory as also those of Hoi'.MKtsTi'.R and PoTONiii,

holds that Ihe surface of ihe stem is comjtoseil of parts whicdi belong

to Ihe leaves lying above il. L)ki,I'in() 'i has callecl these parts "leaf-

feet" (phyllopodia).

') Celakovsky L. T. 1001. Die Glieileiung iter Kaiiloiiio. Bot Zeiluug u9er Jalirgaiig.

2) PoTO.NiK H. 191-2. Griindlinifii liei- Pllaii/.en. iMorpliolugio iiii l/ichte der PuUic-

onlologle. Jena.

') Dkli'ino. Atti dflla rcule Universita di Cienuva. \'ol IV, I'arto 11, 1888.
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111 |il:iiil> Willi iiiiMiiiiik'lL' nudes llici-f is toiiml lo llic IcCi ;unl

riirht (if tlio piiiiit of atlacliiiieiit i>f ilic leaf a» area wliii-li belongs

lu a leaf plared aliove. therefore tliere are two dillereiil |plivHo|iodia.

Wiieii we now assume that in jilaiits with alternate plivllotaxis

(incomplete nodes) the phvllopodia tiiemselves are siibjeet to the

same frrowlli as is also to he seen in the node of (he stems with

complete nodes, then parts lia\ iiiu a dilferent rate of j^rrowth will

lie adjacent.

The (piesiion now arises, how in that case will the rate of >rrowlli

he distributed over (he whole area of growth, when according (o this

sii|)|p(i<iiioii each i)iece of the stem has the average rate of growili

of its conipDiieni jiarts.

lii order to trace this 1 have made a calculation for which the

known rate of growth of the stem of Pohiijonnm was chosen as (he

startingpoint, becanse iiiifiiindcs of lliis plant are verv markedly

individnalised.

I assumed (hat each leaf only siirronnded a tilth jiart of the

circnmference of the stem and that the leave were displaced along

the stem to the jio-ition '

From the a\ crage> of ilie rate.-- of gi'owili of the live zones thus

situated at the same height I olitaiiied a regularly ascending curve

with a short descending biaiicli.

lis course agreed wiili llu- curxi' for plaiils wilii alteriiaic phyl-

lota.\i>.

Allhongh I do not -cc in \\\\^ any |iroof of (he theory that the

stem inav be coniposcd of leaf vases or may be covered with (hem,

yet it is clear in either i-ase that (he observed manner of growdi

is iioi inconsistent wiili this.

If this llieoiy is accepted, there is moreover agreement between

the growth of plains with complete nodes and those with incom-

plete ones.

FiiialU I should like to pniiil diit that 1 have observed in one

plant, namely, (lliihio IiUvIki Ijn.s. a dilferencc in growth between

three stems, which were in the light and three which grew in the

shade.

The luindu'r of my observations is too small to warrant any cer-

tain conclusion, bui nevertheless 1 consider 1 have observed that the

grea(er increase in length of the shadetl stem must only be allri-

bn(ed to a slight e.Nlenl In the greater rale of ^inwlli. but was more

especially due lo a longer region of growth, liial is lo say, each

/.one grows duriug a longer period of time.
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Physics. - " l''rji,Tinii'itt<il iiirt'sfi(/ii/itiii.s conrcDiiiii/ tlw inisrl/iilifi/

of liiiuiih lit /n-f'xsnrc.'i ii/> to '.M)Oi) iitiiiosp/wrcs". Hy I'rof.

I'll. l\<)ii\>T\\i\i and l>r. .1. Timmkumans. \' an dku Wwi.s
I'linil rcscai'cher* N". 4. (('(iiiiiiinnicuk'il by I^rof. \w iii'.ii \V\ai..s).

((.loiiiinuiucuU'd ill till' iiiccliiig ol .Ndvemliei' HO, HM2).

§ 1. The iheorL'lii'iil ri'St'arclies (if llie last iVw yeai's lia\i' rendered

it |)()ssiliU' In fi;i\e a comiilete cla^silicatidn (»!' llic diHei-enl t\|ies of

iimnixiiiu- wiiicli are to l>o e.\|iecled. VVhcllicr tliose tlieorelical

expeetatioiKs arc in coiiforniity widi reality could lie ascertained up

to now only for a very limited rejiion, on accoiiiii of the inaccessibility

to experiment of the whole rejiion of |iressures hi;i^lier dian two or

tlire" hundi'ed aiinospiicres. The weilUnown Caii.lktet tubes are

namely useless at higher pressures. We have, therefore, been occupied

alieatiy for a considerable time in devising an apparatus intended

for higher pressures, ami we have liiially succeeded in constructing'

such an a|)[iaratiis, with which we have cari'ied out measerenients

up to 'AOOO atm., and which can probaldy also be nseil uji to40()()

or |Hissibly 500(1 aim.

The lirst problem that was to be sohed was, of course, to render

the phenomena visible. For, to ascertain the critical phenomena of

iinmi.xing, and the phenomena of unmixing in general by means of

other properties than those which fall within the .scope of direct

visual observation, seems liaidly possible. Our lirst attempts to effect

this \isibiliiy by pressing a thick jiiece of plate glass

A (tig. 1) by tlie aid of a niit /I titling round it,

St the steel tube which would then contain

-I the substance to i)e examined, or striclly speaking

Fig. 1 against the packing enclosed between C and .1,

failed entirely. Even the tiiickest plate glass plates snapped olf

y^ against

iuexoral)ly, wlien we tried to screw the nut ligiit enough to prevent

leakage.

Led by Ihe figure that A.magat gives for the apjiaratus of his

"methodc des regards", with which he has succeeded in carrying

out measurements up to JOOO atm., we resolved to arrange the

•'windows" in such a way that neither on Ihe front nor on the

back side iineiiual pressures should lie exerted ' i, but that the whole

1) The "windows'' usfil b\ Ajiagat huv^', ImwL'vor, imt been conslructuil

according to tliis ]irinci|ilf: llicy arc not cones but lyliiulres, llicy Ijear on Ihe

end-plane diieclcd to tac observer ; Amahat uses celluloid packing between steel

and glass. We have, however, experienced that lo leaeli the highest pressures, it

should carehilly be avoided lo make the windows bear on their end-plane.
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pressure exerted l>v tlie licjiiid inside llie tube on tlie "window",

sliould be borne In llie side-walls We tlierefore gave the window

the shape of a 'rnncated cone, the basis turned to the side of the

liquid, and the smaller plaue pai-allel to the basis quite free and

turned to the observer. Tiie eonieal wall must be ground as carefullv

as possible into a steel evlindre with eonieal opening, wliieh is

screwed into llie steel lube of observation. Fig. 2, where li is sueh

a steel e\ lindre, and .1 the glass cone, Will jirobablv make tliis

suffieientlv clear. If the cone -4 is ground with sutVicient care, and

then fastened in li witli a little cement, an absolulelv tight closure

is obtained in this wax ; we have never experienced any trouble

owing to leakage between glass and steel, nor has anv of the glass

cones ever l>urst in consequence of the high pressure, in such

a wav that the li(|uid could i)e pi-essed through those win<iows.

We did meet, however, with other difficulties. Fii-st of all the

difticultv of getting pieces of glass from which the required gla.ss

cones could be obtained, without loo much loss of time. We

Fig. 2.

tlrsl truMl Id slarl iVoui lliick jjlales of plalc glass W cm. thick),

but il a|ipi'ared iuqiraclicable to saw or cut oil such small pieces

(1.5 to 2 cm- area) '), that lliev could serve for further preparation.

We then applied to the "Stichtsclien (Jlashandel" at rtrecht. which

pi'epared oclDgonal rods foi' us, about (5 cm. long and of a iliauieler

of about 1-5 cm. from the iiest plate glass. After these rods have

been cut olf diuihlv cmncal twn cones of :{ cm. the bases resting

1) When till' comis is nwly the basis lurneil to the liquid luis a iliauieltT of

\i III 111., Ilif uIIkt (.iul-iilaiic a iliauieler uf l(i inni.
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;ij,';niisl cncli oIIkt), IIk'.v hvc ciiI i1ii(iii;;Ii in tlip middle; llif iiliuios

of spctioii miisl lIuMi 1)1' ufiMiiid once more <(iid |)ulislied.

A second circnmstnncc wliicli gave rise to dillicullies, and some-

times does so now , is ilic liecominL; o|iai|iie of the cones. If sncli

a cone wliicli lias become opaipie. is remoxed from llie cyliiKlre,

it appeal's that iimnmerahle |)lanes of cleavage have arisen at right

angles to the axis of the cone, so that it can lie easily- Itroken np

with lli(> hand into a Lireat nnndicr of |)lane plates. In coiisetpicnce

of these cracks the at tirst perfectlx transparent cone has become

(piite opa(pie. It appears that the cones hardl\ ever or never become

opaipie with rising pressnre. It is pi-oliably the consecpience of the

com[)ressibility of the steel cylindre. I'his e.xtends with rising pres-

snre, and so the glass cone is driven dee|)er and deeper into the

ejlindre. If then the pressnre diminishes, the cone caimot relnrn to

its first position and is cracked by the immense pressnre of the

steel cylindre. In agreement with this is the fad that in ex|)erinients

at higher lemperatnre the cones become opaqne still more freqnently

than at lower temperatnres ; the ditf'erence of the coefHicient of expan-

sion of glass and steel then acts in the same direction. Moreover by

means of the brass model used for i;rinding the glass cones into

the cylindre, it conld be clearly demonstrated that one of the steel

cylindi'es had widened by use. A cylindre made expressly of speci-

ally hard nickel-steel yielded better results in this res|)ect. When tliiii

was used, the cones were less liable to crack, though even then it

occasionally happened. To protect the window fr(nn injury as much
as possiiile it is also desirable to dinnnish the |)ressnre as carefnllv

as possible; a rapid increase of the pressure, on the other hand,

rarely, if ever, gives rise to an accident. Though this cleaving of

the cones perpendicular to the axis continues to be a drawback,

because the preparation and adjustment of new cones always remains

a rather lengthy work, the observations themselves are not disturbed

by it, if only the experiments are made as much as possible with

rising pressure, and decrease of pressure is effected w illi the utmost car'e.

At present the appai'atns cannot be used for temperatures much
above 70'; the ('ailletet cement with which the windows are Ijistened

into the steel cylindi'es, melts al liial lemperature, or at least rapid I v

dissohes in llic lii|iiid which is in the ju'essure lube. First of all

this remlei's the liipiid turbid, but uiorec)\ei' it gives rise to leakjiges

and breaking of the windows, w liicli are now directly pressed against

the steel. We are now trying to lind iiicaus lo ajipU the windows

al.'^o at higher temperatures. As lo the liiiiii of pressure, we think

we ha\c lo li\ this for ihe present al about 5001) atin.
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^ 2. A ^ecomi coiuiitinii wliicli tlic apparatus has to fuKil. is ilii-;||iat

the mixtures wliicii are to Iteexaiuiued. rau he propeilv slirretl <luriug

the experinieut. Of course tiiere can he lunpiestiou of an electromagnet

stii"rer insiiie the hea\ v steel \essol. Tlie ilifticiillv >ceiiie(l the greatei' as

(luring the experiment, and >o aixi (luring the stirring the steel

vessel, which itself is already verv heavv, has to remain connected

without leakage with the compression pump and the manometer.

We have (inall\ succeeded in tinding a construction meeting all

demands: it rests on the fnilouing consideration. The pivot of a

high-|)ressure cock may lie turned round, without giving rise to

leakages: we can just as well keep this pivot still, and turn the

rest of the ajiparatus nnind it. Siippo-e liie inlet lube, wliicli con-

nects die vessel of oi)servation with |)ump and manometer, at the

place of this pivot, and arrange the connection in such a way that

the observation vessel can turn round this inlet tube as a pivot, then it

inu>t be p(issil)le to In-iiig about the most efticient form of stirring

viz. turning upside down the wliole contents of the vessel of observation.

This idea is realized in the construction represented by tig. 2. C
is the inlet tube of the coni|)ression pump, it has a diameter of about

1.") mm.; the .iperture is about '2 mm. wide. -I iiroloiigatiou /.)M

can be screwed on !o tii':' tube ('. by whicli a projecting cone is

])resscd against a conical cducaviiy of (_\ In this way a steel-to-steel

closure is oblaiueil. which is (piilc light e\eu at the liiglu'st pressures.

As is shown in llic liuuic, lli(> piece /) piei-ces with ils carefully

linished and |iolislied jiart ihrougli ilic packiiiii E. which is enclosed

between two rings, and can be Screwed so lightly by means of the

gland /" in counecticni with the llange (r, tliat leaking along this

packing is prevented, though the pieces (r and / with tiiis packing

can still turn round /)(' us pixot. To prexent /)(' from beingpres-

sed outside through the ]U'Cssure on the end-plane of I), l> is kept

in its place b\ a gland H, a ball-bearing adjusted between IJ and

H makintf it possil)le to screw H sutliciently tight without making

the friction between I) and // so considerable that it wduld hamper

the rotation. The tiauge <1 is now again pressed against the obser-

vation vessel L by means of the bolts A', whicii pass through it,

and which are screwed into ilic observation vessel A, and the nuts

}f. In this way the same stcel-to-steel clusnre is applied as between
(' and I). I'.\ means of ilic handle .\' the pressure vessel L can,

when c\er\thnig is uidunled and put under pressure, be rolateil,

') Tills tubi.' is only IJ iiiiu cwlciuuliv (ami has in correspiuuk'nce with tliis

also a sdmewhal smaller opening than (.1) to make the pressure on the ball-bear-

ings as small as possible.
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/) (
' iv\\\;un\\i'^ in \\> li\ril |)osiii(iii. Tliiis ||ic Iwo [iliuscs ill ilic filass

tiil)c (f cliaiiiic placfs, |ias>iiiu lliri)iiL;li cacli otlicr ami liocoiiiiiig

|ii'iri'cii\ iiii\('(i.

'I'll!' IimihIIc X iMiiiiiil lie (lii-ccil\ ra^lcncil lo ihc slrcl oliservalioii

vessel /,. I'liis \i's-.i'l iiiii^l naiiicl\ lie sm-fdiindcil li\ a lliiTiiiostal.

(^nito apaiM i'nnw liiuli (ir lnw ii'ni|i(M-a)iirt's. wliicii wiiiild maUc il

(|iiit(' iinpossihlo, il wdiiid lie iiicniiv (iiiciil I'vcii al llic lciii|icralnf'.'

iii llic nidiii w licii llic liainlle A' was i/i.f/dc lliis llicniiosial. Tiiere-

I'orc llic ((iiiiK'flidii (if llic (iliscrxaiidii \esscl /, willi A lias boon

oll'eclcil as fdlliiws. Tlic roil /' cdiiiiocled willi ilic handle drwiiicli

onlv |iai'l has hccn drawn) passes closclv lillinn- llii-diinli a stiil'Cmg

1»0.\ (iidl drawn in llic lijj,iirc in Ihc wall ot' llic ihernidslal, so that

P cai; still he nidvcd forward and hackward and rdtaled in the

tlierinoslal wall. The rod /' teriiiiiiales in a fork (^». wdiicli in the

|)osi(ion <lrawn in llie liiiiiro encloses a |iin A', which is rigidly

attached to tiie llango (r.,, whicii like fr, is again liiiidiv coiinocted

with /, liv means of liolls and mils.

Sd in the |>dsition I'eiiresenleil in ihc ligiire /> can lie rotated liv

/'A'; if /" is drawn hack in the slnfling box of the w all of the llier-

inoslal. /', and louclhcr with il llie Ihcrmoslat, gets (|nite clear of

R, (,',, and A.

The whole arrangemeiil is fur-

ther eincidated hv tig. 8. it e.\hi-

bits the large Sch.\ffkr and Biden-

BKRG hydrostatic press for 0500

atinosplieres. belonging to the v.ax

DEK W.\Ai.s-fniid with the mano-

iiiefer standing on it. The pump
is also connected with the large

pressure-balance (not drawn) as a

control f(U' the manonielor. One of iis (K.j hopes soun to give a full

description of these apparatus in cdiineciion with other experiments.

The [ti'ess is in connectioii with the tiibi' conduit CY'^ Cj. '"''"m \vliicli

it can be shut olf if iiecessaiv, bv means ot' the high pi'cssui'e cock

y. There arc two couplings .S', and S^ in this lube conduit, to which

we shall preseiiilv reiiirn. Inside the thermostat ^7 rests on the bear-

ing r,, which in its Inni rests on the liollom of ihc sheet iron

ihermoslal. Tlii> bearing at the same time fixes the lube (
', so (hat

the tube is |uc\enlcd from turning round willi the vessel A. .V second

bearer \^., supports the rod /', which is alreadv known to us from

tig. 2. Kig. 'A also ilisjdavs ihe stuffing bo.x in the wall of the ther-

mostat through which /' passes. The thermostat is represented in

Fig. 3.
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sei'liuii, till- uliser\:ilioii vessel is sn|i|K)seil in a |>osiii(iii tliat the

\vin(Ki\vs II are Imri/.oiilal hence Iniiied ihionj^h IMl'^ compared with

lif!;. 2\ the posilimi in which liic iili>ci\ aiinns are made. Tlie i|iki-

(h'anjrle in the lifj;nie represents a jiiass window in the l)ack wall

of the thermostat not to render the (igure loo indistinct it lias been

drawn ninch larger than it is in reality): of conrse a )j;lass vvindow

in the front wall corresponds wiiii ii. The ihrrnmstat has a capa-

citv of + 40 L. . it is provided with a vigorons siiriing-apparatus

ihermorefinlator. and Ihermoniclcr: ii re-|s on a -^nlid staml of L
shaped liar-iron.

The conpling .S'l is of no importance fnr tlic e\|>erinicnts de-

scribed here; it onlv serves to make il possible if reipiired to

connect the press with other condnils, and if necessary, to (dean

the tubes. The coupling .^'.j, on the other iiand. is neces-

sary for the tilling of the apparatus, as u ill ap|tear when

the tilling is desci-i'ne<i. I'm. 4 gives a section of these

couplings.

.At the lops of the tube> l\ and (
'.. two cones />>, and

//. Iia\e been scrcwi'd, which cxhiiiil again two cones

titling into each other at thcii' ends, lly means of the

glands /i', and A', with he.vagon, />, and /J., are pressed against each other,

and a steel-to-steel closure is again reached tight even at the highest

pressures. It is preferable to take the screws with which />, is

fastened lo (\ ainl I), to (
' , for such couplings willi lel'l-handed

thread, thai when II, and A", are lightened, />, and I)., are not

unscrewed, but on tlu' contrary, are .screwed tighter.

In connection with the melliod of (illing another jiariicular of the

apparatus deserves being mentioned, w liich appeais fr()m tig. •">. This

Fig. 4.

Fig. 5.

figure ])resents a side view of the observation vessel, a section ot

which was given in fig. 2, \\illi the parts in connection with it,
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(111 \\\v Mipposilioii, li(i\ve\('i', tliut llic f^kiss wiiidcjws ui'e ii{^;iiil

liori/.oiilal iiKil \ oi'lic.-il, as in li;^. 2, l)iil in the same |insitinii as it

is re|treseiil(Ml on a small scale in liu'. ii). Sd .1 is a^^ain the f^Iass

wiiiddw ; ilie olliei' paiis Ion, I'or so far as tlioy are \isililo, are

denoted by (lie sani<' Iriieiv-. jl is clear from the (iiiiire tiiat besides

the main condiiil, m whicii llie observation lnb(> () lies, and tlie

branch coiKbiil, winch coiniecis (his main condiut with /)C, there

is anoliier bfancli condnil in the observation vessel />, al right angles

to the two lii'sl nienlioned. This bi-aneh eondnit is nsed I'tw the

fillin"'; it is then closed I i\ tmn t()|»|ie ir. whicli is aKaiJi

Fig. 6.

provi<led with a cone, and which is pressed against the vessel L
widi steel-to-sleel closure b\ means of an o\al llange (i\ laid (jvcr

this cone, with Hie mils and bolls belonging to it. 'I'liis ciosnrc is fni'ther

made clear by lig. (i, where the llange <i, is

re|)resented seen from aliovc, the line z^/^' corre-

s|iiiiidinL;- wiili ZX' of lig. 2. Fig. H also shows

"the general form of the llange plates fj". Fig. 5

linally shows ihe oclagon L, . . . L^ of the

oLiservation \essel A, which serves to li.\ the whole piece siitHiciently

lirinly \vlien Ihe steel cylindres B are screwed into it, whicli

cylindres themselves ha\e of conrse also a hexagon. The closure of

Ji on /- taiies of course again place sleel to steel by means of the

raiseil hardened rim of />, which tig. 2 clearly shows in section.

We will avail oiirsidves of this op|iorl unity to express oiir indeb-

tedness to the insirnmentmaker of the Van uer W,\.\i,s-fnnd. .Mr. ('.

H. STnvKNRKRi;, for his intelligent assistance in the coiistrnclion of

this apparatus, and particularly in Ihe grindinu' of the windows.

§ li. Description of the observations.

When the apparatus described in the preceding |)aragraphs. is

used, care should be taken in the tirst place that the composition

of the examined mixliire (kies iiol change, and thai no impurities

can a[tpear, which nught have a prei)onderating intluenvv on the

course of the phenomena. This result may be attained by enclosing

the ndxtures to be examined in a glass tube, closed al the two ends

and proxiiled on llie side by a capillary (tig. 2, (f) as long as

possible, which causes the pressure on the liipiid inside to be the

same as that on the surrounding liipiid. This tube has beforehand

been filled with a mixture of the required concentration, that of the

critical endpoint.

Then the steel tube C is disconnected at X, being connected with

the (ibservalioii vessel L at the same time. Now one of the two
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\viii(l(»us .1 Willi llic fvliiulrc /< i^^ screw etl on, ami tlic ^Inss tulie

is plared in llie vessel L. After lliis lliroiiu:li (he oilier wiiulow

opeiiiiiji, llie vessi'l h is Ulled uiili one of (lie eoniponeuts. till ilic

li(|iii(l begins to How out at Nj. The lube C is then elosed at .S', bv

means of a w ooileii peg, the second window is screwed on, and at

last the observation vessel [j is quite tilled with li-piid llirongh the

conduit leiniiiiaiini; at IT liu. 5). Then 11' is closed. Heforehaiid

the tube conduit CA\ has been quite tilled with inerciirv, which

has been poured in al N„, to prevent contact of the observation

vessel A wiih the oil from the press. 'I'he wooden pet; is ipiicklv

rriiio\('d. and the conplin;;- al >'.. is eireclcii. Tiie sleel tube f" being

very narrow, only very lillle. if any li<piid, <'si'a|i('s. Tlius ilu> mix-

ture under e.xainiiialioii is quite guarded against the inlluence of

contamination, and its coiiceulratioii changes but exceedingly littie

on acconnl of llie slight coinpressibilily of llie iinestigated liipiids,

while lliere can liardly be any (|ucsliiiii of dill'n^iou tlirougli llie

iiarro\\i capillary in the course of the observations. Mcn-eover a slii>lit

change in the coucciilialion coiild not exert ar. appreciable inlluence

on the results on acconni of the greatly flattened shape which the

li(|uid-li(|uid plails al\\ay> seem lo |ii'e>eiil.

When the lilling is tiiiished, the thermostat is put in its place.

An inti'iise metal wire incandescent lamp of 300 candles is placed

behiml the window in the back wall. In this way, the mixture,

particularly the place of the meiiiscns, can be very clearly observed.

We have confined ourselves in this investigation to plaitpoint obser-

vations, as criterion the same phenomenon was taken as was also

used by one of us (7Vj in his observations in C'ailletet tubes '); while

the pressure is kept constant, the temperature is slowly made to

oscillate round the plaitpoint temperature, the liquid being contin*

nonsly stirred. The temperatures are recorded at which the turbi-

dity res|i. the transparency sets in, and the mean of all the obser-

vations is taken as |)lailpoint (emperatiire. Proceeding in this way

temperatures of imbidiiy are always obiaiiicd which diverge only

some liuiidredlhs of degrees when the e.X|)erinieiit is repeateil. ll'

may also be a>siiiiied that the Icniperaiiire of llic inixiiire follow^

that of llie thermostat very closely. Uw also llic mean of the lenipo-

ratures of iiiiliidily dexiales but a few liiiiidreiillis of tiegrees from the

mean of the temperatures at which transparency sets in in general.

This circumsiance proves at the same time that equilibrium is j)ro-

|icily secured by llie constant stirring of the li(|iiid. This was

fiirllier conlirmed when a glass ball was placed in the glass tube

1) These Proc. XIII p. 507.
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l> Tliis wdiiM lia\o III iiiaki- tlic iiii\iiiu slill iiioi'o llioroiit^li, it' possililc

l)iil il (lid mil ciuise lia' slifilile.^l ciiaiijii; nf llic |iiail|K)iMl t(Mii|)era(iiri'.

Tiic criiical iilionoiiionoii prcsorves ils cliaracloiMstic iieciiiiar'ities

ami llif saiiir inlcii-ii\ ii|i lu ilic lii^licst iirosiirc- llial wo iiave

exaiiiiiu'd, wliicli l)ears t'lii'tiier witness lo ilir fact llial llio piaitpoiiit

coiK'Piiti'alidii cliatiax's oiilv \ci\ liltio, so liiat il remains liie same

ail over liii' cxtcnsiNc raiiuc u^ incssurc and teMi|)t'ralure considered

liei"e. in lln> il is alisoliiiclv i-(M|iiircd In liee]i tlic pressin'e per-

fectly constant diiiinii' the measni'emciils, as otherwise the van DKK Lkk

eliecl ') would disturli the ohservalions. It is forlnnately, however^

easy to distinii'iiish whether the cl(iudiiie>s which appears in the

liipiid. i> the con>e(|iieiM'.' nt' llie >low cooliii;^ of the thcrinoslal or

of an aliriipl coolinu' which lakes place in the examined liipiid

itself owiiiii to an exjiaiision In deerea-^e of pressure. In the

former case, nanic|\ , ihe cloudiness lie.nins on the outside, and

[)rocee<is towards the ceiitrc, whereas in the latter case il arises

in the cenfre, and spreads from there in all direclions. The sen?i-

tixity of ihe \\N DKK IjKK ellbct in these cii-cumstanees shows that

the iMpulilii'ium (d' pressure between the manometer and the liipdd

itself sets in almost immediately. .\ last proof tor the accuracy of

the measurements in the new apparatus is allbrdeil liy the comjia-

rison of the results oliiained in ihi^ way at low pressure with those

obtained in Cailletet tubes.

Some values will give an idea of flie attainable accuracy.

a. The plail|ioinl temperature remains constant, also after the

mixture
i nitrobenzene -|- petroleum i under investigation has been in

the apjiaratns for two days, under pressures up to moi-e than 501)

atm. As a mean of ten measurements 13. "95 ± 0."0t} was found.

//. I'he plaitpoint temperature remains coustani when the experi-

ment is repeated with dillerent lillinus.

Water -|- trielhylamine, critical end-poml J.s."35 and J<S."3(-)

The same system in a Cailletet tube yields 18. "33

c. The increase of the plaitjioint lemjieraiure per atmosphere is

tlie same for dilfercnt tilliiigs, and also for detiM ininalions in a Cail-

letet tube. As an e.xam|)le we take the system cytdohe-xane -[- '"lih"*-'-

dt— between 1 and 20(1 k.g. per cm.' vields -j- O.OOti/
<lp

in a Cailletet tube was found. -f" "-(^^OGG

1) These Pi-oceediugs, Xlil p. 517.

67
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dt

dp
between 1 ami 1000 k.g. per cm.- yields

for the tinst tilling

for the second fillinit

+ 0.0078

+ 0.0079

Tlio lemperatiire deteruiiiiations were made wiili lliennonieters

compared witii standard one.^ tested at the Reichsanstall ; the mano-

nietrical delermination,- were controlled with the large pressure

balance') of the \an dkk W.\ai.s fund: the observations are accurate

to about 10 k.g. and 0.°05.

The substances used in these experiments, were itlentical in pre-

paration and properties with those used by one of us (T.i on a for-

mer occasion'); only the decane (di-isoamyl) and the tri-etiiylaniine

have been used here for the first time. These two substances have

been purified by fractional distillation (the tri-oihyjaniine over sodium),

they presented the following physical constants : Freezing point

:

necane — 52^5 Triethylamine —114,75; boilingpoint lt5(r,05 ±0.10

resp. 89°5 ± 0°02 ; <l(r/'i^ 0.73852 resp. 0.74585 ± 7.

It may finally be mentioned thai all the observations have been

made by one of us (T.).

^ 4. Results obtained :

TABLE I.
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TABLE IV.

American petroleum ') + Nitrobenzene

dt

P T
dp

1



KKii]

•If

Im'Iwci'Ii 1 ;iih1 2(Mr;lllii. (I dOlIC iii-li_Mil of H .IIOUT

'I'lic I vclulicxiUK' Milulilics at 42
J.")

iiiHler I'idO aim. ai

iiiidcr I ••iliii. ~ + OMt.Sti,

r.i

./,

TABLE VI.

Water -|- tri-ethylamiiie

p
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point joins tliat inoreediuj;- tVoiii the upper end-point. For llioniili

i.'.g. at 80° tlie niixtuiv. lu)nu)ueneon> under a piessni-e of JlOd kg.

|)er enr. hceoinos tuiliid when the pressni-e tails to lU.S."i k'^. per

t-m". tiie picssnre must be lowered to 1075 kg. at 86°.o to reaeli the

heterogeiieon< region. ^loivover a mixture homegeneons at 8G°5

and 1075 kg. unmixes no longer on /icdtiiii/, as it did before, but on

cooling: on further eooling, if tiie same pressure is retained, tiiiallv

tlie liomogeneous region is again readied.

In the la^t-inentioned system llic observations were less aecnrate

than with the others, l)oeause (he critieal . o|)aleseence is almost

entirely wanting, and tiie indices of refraction i><' the two phases

are iiearh ihe same: we ihink. however, iliat we are jiistilied in

accepting tiie above results with certainty, at least as far as the

general course is concerned, because also another tilling, with a

somewiiat dilfcrent concentration, gave analogous results. Here too

the highest pressure for which there wa'^ still (juestioii of unmi.ving

is about 1100 kg. jier cm'; the piailpoiut then was at about 80°;

aliove thi^ temperatun' the windows became 0|)aquc.

§ 5. Summary of the roulls.

Tiie preceding dclermination- -uflicii'.jly |iio\e the eflicitMicy of



Ilie fiixcn imcIIkkI. Tlie inalcriai ol' ()h>cr\ alinii rcrdnli'il in ilic lalilfs

gives rise to llie followiiifi- remarks.

1. The systems formcil l)\ nilidlicii/ciK; aiili a ii\ drocarlMiii re

iiol siin|)le casi's of rclrciit as we iIidiiliIiI al lir^l ; nii ilic roii-

li'iirj tiiev represeiil cases in wliicli the |)iuil is split ii|i, and liehiij;-

to case HA, in ret'erence to wliich we hail to state in i!)()i) that ue

had nol toiiiid an exaniplc (d' il lor ndiinal snhstances, and ahoid

whose |i(issiliilil\ t'or ahiniiinal snli^lances we then \enlnicd to

pronounce an opinion oid\ with the greatest reser\ation ').

This conclnsion appears with perfect certaiiitv lyr the s\ stem

iiitrohen/.ene -{- decane ; the critical end-point (meeting of three-

phase Hue and plailpoinl line) lies here on a luaiich of die plail|ioinl

'It 'It

line wilh negalis'e ; if the [ilaitpoiiit line is piii'sncil fiiilhei',

•h' 'h'

becomes zero, ami then p(isiii\(>. Accordingly ihe plail|)oinl line

passes llirongh ;i iniiiinnim. and this niiiiimiim is e\|KM-itn('ntaily

realisable: tiie bratich|)lait exhibit a point where Ihe (dosed portion

gets detacdied, a homogeneous double |ilailpoint, and this lies in the

absoiniely stable region. The (|uesliou pro|iosed |i. 4(l!l of the l-ehr-

biich der Thermodynaniik ') has, therefore, been answered in the

affirmative Iw experiment.

It in this connection the closely relateil system nitrobenzenediexane

is considered, it ap|)ears that it is only owing to an accessory cir-

cumslance thai the homogeneous double plaitpoint cannot be realized.

l'"or here too is neuati\e in the critical ond-ooinl, but this negative

value becomes smaller and Mnaller; but Just before il has become

zero, further investigation is |)re\ented by the appearance of the

solid phase. So tl:e plaitpoint line Ijecomes melastable by its meeting

with the threephase line s(did -(- two liquid phases; we have again

a critical end-poini,- but now ihe ci'ilical point of two •• satnraled

solnfions".

The system pelroleum -|" nitrobenzene — if \ve may ccunparc il

for a moment in this conucclion wilh a liinary system — no

more belongs to type MA, but to type 11-/. In the critical end-point

'/'
.

is here positive, Ihe plaitpoint line is inlerNCCted by the lhree-phra.>e

line above the liomogeneous double plailpoinl: hence the latter falls

') These Proc. Xll p. ^4:j aii.l table at p. 239.

*\ loc. cil. p. I'i:!.

*) Va.n i>kr W'aai.s K<)H^^T.AMM, Vol. II. Leipziii-, Bailli. 1912.
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ill llio inelasUil)le region inside llie transverse plail, ami tni- this

reason oannol he realized c.vperinientallv.

S(p we liavo now reali/.ed li'e siicccssidii wliicli we su|i|i(ised

|tiissibIo ill iMir lirsi ediniiimiii'atidii • tor tlie system- iiropane -|-

metlivlaleolioi, l-ohMtaiie -|- ineiliylaleoiiol. |)eiitaiie ' -\- iiietliylal-

ooliol, lait alioiit wliicii we could then only |n-ononnee a i;iiarded

opinion in the abseiiee of fnrtliei- e\|ioriinenlal material to prove tlie

point. We now hope bci'oro loim to l»e able to ascertain also for

(lie system propane + nieth\ lalcohol whether it really belongs to

ease 11/;, or t* case I.

2. In the second place we have been able for the tir-l tune to fully

demonstrate a ease of type I, with il> i wo ciitical end-|ioints /-'and 6^,

and its niaxiinnm piessnre E'j. The system w aler-mrihylethylUetoiie

furnishes an example of this even though we cannot iiuite reach the

lower end-point in consequence of tlic appearance of the solid phase.

So we have a system here for which simply by change of pressure

one passes IVoni a partiall\ niiscible system to a system with complete

iniscibility. So sucii a case, to find w liieh many attem|)ts have been

made, appears really to occur. In how far other systems will belong

(o this, and if particularly liie systems classed up to now in ease I

will appear to belong to IIA. or possibly to a case b/ with a plait-

point line which has a line parallel to the /j-axis as asymptote will

liave to be revealed by fiirlher experiment. In the same way further

ex|)eriment w ill lia\ e to show w liether systems may be found

belonging to type 11//, in which the niaxiunim temperaiiir(> / and

the nuixinnim pressure K can be reached.

') Lof. cil |j. '24i'6.

-) We avail uuiselves of this Tpportunity to rectily a few inaccuracies in former

tables. In the table annexed to p. "I'M loc. cit, for nietliylalcoliol -f isopenlane read:

normal penlane. idem in tulile VI, These Proc. XIII, p. 877. In )lie last table erro-

neously a L (lower mixing-poinl) is added to the system ethane j- melhylalcoliol

;

this should be ouiiltecl, jus! as it is not found in the table of our tii'sl paper.

Finally the said table VI shows an Lv foi- the system ether and water. As the

note of interrogation denotes, we think this lovrer mixing-point by no means

proved. With our new apparatus we have already carried out a few experiments

with the system water -|- ether; they all show ihal on increase of pressure and

decrease of temperature the two ])liases will approa'.'h each other more and more;

they point, indeed, in the direction of a lower mixing-point, but we have not suc-

ceeded as yet in detinilcly ascertaining whether or no this will be realisable on

account of the appearance of the ditl'erent ice niodilicatioii;:. We hope we shall

be able to return to this subject later tin.

We • owe the different corrections mentioned in this note to Frii. 1vuenkn"s

great kindness, w^lio drew our attention to the mistakes made.

3) Fig. 1 1 c.
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Siimtnari/.iiiii we iiuiy stale:

1. Thai \\i' have ;;i\oii an cNporiiiienlal mi'lliitil to determine

|)lail|i()iiils, aiitl other |ihi'iioiiiciia which iiiiisl lie made directly

visible, at iiiiili pressures to an annnnil of more than 3000 altn.

2. Thai we iia\e denionsirated ihai ihe course of ihe theoretically

preiiicled ptail|poiiil lines is in coMcunlance with realily in the systems

under investigation, allieii that the more intricate case of the

spiitliii^-iip of a plait occurs moie IVeipienily, tlie less intricate case

of simple retreat more rarely than was supposed.

Meteorology. — ^'(>n thf IntiTiHuriia I change of the (lir-te.iipei'nture."

By Dr. .1. P. van dkr Stok.

(This communication will not lie published in these Proceedings).

(April 24, 1913).
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Anatomy. — ''(hi tin' ocmrrence of a monley-slit in man." By

1 >r. (". v. VAN VAi.KKXBiK(i. fConiniiiiiioakMl hv I'lof. Winklkh".

(Gominunicatt'd in Die meoling ol' December 28, 1912.)

Il lias lonu' been Uiuiwii tliat under soin(> circnnistances. in

ease of disliu'lianees in ilic (le\eln|tnienl of llic central nervous

syslcni 111' man. a ^lil may oceni- on llic surt'acr n'i ihc ((cciiiilal

lohe vividly rcniindinu of llie so-called monkey-slit of aniiiropoides.

1 commnnicated an e.xample of this fact in a former iiajn'r. ') The

slit then ciiaracterized as monUey-slil, answered to the re(|nircment

that at least pari of its orri|»ilal lionndary (o\er('d coiivnliitions at

the liiitiom of liie slit conncctrd with the jiarilal lobe (operculalion).

Ei.LiOT Smith"; has described the brains of many Euyptians in which

he very often found (70"/,, of the hemispheres) a sulcus sim/nlis sive

lunatus. Bkodmann ') corroboraliMJ this view with the brain of three

Javanese. On the oilier hand Zickkrkandi, ^j thinks that the exist-

ence of a monkey-slit in man is by no means proved. As a

proof he gives a reproduction of .some hemispheres in liis above-

mentioned essay. On these surfaces however — of course specially

selected by Zkkerkandl - Im.i.iot Smith would doubtlessly diag-

nosticate a monkey-slit.

Mow are these contradictory views to be reconciled. We read

in ZicKKKKANDl.'s paper (I.e.): "Am menschiichen (lehirn soil nnr

"daun von einei' Affenspalle die Ivede sein, wenii an der Hemis-

"pharenobei'llache beide Riinder der fraglichen Knrche nutjenender

"Aflens[)alte am Afrenuehirn identisch .sind. Trilft dies niclil zu,

"lieiit eine Furche vor, welclie luir anf einer Seite (hinten) von einem

••(ler (Jrensrander der Aflensjiaile abgeslossen ist, Widirend der aiidere

"(vordere) nicht mehr deni Gyr. aiiuidaris sondern einem Hestandteil

"der Affenspalten<irube ( reberjianuswinduniieir) anjiehort, daun hat

••man es lucht mil der typischen Atfeiispaile y.ii tun."

') VAf. Valkenburg, Surface ami blructiae ol' Ihc corte.\ of a inicrorephalic

idiot. These Proc. XII p. 202.

-) Elliot Smith, Studies on the moiplioioii-y of llie human brain. Records ol'

the Egyptian Govei'umenlsciiool of medicine. Cairo 1'.I04.

Elliot Smith, The persistence in Ihe liunian hiain of certain features usually

supposed to be distinctive of apes. Report of Ihe Rritish Assoc, for the advanc ol

Science 1904, p. 715.

^) Brodmanx, Beitriige zur histologisclien I.okalisation der Cirosshirnrinde V.

Journ. f. Psych, u. Neurol. Bd. VI. S. !296.

*) ZucKERKANDL, Leber die AITens|iallc und das Operculum occipit. des men.sch-

lichen Geliirns. Obersteiners Arbeiten Rd. Xll, S. "207.
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/( ckivUKANDi, sii'uiiniv iMii
|

iliasizcs i\ <lifTereii('<' ln'twccii iiioiike\-

slit -- i.e. llic slil hetweiMi tlii' (t|)(Mculimi (icciititale and llic parietal

{'Oiivolutioii lying t'roiitally Id llie oix'icnlalrd Iraiisilidii-coiivolutions

-- and llio luonUey-slit sulcus — i.e. ilie sulcus lying on llie Itollimi

of the sulc. lunalus.

This diirereiice niusi uiicdndilidiially he accepled, and Id my
knowledge this is done hy the majority of authors (lloi.K a.o.).

It is hdwcver anothei' (|uestion whelher this diiJercnce is really

of such a nature that we shoukl he compelled hy it for e\ei' lo deny

the honidldgi.salion lietween a moni<ey-slit and a very similar

sulcus Ml man. h'dr thai similaiily is even reatlily accepted hy

Zi'CKKiiK.ANDi,, as he admiis the occurrence of "A(i'ens[)altreslen" in

man. Ki.liot S.mitii is of opinion Ihal the dilference is nothing

but a ([nibble of words. Evidently the matter liinges upon the

question: what is in the nionkey-slit-complex the cardinal [)oiiit'r

We have then the choice between the.s7/7 — postulating the existence

of bottom-convolutions and an operculum covering these — and the

sulcus existing on the bottom of the slit, which if there are no

bottcmi-convolutioiis to be operculated, looks like every other sulcus.

In lower monkeys (platyrrhines) and prosimii ') a sulcus is found

that must doubtlessly be indicated as sulcus lunatus whilst bottom-

convolutions, operculation, a propei' "monkey-slit"^) may be absent.

This sulcus lies in the brains of these animals transversally —
often not reaching the interhemispherical fissure — across part of

the latero-dorsal surface of the lob. occipitalis. No other sulcus ends in it;

it lies occi}>ital from the sulcus jiarieto-occipitalis. In some platyr-

rhines (ateles) the sulc. interparietalis (w Inch, as has been remarked,

does not reach the sulc. lunatus) forms a T-shaped extremity, some-

times already indicated in some specimens of lemuridae. I refer

those interested in this prol)lem to the report that will be given by

Dr. AriExNS Kappers in 1913 at the International Congress of Medicine

in London : Cerebral localization and the significance of sulci.

Ascending in the range of monkeys we find that the sulc. inter-

parietalis in kalarrhines has its distal termination in the s. lunatus.

At the same time we find that, at tiie bottom of the latter, cortical

convolutions are hidden; its occipital lip has grown an opercidum.

The most developed katairhines — the anlhro|)oides — usually

') Ziehen, Uebcr die Grossliirnfurchung der HaibaHen Arcli. f. Psydi. Bd 28

S. 898.

-) KukenthaL u. Ziehen", Untersuchimgen iiber die Gro.ssliirnfurclieii dei- I'rimaten •

Jenaisclie Zfitschr. fiir Natiirwisscnsch. Rd. '29, S. I.

For fuithoi' lilei-ature vide Auien's Kafpers (1. c.J.

68*
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show llie bcgimiing of a|>[)areiit return to lower relations, booaii^e

part of liie Iransition-eoiivolutioiis (the first) has beeonie snperfieial.

It is however still separated by the sulc. interparietalis from the

superlk'ial part of the 2"'' transition-coiivolutioi). A similar situation

was to be found in the mirrorephalic idiot described by me in a

former paper (1. c.)- If now moreover the 2"<^ and 3"' transition-

conxolutions become supertlcial i.e. if they pass from the liottom of

the monkey-slit to the surface of the lob. [larietalis, then of the

entire s. simialis-compiex there lemains only the bottom-sulcus which

is then, with regard to its parietal lip, differently limited from wlial was

the case with anthropoides, at least as regaids the region of the

2'"^ and 3'"'' transition-convolution. This is however not always the

case. Also where there is no question of great disturbances of

development, as in the above-cited case of mikrocephalia, lillic hidden

convolutions may be found (vide e. g. some drawings in Zuckerk.xndi.'s

paper I. c). Such brains connect the monkey-slit in a more limited

sense -- as it occurs in anthropoides — with tiie sulcus hmatus

(as with ELi.tOT Smith we best call it) of man. About the frequency

of the occurrence of this sulcus in Europeans I cannot fix a per-

centage on account of my limited material.

In 22 hemispheres of idiots of the Insiiiuie for Hrain-rescarcli I

iind it 8 times. In the brain of normal individuals it likewise "often"

occurs. Elmot S.mith fl.xed already the attention to the brain-jthotographs

of Rktzhs. 1 could not decide with certainty whether, as it seems

to be EiJ.iOT S.Mrm's view, there exists any jireference in this

i-espect for the left hemisjihere.

Notwithstanding all these a,ssertions it is necessary to tix as

strongly as possil)le the diagnosis: sidcus lunatus. One cannot give

a definition of it of uh.io/uli' value, i. e. without involving in it

the relation to neighbouring sulci. As conditions for accepting a

sulcus lunatus I lived in general the following relations and circum-

stances:

1. The sulcus in (piestion lies somewhat cre.'scentsliaped (with

its concavity caudad or more lrans\ersal, not far from ihe pole of

the occipital lobe

;

2. In its lateral part terminates a sulcus, that is often coMuected

with the first tempoi-al sulcus [su/cns ]n-(ielwia(u,'i);

3. More oi' less parallel to it, more towards the front, lies a

I
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Fig. 1.

Occipital lobe of the idiot

sulcus, inio wliicli llio sulcus iiitoriiarictalis tei'iiiinalos (siilc. occipitalis

Iraiisvcrsiis);

4. The occipital oxlrcmilv of llie sulcus calcariuns talis 'wlietlier

bent or not round the nianlle-side) heliind it, and sonu'linies extends

between two sulci occipitales which are found I here (they may be

connected V-shaped).

Fig-. I re|)re.'<ent> an occipital loi)e (of an idiotj

seen from behind on which the abo\e-nientioiied

desiderata have been most accomplished.

'I'lic principal reipiireinenls arc fidlilied; the

situation of the sulci occij)ilalis transversns (o.<.)

and calcarinus (c.a.) resp. before and behind

the sidcus lunalus [Lun) is typical. At the

former llie sidcus inlerparietalis (/.;).) terminates;

the sulcus parieto-occipitalis (po) cuts frontally

from it the medial mautle-side. An indication

Z>,seeii from behind. The of a I'-shape of the occipital sulci (oj between
dotted line indicates the ^vhicli the sulc. calcarinus points, is extant.
direction of the section ,„, , , , i, , ' ,

accordingto which fig.4
^^''' ^"'^'"^ praeb.natus [j>rL) rs distinct, but

has been drawn; for the "Ot immediately connected with the sulc. tern-

shortenings vide text. poralis primus (,',\ All other hemispheres pos-

sessing the sulcus liuialiis have a similar appearance. The greatest

variation exists in the occipital sulci and the relations of the sulcus

praelunalus. .\ll our cases answer to the above-mentioned principal

reipiirements. where a sulcus lunatus was admitted, with only one

exce[)tion. In the latter case (it regards the cerebrum of an idiot,

with a too little frontocaudal diameter; weight of the brain about

1000 grains) the cuneus is very narrow, because the snlcu> calcarinus

has a strongly dorsal direction. I refer to

tig. 2. At the linu'tatiou of the second and

|iostei'ior tliird pai't of the cuneus this sidciis

splits T-shaped. The inferior branch loi'ininates

neai- the occi|)ital pole, behind the sulcus

lunatus, the dorsal branch reaches the medial

mantle-side immediately behind the sidcns

[)arieto-occipitalis; conseipiently not only far

before the sulcus lidanus, but even before jdjot f-F, seen from the ine-

the sulcus occipitalis Iransversus. Vide fig. 8. dial side.

I come to the conclusion that this branch />" = sulc. parieto-oecipitalis

...
, , ,

ca = sulc. calcarinus
must indee.l be reckoned to the sulcus ^ ^ ,„,p,,3 ^^^^Q^^„, (sp,^.

calcarinus, and is not a cuueirs-sulcus nium).

Fig. 2.

Left occipital lobe of the
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li-nniiialinji in 'lit' sulcus calcarimis IVnm llio

fact, lliat its li|is sliow as disiincfly as llie

oilier |iail ol llie siilriis in «|iiesii(;ii a lieaiiliriil

slii|ie of Vi((^ d'Azyk. WIioii iisiiiii' tliis arirmiieiit

we have iiitiodiiced into our reasoning a new-

element of a niieroseopical, anatomical, and even,

^. „ niav he. of a itlivsiolosical nature. Manv ana-

_. ^ ..aoi i^ho tomistH indeed re";ard the region over which
The same occipital lobe

.

asfig. 2, seen from behind; the above-nientiod stripe extends as ihe terminal

sliortenings as above. region of the centripetal, gcniculo-occipital

radiation, the recipient optic cortical-field (Visuosensory ; ('.vMrisKi,!,,

Boi.TON, MoTT a.o.).

Apart from an\ physiological function and even from s])ecific

projection-combinations we may admit in man as irrefutable, that

wheresoever the typical stria Vicq d'Azyr is found, we have to do

with an area of a s|)ecial character, which on account of its peculiar

relations i^in the greater majority of cases) to the limitation.'^ of the

sulcus calcarinas, may be characterised as regie calcariiui. Area

striata (Ei^i.iOT S.mith) area 17 (Brodmann) and regie calcariua are

consequently regarded in man as synonyms. My above mentioned

conclusion that in reality the cuncns-sulcus terminating in the sulcus

calcarinus must be regarded as a linal branch of tiiat sulcus seems

consequently not to be a hazardous assertion.

As especially 1'>kiii)man.n ') has taught us, the area striata (his area

17) extends in the monkey over the lateral surface of the lob

occipitalis (the oi)crculum occipitale) as far as the monkey-slit.

Em.iot Smith stated the same fact in his Egyptians, be it over

a more narrow strip of the region concerned, and he uses this fact

as one of the arguments for homologising his sulc. luiiatus with the

monkcv-slit. This author conceives the connection between histolo-

gical 1\ -characterised areas and brain-suici a little schematically : very

regularly he admits and represents the latter as limits of the former").

Apart from the fact that after the investigations of Bik)D>i.\nn,

C'.VMPBKIJ, a. o. his view cannot be maintained in this form, it

postulates in the case discussed here a couq)lete homology in the

relation between the sulcus lunatus and the area striata in monkey

and man. As appears from the phylogenesis of Ihe sulci there is no

complete i)arallelism between the evolution of Ihe sulci and the

relative migrations of the special cortical zones.

1) Brodmann : Veigleidiende Lokalisalionslelire der Grosshirnrinde. Leipzig 1909.

-) Kli.iot Smith : A new lopograpliical survey ol the huiiian ceieijral cortex.

Journ. of Anat. and Plivsiol. Vol. 41.
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Zikiikn') called alic:iil\ allciilHiii In ilii' ((iiii|iai'ativc slowness. \Villi

w liich ill llie range ut'(le\el(i|iiii(;iil (jf iiiaiiimals snU-i cliaiif^e llioir places.

Ill llie re|M)i'l liial lie iiileiiiis to give (I.e.), ARii';Ns Kai'Pkus

comes oil other grounds to ilic same l)nt more develo|)ed conclnsioii:

sulci arc iikuc coiiMMvatixc thin the ncijililioiiriiig cortical zones.

Wiicre uo see in man the area slriala extending as far as llie

sulcus Iniialus if the latter is extant — we may see in it a very

wclccuiu' ariii'inaiioii ul' the similarity between sulcus Innalus and

inonkey-slil, ascertained hy other methods (m(ii)ihnl()gically) It can

however ikM l)e a point of issue for proving a huinology — in the

way as Ki.i.iot Smith regarded this fact.

As far as the extension of llie area striata can be mapped (jut

niacroscojiically (wiih the hclji ot llie uiagnifying glass) (PjI.liot Smith's

investigation was made in ihi-- way) tiie material of the Hrain-Institnte

does not olfer uniform iiulicalions. It seems that the area striata is

not always dorsolaterally limited by the snlc. Iimatus ; this limitation

is likewise not a sharp one in this sense, that sulcus and area n;ust

join each other wiihoiil any intervening space (in this I'espect our

material correNpniids wiih Hhodm ann's .Ta\anese). The lv|ie oi" the

eellamiiiation offers the same evidence as

iliai (if the extension of \'i({^ d'Azvr's

stripe. Fig. 4 giv'es a i-e|)roiliiclioii of the

latter. It has been made after a .section

somewhat lateral from the place where

ill lig. 1 a doited line has been drawn.

The preparation consequently cuts the

-ulc. lunatns perpendicularly. The letters

placed in the figure render a further

description almost snpertlnons. I only
v = stria Vicq d'Azyr; otiui draw attention to the slight dejilli of the
siiortenings as above.

snlc. Innalus. which is never found in
Sagittal section througli tlie

occipital lobe of the idiot D. anthropoids. In man (our material) this

(vide fig. 1). salens shows a very dillerent tiepth ; in

this respect likewise it seems to show all the transitions between

the aiitliropoid-like state and its total disappearance from the surface

of the brain ; its extremities (medial and laterari are most iindeep.

It seems as if lirst the hidden convolutions, afterwards their

bottom is brought to the periphery; the cortex is "smoothed".

The immediate connexion between area striata and sulc iunatus,

1) ZiKHEN : Ein Bi-itrag zur Lelire von den Bezieliungon zwischen Lage mid

Function im Bereieh der motorisclien Begion der Grosshirnriude, mil specieiier

Riicksiclil auf das Uiudcul'eld des Oibicularis oculi. Arch. f. Fliysiologie 1S9'J, S. 178.
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sIjowm liv EiJi.ioT Smith in his Ejryptians — also cUslim-tlv visible

ill l\'^. 4 - needs not exist in tlic P'liiitpean who possesses this

siilcns. lint it is even impossihle — at all events in the material I

had to dis[)Ose of — in cases where a snleiis hiiiatus is extant

always to ascertain a greater extension of the area striata on the

lateral sui-nxee of the lirain, tlian in cases where no vestige of the

alH)ve inenli(Hied sulcus is to lie found. Of course there is no longer

question of a limitation in the sense of Smith; it is an illustration

(if ilie conservatism of sulci we spoke off above, even of dne ihat

is destined to disa|)pear. 'j

1 have asked myself if there was any connection bet ween the

existence of a sulcus Innatns on the lateral cortical surlace and the

extension of the area striata at the medial heiiiisphere-wall, insofar

as the latter in general is connected with — is dependent upon —
lht> direction and the modus of ramilicatioii of the sulcus calcarinus.

No regularity at all coiilii be ascertained in this respect. A sulcus

Iniiiiliis can be fouml with ail sorts of s. calcar. I gave already

examples of two forms.

1 can add as a tiiird, extreme, form a case where sulcus calcari-

nus and sulcus parietoocci|)italis arc nowhere connected, where a

siiperlicial cuiieo-limbic transition-convolution exists at the point of

the cuneiis. exactly as it is found alinosi always — in anthropoids.

The sulc. lunatus that was here very evident, showed nfl the

above meniioned characteristics. A more or less "anthropoid" condi-

lion of the cuneiis. caused by variations in the direction of the

sulcus calcarinus does however, as it seems, nol always hold con-

nection with the existence of a sulcus lunatus.

In general the existence of a sulcus lunatus is by no means a

proof of imperfect development of the brain in which it is found,

lu noiinal l']uro[)eans it is decidedly frequently uiel with, as 1<]i,i.iot

Smith concluded already from the drawings of others. The examples

shown by me were taken from idiots, because I found in a compa-

ratively little material such strong variations at the medial occipital

surface, each lime with distinct sulcus Innaliis on the lateral one.

It seems probable that dt'fecti\e development may oftenbethccau.se

of these deviations in the tlirection of sulci and convolutions, but with

regard to the many \ariati(Mis in normal brains it cannot be proved.

Whether and how — in a definite case — the existence of the

sulcus Innatus is inllnenced by siieli a "defective development" is a

|)Iienomenon that lies comi)lelely beyond the field of our observation.

') In a case of Anophtalmos there existed a beautiful monkcyslit : the area

striata at the medial brainsurlace scarcely reached tlie occipital pole: calcaiina

extension normal.
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Microbiology. • Mi /iifioiism nf lln- iiifr<i,/,ii iji A.-<ii,:iyi//i(s ni</rr."

liv 11. .1. Watkkman. ( Iciiniiiiiiiu-alcil \>y I'mf. .M. W. liKUKRiNCK),

(Comimiiiicated in the inuuliiig of X.ivemhor 30, 1012).

Ill ;i |uv\i(»iis coiimniiiicatioii 'i I (Icscrilied the ciriMilaliiui of (lie

carlioii ill . 1.v/J('?v//V/».v iiiijer.

Tlic cliaiijii's wliicli till' plastic ae(|iii\'aieiit or assiiiiilalion f|iu)lii'iit

ol' llie carlKin ami liie r('s|iiiali(»ii- or carbonic acid ac(|iiivaieiil

iiniicrwciil in ilir cdiirsc of lime nave a clear view into tlie iiiela-

holisiii. In the heiiiniiiiiii' of the development a great plastic aeiiiii-

valenl was constanllv foniiil, wliicli, however, lowered qnickly,

whilsl the carbonic acid acipiixalent rose considerably in the course

of time.

The ciirvo indicating the i-hange of the two ao(|iiivaIcnts with

time could not l)e ex|)Iaiiied Iw an adsorption of nutrient siil)slancc.

The existence of an adsorption, that is to sa\ , a change of con-

centration caused by molecular attraction of the components at I he

surface of a li(|uid formed liy ihose coui[)onents, gas, etc. and tlieo-

r.'tically foretold by \V. (Tiiiiis and .1. .1. Thomson, has in many case.s

been experimentally conlinned. For such experiments it was desirable

to artificially enlarge the surface, for example by formation of

scum, in order to bring the phenomenon within the reach of the

relati\ely rough methods of observation.

Animal and plant cells present a great surface in relation to tlieir

contents. So it might be possible experimentally to observe the

adsorption by the disappearance of the food from the surrounding

medium.

The above investigation, however, has proved that this is not the

case and the following experiments confirmed this.

A living mould culliire, some months ohl and washed out with

distilled water, ca. 300 mgrs. dry and containing hardly any more

glykogen, was during half an hour shaken with 50 cm' .solution

of 2"
„
glucose, 0,15"/,, ammoniiimnitrate, 0,15"/,, KH.,P(),, and 0,06"/„

magnesiumsulfate in tapwuler. The mould layer, which had absorbed

hardly any glucose from the solution, was then repeatedly washed

out with distilled water at room temperature, boiled for ten minutes

with distilled water, then liltered. The tiltration did not reduce

"Fehling", conse(|uenlly conlained no glucose.

If the concentration of the glucose in the mould were likewise

1) Folia microbiologica, Hollandisclie Beitriige zur gesamten Mikrobiologie.

BJ. 1 p. 422.
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2 '!„, at IccOSt (i iii^a's. slioiil'l liaxe lioeii ruiiiid, a <|uaiiliiv wliicli

ran witli cerlainh' he iinlicaled l»_v "Feliling".

This |)roves tliat iJicro is no question of a (.•uiisidcialile perma-

nent adsor|)lion ai (lie outer surface of liie iirotoplasni, hut that

it behaves more like a sonu-|)ermeal)ie wall towards the {glucose.

The same experiment was ouee more repeated, but this lime with

a 2 7o glucose solution without anorganic substances, with shaking

for two hours. Now. too, the mould proved to contain no glucose.

.A du|)lo-e.\periment ga\e oidy traces of glucose.

Hence the adsoi-ption in A.^^iteiyillu.-i niijer is of no significance for

the accumulation of nutrient substances.

Now it is a matter of course that the first stage of the accu-

mulation i^ an adsorption, l)ut it evidently escapes ob.servation. The

high plastic aeipiivalent in Ihe beginning pointing to an extensive

fixation of carbon-containing material, relates to a further stage

of a.ssimilation.

The food has then already passed into other compounds, c. y.into

glykogen.

If the observations have ascertained that physiologic processes

may be represented by an adsorption curve, this cannot be explai-

ned by accepting an adsorption in the first part of the process but

it may l)e a consequence of what happens in a later stage.

Such an atlsorption curve does not in general represent a simple

process; it is more a combination of a whole series of successive

physical and chemical phenomena.

In the study of the nitrogen it'sidts have been olttained corre-

sponding to those found with liie carbon.

It has namely been observed that also I he nitrogen compounds

iiseil for Ihe nutrition, are acciunulaled in the organism in a way

not yet explained. First I convinced my.self that the plastic aetpii-

valent of the nitrogen at the eiul of the e.\|»eriment is subject to

only slight changes, as is shown in tabic I.

Compare for this nrs. 1 with 2 and ."i, 4 with 5, 9 with JO, li

with 12, 13 with 14. Secondly the quantity is independent of

the nature of the source of carl>on provided the weights of the

moidd be alike. For the levulose wc liiid ilie saiiic numbers as for

the glucose. Lowering of temperature iloes luji 'jirs. !> and 10)

influence the rate of nitrogen of the mould, nor is it changed by

addition of boric acid (nrs. 11 and 12).

Table 11 gives a view of the (piantily of nitrogen fixed in the

mould layer at \;uious periods of development.

After 3 days ihu accumulation of niti-ogen is of impoilance. Ter
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TAIil.li I. FlXAIIllN 111 NMKOlillN I!Y Asl'LKdll.l.l'H NKilK.

50 cm', tapwati'i i), in which dJNSdlved 015% NH4NO3-'), 0.15",, KH2PO1, 0.06"/o

MgSO| (free tioiii water) witli the organic food .tjiveti below. Temp. .3.?'' C.

Nr. Organ, food
Age of tlic

mould

Carbon fixed

in the mould
(in mgrs.).

Particular'

1,2,3
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TABLE 11. Metabolism of nitrogen.

50 cm^ tapwater, in which dissolved 2 pCt. glucose (free from water), 0,15 pCt.

anitnoiiiiim nitrate, 0,1 pCt. potassiumchloride, 0,05 pCt. crystallised fosforic acid
,

0,1 pCt. cr>'stallised magnesiumsulfate, 0,1 pCt. calciumnitrate (free from water).

Temp. 34° C.

Nr.

Days ! Quantity of

after nitrogen fixed

inocu- in the mould

lation in mgrs.

Growth and

Reaction of the culture liquid

with

spore formation '
).

^essler
Diphenylamin-

sulfuricacid.

2. 3. 4

5

6

1. 8

9

10

11

3

4

5

7

9

15

18

19

19.3



'I'lic liicl;ili(ilism nl' ihc inlniucM coitoiioikIs IIiiis \\i liolli casCiJ

Willi lliiil III' llie cai-lKiii, iiaiuclv a l•oll^i(i('^al)le accimmlalioii at (ii-st.

Nil

^1

^^^

/cr^ryt <*y ^ /^/t^.^ t /^lic-^ ,

/ /. '^s
/^/ ' .-^ 7"

-«£_/,.-

/ ""^' ^̂

l-'i'5'. I. Milabnlisni ol' llir niliuLji'ii ; 50 cm^ tapwalur in wliiili dissolved 2 »/»

glu osi' (free IVom waler), (-I,!")"/,, ainmoniiimniliale, 0,1 '\ „ polassiimicliloiido, 0,050/^

crystallised fosforic acid, 0,1 ".'d niagiie&iumsulfate, 0,1 " „ caleiiuiinilrate (free from
water)- Temp. 34° (J.

wliirli (iecreaset! very mucli in llir course of (ime, liiiall\ In reiiiaiii

nearly uiielianged.

Wliereas caibDiiic a^iil is ihe toriii in wiiicli the i-arl ion can leave

(lie organism, the experiments in table II prove that the nitrogen is

exei'eteil as ammonium. The lowering of the nilrogenniimher is

pai-ailel with a I'etnrn of ammonium into the meilinm so that there

is cause to consider, as before with the carhon, the course of the

|)lastic aequivalent of the nitrogen ami of the ammonium ac(|uivalent

in relation to lime.

The decrease oi" the plastic aequivalent of tiie nitrogen is combined
with an increase of the ammonium aequivalent. This view may,
however, give rise to error as to the nitrogen, the ammoninm lieiiig

here a product of excretion, which llktnrisi' is mosilv llie form in

which tiie nitrogen is ^iveii to the organism. By introducing the

nitrogennundier tiiis terror is avoided. When excess of aininoiiiuni-

nitrate is nsed it is chiefly the ammouiuin niti'Oi;en wincii is assi-

milated, as proved before.

In a previous jiaper') was shown tliat manganese does not change

1) Tlio.=e Prdceedinsis, XV p 75:1.
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Ilio iialmv of fho niolabolisin of llic cailinn. Iml doos iiiodirv its

velocily and llial Milisliliilidn (if ridiidiiim lo polassiimi iieillier cliaiif^es

llial iialiiiT. Tliis I liaxc alsd lomid Inio [\>\- ihc iiitrofjen under tin-

iiidiiLMicc (if llic said niolal, as is showji in lalilr III.

Nr. 2. vvlieiv manganese is added, lias a lower nilidiicnniiniher (liaii

1. which is owinji to llic niaiij;aiicsc. The riilrogeniimnlicrs of 7, 8,

and it, arc Inwcr ihaii lliosc of ."], 4, 5. and (I, where no manganese
is added, 'i'hc iiil.rogeniiimilier of 10 is like Ihal of .'5, 4, 5. and (!.

The addilion dl' O.OOI iiiiir. xincsidfalo (ZnS( >, . 7 A(|.) clianges neilher

the niclaliolisni of llie nilrofien nor thai of lli(> carbon.')

Thai Ihe re|(laeinu of |)(ilassiiini In iiihidinin has little inllnenee on the

inetalioiisin of ihe niti-ogen is proved liv coniparin^i nrs. I J and J

2

with ;{, 4. 5. and ti, and 10 wilh |.S. whose nitrogennniuhcrs are

nearly e(|ual.

In the above described experiiiients the nitroiicn in the li(|nid was
of dilferenl nature, bolli in the form of animoniiim and of nitrate.

l''or that reason I repeated the ex|)eriment and used ammoiiium-

ch'.orid as only source of m'trogen. •

V'arious concentrations were also studied. Tlie results are found

in table IV.

From these experiments we may conclude that the nature of the

melal)olism with ammoninmchlorid is the same as with ammoinum-
nitrate. The nitrogennumber, high at first (fi,l), descends rapidly

;

after 7 days it is already decreased to + 2,5, then to I'emaiii nearly

constant. Furthermore we see that excess of nitrogen does not change

the metabolism. All the nitrogen excreted is found exclusively as

ammonium, the sum of the nitrogen in the mould and of that present

ill lh(^ solution being conslanl. The losses of nitrogen which mav
partly be ascribed lo errors in the analysis, are, as seen in the table,

of little import, and partly repose on the evajioration of ammonia.

Thus we see that in Ihe till now examined cases (inuiwnin is u

mtriiKil I'.rcrt'tiou jtroihict in the iniiiilnili.-^in (if .\sjii'ri/l//iis ii/'i/i'r.

After Prof. H('if,skkkn's advice I investigated if this is alw.iys

Ihe ea.se; if also by nitrogen nutrition with KN<>, aminonia is

excreted.

The results of these experiments are found in table V. We .see

from them that also with KNO, as exclusive nitrogen food the

nitrogen is accumulated in the orjiauism, albeit less (piickly than

NT1,,('I <'rr Nil, NO,. The nilrogeniiumber lowers also here

whilst aiiimoiiia ('(unes into ihe culture li(|uid. There are liardU'

't Tlios** PriuMM.M.liiris. XV \\ Tdd.
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Tlii'se results uliicli. :i> experinieiils have provel, hold ;ilso <;ood

lor a tew dlher examineil oriraiusms, show that in the literature tlie

iiilliieiH'e of the adsoi|>lioii is ofieii oveii-ated 'j.

Ill order to test the obtained views ai)ont tlie nietahnlism of the

nitrofren the followin^!; experiiner.ts were made (tahle \\).

The (|iiantities of added aniMioninninilrogen differ verv nuich in

the live series of experiments. In I) there is just snflieienl to satisfy

the lirsl wants 20. it mgrs\ in K was an exeess of nitrogen, whilst

in V, 1! and A theiH' was a delieit of nitrogen relatively (o the

assimilated gliu-ose. Still in 1! and (' the additions were sntHoient to

satisfy the reipiirements of a mature nmuld layer.

In A this was not, liowe\er, the ease and the cpiantily of nitrogen

was even smaller than that lixed in an old mould rnitnre conlaining-

little glykogen and obtained at the expense of iOOO mgrs. glneose.

To this it innst Ite aseribed that (he a,ssimilation of glucose is

slackened. After 9 days 20
"/» is still nniised. Fixation of nitrogen

fron. the air eonld not be observed in this ex|tcriineiit, neither for

A. nor for B or C, whilst yet these series of experiments might in

particular (•(Uiic into consideration for an e\enlnal tixation ofalmos-

phi-ric nitrogen in relation to the inenlior.ed ileticit in the nutrient

solution. In the referring literature, however, are many statements

tending to prove the contrary.

We further see that also the velocity of glucose assimilation in

B is dirtiinished altliousih the general course of the process of nitrogen

fixation i-emained the same; a high nitrogennumber at lirst which

for all the series decreased with th.e time to 2 to li.

The nilrogennumi)er of .A. 15. aihl ('. and in sliulit degree also of

I), '.as in the beginning bound to a certain limit determined by

the added nitrogen and the mould.

Series A has a deticit of nitrogen with regard to the (|Manlil\ of

ii,ssimilabic carbon: series K is characterised liy a delicieucy of carbon

as to the (|uanliiy of lixed nitrogen.

We should still point to the association of the plastic ae(piivalent

of the carbon and the nitrogeiiunmber. If the former is higii this is

also the case with the latter and the reverse.

SvDiwnry.

J. The nitrogen fixed in the mature mould is proportional to the

plastic aeipiivalent of the carbon independently of the nature of

the carlxm cis well as of that of the nitrogen.

1) See also W. Ueindkrs and D. Lely, Tlicso ProceeJings, I'Jli, p. iSl.
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2. The iiitroyenmniilicr. I)v wliicli is mpaiil llic riiliogcii |)0r JOO

|);iils (if wciu'lil of assiniilalcJ carhoii lowers willi liiiio ; for a

iiialmc iiioiiM It is ca. 2 (gliR'Ose or lev nlosc as source of cailion).

.). Tin' melalioii^m of llie nitrogen has iiiiicii rcseiublaiiee lo lliat

of the carbon.

//. Am accninuialioii of carlton is coinhined wilii a high nitrogcii-

niiniiter ; inversely the niadire mould has a low riitrogenniiniljer.

Ii. The nature of the nielaliolisni of the nitrogen docs not change

under tiie inlluencc of many factors : neither is this the case with

the carbon.

c. The velocity of tiie metabolism is sid>ject to great changes.

il. 'I'lie same factors that accelerate the metabolism oflhecarl)on

alst) fui'ther thai of liie nitrogen.

e. Sul)stituti(iu of rubidium for polassiuui is of liiile irilbicucc ou

liie metabolism of the nitrogen.

4. i'lie nature of the metaliolism of [\iv uiliogen is independent

of the source of nitrogen. At lirst the iiilrogennumlier is hiiih,

tlicu il decreases wiiilsi the freed nitrojieu lelurus into llie nutrient

solulioii as ammouia. Tiiis is proved for the cases wheu ammonium-
tiilralc, ammouiumcidorid, or potassiiimnilrate is given as nitrogen-

food. Aspevii'illus iiiiji'r, thus, i-educes nitrates (o ammonia but not

to frt'e uitroneii. ()idy in liie cullure tubes willi a delii'ienc\' of

nitrogen as to the (piaiiliiy of cailiou, no ammonia can return iiiio

the solution as it is directly used for the pi'oduction of new cells.

(>. In tho cases of a delioiency of nitrogen no lixatioii of atmos-

pheric nitrogen could be observed.

Finally my li(>arty thanks to Profe.ssor Dr. i. 1'>oi;si;ki:n and
I'rofessor Dr. M W. r>i:i.iKKiN( k for their valuaiile help in this

in\ esligati(m.

Tfclinkal Uiiiirrnit;/, Oir/anical-c/wmical Laboratory.

Delft. November 1912.

69-
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Microbiology. - •' .]fi'/iifti>lisiii <if tlti> /osfnv in Aspi'iyil/u.'i nit/t'r".

I!\ Di-. II. .1. Watkhmvn. Coiiimuiiicaleil hy Prof. Dr. M. \V.

Bklikimnck).

(Gommunicaled in tlie meeting of December 28, 1912).

Ill an euilior coiiiiiiiinicalioii 1 li;v\e slinw ii lluil llie iiuMalHiiisiu

of llie iiilruiieii in diis oii^anisni is anaidiions lo iluil t)f tlif carlKin ").

These two elements are acciiiinilalLMl in the organism and are

later i)artly cxcreled, the carlion as carlnniic aciii, ilie nilrojien as

ammonia.

We (iiu! besides that an excess of these elemeiils retards the

spore-formation. For the carbon compare tables Wa, 11/.) and III

(p. 451, 452, .uid 4()4 l-'diia inicrdbiolosica) : for liic iiitroiien see

table \'I (Preccdinu; juiper .

I have further found that the ftwfur behaves in tlie same inaiiiier

as the above eiemenls.

Ill the lirst place I ascertained that liie rate of fosfor of an ohl

mature culture of Asperfji/hts n'nji'r is constanl. indeiieiidoiii ^^\ llie

way in which it is obtained.

The mould layer was before the analysis washed with distilled

water and -afler (lryini>- destroyed by strongly concentrated iiilric

acid ill a closed lube. In the Ihiis obtained solution the fosfor was

determined after Finki'-.nkh ') as ammonium fosfor molyinlate (NH,),

I'O, 12 .AloO,. The re.snlls are found in Tfible I.

For shortness' sake I shall as Inr llie nitrogen make use of the

word "fosforniind)cr ", which means the fosfor fixed in the iiiduld

per KM) parts of assimilated carbon. As in the experiments (d' table

1 all the gInUose 'lOOO iiigis.' had been assimilated and this (piaii-

til\- corresponds with 4()(l mgrs. of carbon; the iiiiiiibcr of iii^rs.

of fosfor mnsi lhii> be dividetl iiy 4 In tiiid IIk' losfiniiiiiidier.

As Ihc table shows llie fiisfoniumbcr is for an old nialiire immld-

9 See the preceding paper.

-) Foli.T microbiologic-a (1912) Cil I. p 44-2.

'^) Tiie liipiid containing uminoniiiinnilratc anil the iiilric acid is lioalcd lill llic

lirsl bubbles appear, then precipilatcti willi animoniuinmolyhdale under conlimious

stirring. Tbe prccipilalc is then washed oiil with a solution containing ammonium

nitrate and nitric acid and dissolved in dilute ammonia. To the thus oblaineil clear

solution is added an excess of ammoniumnitrale and a small (|uantily of aimno-

niummolybdale, al'ler which it is again heated until the firsl bubbles appear;

linally hot nitric acid is added under fonliniious stirring. Tlie precipitate is dried

in an :iir cuirent to constant v.eiuhl at ll)U° (l. in a Googh's crucible.
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TABLE I.

Circumstances of cultivations: 50 cm*, very pure distilled water, in which

dissolved : 2% glucose and the anorganic substances

nK'ntioiied bclnw. Temp.: 33° C.

No. Anorganic substances
(NH4)'P04Fosfor inj

Age
I

.r2Mo03 mould !

(mgrs.) (mgrs.) '

f'osfor-

number

8
9

10

0,15"n ammoiiiumnitrate
i

0,05 „ fosforic acid (crystallised) 90 dagen

0,1 „ magncsiumsulfate ( „ )

0,1 „ calciumnitrate (free fr. water)

0.1 „ rubidiumclilorid

0,15 „ ammoniumnitrate

0,1 „ potassiumchloride

0,1 „ niagnesiumsulfate (crystail.i

0,05,, calciumnitrate (free fr. water) 50

0,05,, ammonimnfosfate

0,05,, fosforic acid (crystallised)

0,00001 mgr. : MnCl, . 4Aq

As 3, but instead of 0,00001 mgr.:
0.0001 mgr. MnCl2.4Aq

As 4, but instead of 0,0001 mgr.:
0,01 mgr. MnCl., .4Aq

!0,4
o/,i potassiumnitrate

0,15 „ KHJ'U4

10,15,, magnesiumsulfate (crystall.)

tapwater

/ O.IS"/,, KHiP04

I
0,06 „ magn.sulf. (free from water)

I tapwater and

1 0,087o NH4CI

\ As 7, but instead of 0,08'',,

I
NH4CI : 0,120/, NH^Cl

( As 9, but instead of 0,127,,:

) 0,32 7o NH4CI

30

33,3

32,9

25,2

19,4

23,0

66,8

37,2

25,2

29

28

0,55

0,55

0,4

0,3

0,4

1,1

O.fi

0,4

0,5

0,45

0,15

n,i.=

0,1

0,1

0,1

0,25

0,15

0,1

0,1
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layer rallier fuiisiani so thai in tliis ies]»ect, (no, the fosfoc corre-

spoiuls (]iiite widi the caibuii and nitrogen.

In tlie second |)lace llie action of various increasing- ibslale con-

centiations on the metabolism of Aspenjillus nii/cr was sindied. The

resnlts arc fonnd in tal>ie II. The fosfor was added as kalinnd)ifos-

fate to the nntrient liqnid, whilst I ascerlaincd hy analysis that the

rate of fosfor of tiiis comp^""*' ^^'^s indeed in accordance witli tiie

formnla KH.J^O,.

After one day already, growth was observed in all nund>ers,

except in Nrs. 1 and 2. After (wo days it had consideral)ly increa-

sed in Nrs 4— 18, Nrs. 1 and 2 also showing a l)egiiining of growth.

After three davs the growth of Nrs. 1 and 2 had not increased, as

little in Nr. 3 where, however, more mycelinm had been formed.

The growth increased in the following Nrs. and was very strong in

Nr. 8. This continued also after 7 and 14 days.

The retarding of the spore formation after 2 and 3 ilavs is con-

vincing in those experiments where much fosfor is added. .Vfier two

days 3—6 had rather many spores. In 7 and 8 few liad appeared

whereas in tiie following Nrs. hardly any spores were seen, .\fter

3 days 3—6 had many spores, 8 few, and tiie Nrs. with iniicli

fosfor very few. Oidy in Nrs 17 and 18 the spore-forniatioii was

considerable and about alike to that of Nr. 8. The same 1 iiave

observed for tiie action of potassium, as before for the carbon and

nitrogen, so that it seems of general significance. This may be

explained thus: If an excess of the referring element, in this case

fosfor, is present, the cells are conliiiualiy overloaded with new food

and witli tlie therefrom arising intermediary |)rodncts. by whicli the

spore-formation is retarded. Wiicn the e.\cess becomes very great it

is possible that tlie process of tlie metabolism is so much acceler-

ated that' also the spore-formation is (piickeiied. Probably such is

the case in Nrs 17 and 18, where three days after inoculation

more spores were produced than in Nrs. 9—16. After 7 days the

differences in spore-formation are no more observable.

However, there are elements whicii in feeble concentrations counter-,

act the spore-formation ') and then fiie limits will be (piite different.

The quantity of mould is very small in Nrs. 1 and 2 where no

fosfor was addcil, and auKiuuts with increase of tlie fosfor ; licicwilh

the assimilation of glucose is parallel. After 4 days the solution in

Nrs, 9, 10 and II, no more contained fosfale, which after the same

') These Proccediugs, November 1912.
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time was Mill lUL'seni in N'rs. 13 and 14. From (liese observations

may be font-hidcd liial the mould had drawn to it all tlie fosior

in the three first experiments. As these <|uar.tilies, especially that of

Nr. 11. are considerably greater than those present in liie old,

mature mould layer (table 1), ii was indirectly proved tliat alsd

the fosfor in the metabolism is accumulated in the organism

in considerable quantity at the beginning of the development. This

result was then in a direct way confirmed by analysis of the mould.

So it was found for Nr. 9 that all the fosfor vanished from the

solution was present in the organism (ca. 1 mgr.). For Nrs. 13 and

14 2.9 mgr were found in the mould, a quantity 7 tot 8 times as

great as that in the old mould layer. The correspomlinu fosfor-

number is 0.75. Tiiis numl)er may even be liigher. as is seen from

an e.K[)eriment which may be mentioned here for comparison. In a

live days old inoukl layer (culture liquid : 50 cm' distilled water,

0.157„ am. nitrate, 0.17„ KCl, 0.17„ iMgSO, (crysfall), 0.057„ Ca

nitrate (free from watei), 0.057o fosforic acid (erystall), 27o glucose),

3.9 mgrs. P was present. As all the lilucose was Ihen assimilated

the fosfornumber was = 1.0.

In opposition to what is found for llie carbon and uilroi;cu this

quantity of fosfor is loosely tixed in the organism. Ten minutes'

boiling with water will do to dissolve considerable quantities. Of a

mature mould layer, treated in the same way, no, or hardly any

fosfor is dissolved; the same is the case with lecithine or phytine.

As the mould grows older the superfluous fosfor. accumulated in

the organism, returns into the solution aa fosforic acid. This was

already indicated by the fact that the fosfornumbers of mature cul-

tures were very small (table I).

It was ascertained by diri'i'l analysis l)oth of tlu' mould ami ihe

culture li(pnd of N°. 15 after 7 days, and of the mould of N". 16

after 5 tlays. For N'. 15 the sum of the fosfor in the mould and

in llie licpiid present after 7 days is 8.7 -|- 1.6 = 10.3 mgrs. The

totally added (piantity was 10,5 mgrs., so that no loss of fosfor. in

the form of hydi'ogenfosfid takes place.

By this study of the metabolism of the elements we ol)tain a

better view of their siguilication than was iiitherlo obtained. We
see that the quantities of the elements present in Hie uialmc uumld.

do not correspond with the quantities really active duriiiu tiic deve-

lopment. In the case of carbon the plastic aequivalent could in the

course of tiuu' dei-rease to the half. For the nitrogen there was a

threefold, Inr the fosfor I could point out a tenfold decrease. The

quantities of Ihe latter element reipiired for the normal assimilation



arc mufli iinvalcr tlutii is uciicrallv iicci'|itiMl, also as to llic iiilrojifn,

alllioiiijli in :i 1-,'ss (icnicc. Wlicii coiniiaiiiiu liir acciniiiiiaiidii of llic

ciciiiciils il Ihiis seems, tlial (luring- llic lutlalinlisin ihjs accmiiiila-

tioii is ,ii,realest for those, whicli luiin a small |iiiiiiaiiciii jicicciitauf

of the constituents of llic organism. So we see, that in the course

of an cxiicriuH'ul the sauu' (|uaiitil_y of an elenicnl uiav he many
limes active in the metabolism, one cell lakiui: up ihe products

excreted hy another cell.

Starlinn' IVoiii this view the study of I'lements, such as maut:auesc,

vvhicii are already active in very dilute solutions, are iiiterestiuj>-.

Meteorology. — ".1 lonti mnije loeatker forcnm for tin- Enst-

iitonsooii in Java.'" IJy Dr. ('. 1!i;.\ak. (Commiinicaled liv

Dr. J. P. v.vN DKK Stok.)

(Communicated in the meeting of NovemJKH' 80, 1912).

In a prccediiiij,' communication ') it was deduced from a study of

factors ot correlation that in the Indian Archipelago, with the e.\ce[)-

tion of the western part north of the equator, a connection is

clearly peiceptible between barometric pressure and rainfall. The
nature of this connection appeared to depend u|)on the geographical

position as well as upon the different seasons.

In the following an attempt will be made to show that by means
of this connection it is possible to make a long range weather forecast.

For this purpose Java has been chosen, because a forecast is of

greater value for this island than for any other part of the Archi-

pelago on account of its intense cultivation. Moreover this research

will be limited to the east monsoon, as the connection is less distinct

in the west mon.soon, and because a forecast for this season of

abundant rainfall is of secondary importance.

It will be necessary k) prove, that the changes of the barometer-

readings from year to year succeed each other according to definite rules,

so that they may be determined in advance. Further we must also

prove that it is possible to ascertain with sulHieient accuracy how
the rainfall depends upon the barometric deviations.

With regard to the deviations of airpressure Java has an advan-

tage over any other part of the world, because the variations ot

climate are determined by the variations of the barometric pressure

in North Australia, which are characterised by an extraordinary

regularity. No station outside North x\ustnxlia can vie with it in

this respect, not even Bombay of ('(U'dova (Argentina! which stations

1) These Proceedings 1912 p. -liji.



were yeleck'ii bv I.oi kvkr as ilio represenlatives of liolli tvpos of

llic baronielric |)erio(lical oscillation of 'A.r> years ') .Moreover tlie

amplitude in Australia is much greater than elsewhere.

The variations of the airpressnre in North Australia from the

normal value are shown in curve I of the plate, hv means of the

si.\-monthly deviations of the barometric pressure at Port-Darwin,

marked monlhly on llic piate in such a way that, for instance, the

deviation in ihe period .lanuary-.liine (in relation lo the normal value

ir. Ihe same months) is drawn on the J'*' of April. Hefrinuing with

185*9 the base value has changeil, apparently because something

has been altered in the barometer or its position.

The curve shows some very regular series of waves, namely fidui

J878 till 18,sl, from 1885 till 1891, from 189fi till 19tl4. whereas

in 191 J a new series seems to have begun. The imhiiind und ininbixi

arc chanicleristic of ji.ved seasons, theij develoj) tlienisclocs mniwli/ in

the first and last mtmlhs of the i/ear.

Minima. Ma.xima.

1 Dec. 1878

1 Oct. 1886

1 Febr. 1890

1 Febr. 1898

1 Sept. 1900

1 Febr. 1904

1 March 1912

// is further evident, thul the time trhich elapses from minimmn

to maximnm is one year, from ma.rimum to minimuiii two i/ears. 77ie

period is e.vactlif 3 years.

'I'he cur\e so closely resembles this schematic interpretation, thai

it may be represented by the schematic bi'oken line IV oflhe|)late.

From 1878 it has been tiaced backward by means of the barometric

observations made al Adelaide. For simplicity's sake the maxima

and minima have been diuwii on the l''^' of January.

These regular periods are parlicularly adapted lo forecast the

airpressnre a considerable time in advance. Disturbed periods are

lying between them however, in which the curve nuikes the im|>res-

sion that there has been no (levelo|inienl of the maximum for some

years. The certainty with which the liarometric variations may be

predicted would decrease greatly, if the epochs al which these dislurbed

1
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pt'iiods ;\p|)e;ir coiilil ni)( ho |)ro<licle(i and one would ;d\vav-~ lie

mii'orlairi wlu'lliei' llie oiid of a re^nlar .^ci'Il's is near. I'"(ir(iiiial('ly

liowevor tiiosc disliirhaiices scoiii to he anything hat irivgidar in

their appearance, so tliat thoro exists a possihiHty of annonnoing

them in advance. Tiiis may he seen from the C()m])arison of the

haromcterciirve I with tiie ciirve II, which represents Wolf's relative

luinibers of -sunspols. // is reindvkiihlc llint t/te (llsturliances in the

haroinelercurve coincide with the ina.riiaa of the sanspotcurve. whereas

darintj the j)eriods with, simdl sunspot intensitij the m/uhir hiinnnetrir

loave is developed andisturfjedli/.

It cannot be denied that the ninnher of suiispot poiiods over which

this comparison is possible, is hut small, however there seems to

be every reason to suppose that we liave here to do with a real

and not with an accidental connection. Indeed it is a matter of fad

known already since long that there exists a connection between

the inunber of siinspots and dilferenl meteorological phenomena,

and the above mentioned residt agrees with what has been found

in earlier researches. At the close of this communication this con-

nection will be still further considered.

One would be inclined to go hack, beginning with the year 187(i

and examine still more closely the connection between sunspots and

disturbed barometerperiods by means of the observations made at

other stations with longer records. For this [)urpose i.a. the stations

Batavia, Adelaide, Bombay, and .Aladras would be adapted. As

however at these stations the oscillation itself is less regular, it is

very ditilicult to distinguish what is disturbed by the sunspots and

what is not, and the results would not be very convincing.

Now the question arises how the rainfall is affected with regard

to the barometer oscillations. In answering this question the disturbed

periods in wiiich the connection is less distinct will be left out of

account and only the regular waves will be considered. In curve V
the rainfall deviations in West-Java (6 monthly means, calculated in

the same manner as the deviations of curve I, accordingly reduced

to one month) have been represented monthly ; for the years 1875

—

1878 the curve is based on the Batavia observations only.

The cur\e shows clearly that the connection between rainfall and

airpressure is different in the West- and the Eastmonsoon, it may
serve to illustrate the numbers which are given below.

The investigation may be divided into three parts according to

the schematic barometer curve.

1. The Eastmonsoons of the years in which the barometer is

moving from maximum to minimum ; these are years of transition.
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2. Tlie Ka>tiii((usonns lbllov\ iii<i llie baiomeiiic miiiimiiin. Tlio

prossiire leiiiaiiis Kelow iioriiial during,' llii- w hole _\ car.

.{. Tiio Hasliiionsoons prwetliiin llie huioiiieliic iiiaAiniiiiii. 'I'lic

pressure is ahove normal diiriiiLr llie wliulc year.

The fust ease is a|>|)areiil in the years J 878, 1886, 1K89, l!Sil7,

I0()(», llKKl. ami 1912. The (lepartnres of the rainfall Iroiu its noriiiai

condition (roiii .lime till Noveinhcr (the latter inehuled) '), were in

(liese years, averafjed monthly, in millimeters.

Westvla\a East-Java

J 878 —24 (B(itavi<i) A'ot observed.

1886 +1 -f20
1889 -1-67 4-50

1897 -29 -30

J 900 -^-34 -}-43

1903 +24 —15
J 912 -|- 2 (Jnnc-.Scptemher) — 21 i,.lune-Se|>tenilier;.

Tiie second case is a|)parent in the years 1876, 1879,1887,1890,

1898, 1901, and 1904. The rainfall departures are in tiie same

months as above averaged monthly :

West-.la\a East-Java

1876 -j- 4 [Bitftirin) A'^ot oh.sei-ved.

1879 69 -1-79

1887 29 7

1890 52 44

1898 8 18

1901 15 18

1904 81 17

In the last case are the Ivistmonsoons of 1877. 1880, 1885,1888,

1891, 1896, 1899, 1902. and 1911.

l"he lainfall departures in the months June-Xoveml>er arc :

West-Java East-Java

1877 — 74 {Bntavia) Xot ohaerved.

1880 4- 62 —23
1885 . — 88 —53
1888 — 86 -1-2

1891 — 99 —60
1896 —102 —51
1899 — J 2 —41
1902 —104 —57
1911 — 18 -1-7

') These are liic months which liave negative correlation between airprcssure

and rainfall as appears Irom the preceding coinmuniealion.
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III llic yo:irs of Iraiisiiioii incnliniicd siih 1", cvidciilly llie raiiit'iill

is also ill a slalc of Iransilidii ; llic siyiis of tlio (Icpurtiires are

i-liaii;ziii,n and lia\i' no HxcmI i-liaraclor.

( >n till cuntnirn nil /uis/monsoons iiwritioned snh 2° irithout

I'.iri'pfioii hdrr hi'i'u too ire/ in Wi'st- as iri'll iis in Enst-Javd,

ii^hi'ri'iis (ij thf Jyistmonsoons iDcn/ioncd snh 3°, out of 9 crises H havi'

Ih'i'n foil ilrji III \\'i'st:l(irii oinl out of ^ cases Q> too dry in East-Java.

It caniiol lio denied that aiiioiiji- the Ihvoiirahle cases tliore arc

some ill wliicli llic de|>artiire is liiil small, hut on the oilier hand

it is a niatlcr of fact lliat with 2 of the 3 unfavoniahle cases (he

depjirtuic also r(Mnains small. In these years the character of the

monsoon lias liceii indcliiiilely developed, or has been dilferent in

diireroiit |)arls cf .lava or, as occnrred in 'J911, the character was

dillcrciu during the dill'oreiit months. Certainly 1911 must be

reckoned among the dry years, even thon^h the heavy rainfall in

Jnne caused a positive departure in East-.lava.

It must be remarked that to the numbers given for 1876

—

1878, as taken frcnn the obser\ations of only one station, but little

value can be attached. It is however a well known fact that 1877

was a dry year over the whole of Java and that therefore the

strt)ng negative departure obserxed in Batavia has a general \aliditv.

Above has been given a scheme of barometric changes and cor-

responding lliu'lualions of rainfall which may be applied to 23

years out of the 37 of the period 1876—1912. If we exclude the

year 1876 for the above mentioned reason, this scheme gives for

15 years (mentioned sub 2 and 3) a definite answer to the rpiestion

what was the sign of the rainfall dejiarture in the Easlmonsooii

in .lava. With one exception in West-.lava and two exceptions in Easl-

.la\a this sign corresponds with reality.

On the principle npon loJdch (he scheme has been hased it also

iciiidd have lieen possilde to forecast for these 15 years the sii/ii oj

the rainfall departure in West-Jarn 14 times, in East-Java IS times,

if we had considered that the term should be taken someivhat shorter

at the beyinniny and at the end of a reyular nnve series e.y. half

a year, irhereas it miyht be taken lonyer betioeen them, even ^ or 2 years.

What iu;iy be concluded from the scheme for the near future

about the rainfall in Java? The circumstances for a forecast may
prcseuHv be called really favourable, because a new I'cgular scries

of barometer waxcN has already made its appearance during the

present sunsjiot minimum.

We have already passed the barometer maximum and the pressure
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is (•liiiimiiis; I'xai'tiv in tlie direction indicated liv tlio sclienie. so lliat

there is every reiisoii to believe that liie next inininnnn w ill a|>|iear

at the expected lime ;naiiiel\ ahoiit the J'-' of January 1913), while

there is no imlication in the course of the snuspot nnnilter that points

lo an early dislnrhance. Therefore also the appearance of the next

barometric maximum about the 1'"^' of January 1915 is rather certain.

FrODi this nlreadi/ noir inay he concluded, ivitli certain renervtitionn

that mu.-<l III' ndrnitted iritli ever;/ forecast, that most profm/di/ the

Easlinonsoon in Java of 1913 will devinti' in the u-cf, and that of

1914 probaldji in the dr;/ direction.

Finally a remark may be made about the barometercurve itself.

In the precedin<!: communication the question was raised as lo

whether the baromelerperiod of 3.5 years has a terrestrial or an

extraterrestrial cause; as for the Port Darwin curve, (and to this

one a considerable weight should be attached, because it is not

only the most regular one, but it has also the greatest amplitude),

1 should like to call attention to the fact, that the epoch of the

nuurinia and minima seems to he entire])/ controlled hi/ the

terrestrial seasons. .This seems lo me a new proof for ils terrestrial

origin. The cosmical intluences instead of causing the barometric

oscillations, seem to disturb them (namely dui'ing the simspot maximum).

If the variiitions of climate fdeparlures of airprc.^snre, lempera-

Inre and rainfall) of short period (Bruckxkk's period ami the longer

ones excepted) are described as a coiubination of waves of terrestrial

(u-igiu viith a period of about 3 years, and a cosmical dislurb-

aiu-e, which is acting during the snuspot uuiximuni, it seems to me

that a satisfactory explanation may be given of the inlluence, that

(as a lesult of dilferent researches) is altriliiiied to the snnspots. By

a combination such as described above Iho fad may be especially

explained, that altliough in many cases a connection is found, it

manifests itself at diUercut epochs in a diirerent way, as e.g. Koppkn

has established for the lenipoialnre in llie tropics.

The idea here given about the origin of barometric variation of

3 vears is contrary, it is true, to the opinion of Loikvi'.ii anil Ukik-

i.ow, whose ideas arc that il is controlled by the numlier of

prominences. However llie data on which this opinion is liased arc by

no means convincing as a comparison between curves I and HI

may teach. In cuive III we have |)ut down the observations

made at Rome and Catania about the number of prominences,

which data have also been used by the (wo above mcniioncd in-

vestigators. Again tlic <> monthly means of de|)arture have been

represented monthly in such a manner however that, following the
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f'x:iiii|ili' III I !i(.i,i,(i\\ , \\>i ilii' i'liiiiiii;ii ion (il llie II \('ai' |M'iiii(l ilic

(l('|iailiii('s iVinii llic ni'iircsl (id iikiiiIIis fn vciirs) lia\x' liccn ciilcu-

lalcd and iml llmsc IVoiii llic iinnnal ni' llic wliolc pcrioil

C()iM|iaiis(iii IcaclK'N thai in llic l)i'i;iiiiiiiig- lill lHf(j ihe haro-

iiiolorcnrvi' shows iiidood iinicli conroniMly willi '.Uo |)rniiiiiieiicc ciirvo;

afU'rwards liowcvor c\er_v siniilaiiiv lias vaiiislicd and in I lie later

vt-ars in which llic |n'(iiiiinciiccs hardly show any varialimi, liie

linrdinclcroscillatiiiii g'0'?s oi: wjili the same regularity as betnre.

'riiercfore vi^'V likely the (•(iiincclicni during the tirsl years- lias been

(inly accidental.

'\Vrl/rrrt'(/,n, 10 Oct. .her l^Jl'2.

Chemistry. " Di/un»i/r n'-tcarc/ws concerning the reaction of
l^'niKUKi. and Craits." i'.y S. C. .1. Omvieu and rrof. J.

liiiKSKKKN. (Conimnnicaled liy Prof. A. F. Hof.i.k.man,.

((lonimiinic.ilcil in llic nicctiiig ot Dcrcnibpi' 28, 1912).

l)ynaniic researches ha\e already lieen eai'ried out wiih AlCl, or

analoiidus snhstances as catalyst.

The first are those of A. St.atok '), w ho investigated the action of

cldorine on benzene in llic presence of SnCl, and FeCl,.

The absor|ilion of Ihe halogen dissoUed in an excess of benzene

was measured, and it was fonnd that this procee<led according to

the reaction scheme of the lirsr onlcr Ihe constant being proportional

to the amount of the catalyst.

Wc may conclude therefrom that the catalyst is eon.stantly aetive

;

that its action is not sensibly altered by any of the reaction products.

Further we mention the I'esearch of H. 1). Stkei.e"), who has studied

the ketone synthesis and the forinalion of phenyltolylmethane iindei'

the inllnence of AK'I, and FCl, where the progressive change of

Ihe reaction was deteriniiied from the amount of hydrogen chloride

evolved.

1) Pi-oc. 19, 13j (1903): Joiirn. Chcni. Soc. 83, 7-20 (1903): Zeits. pliys. (Jli.

45, 518 (1903).

L. Bruner had cariicil out ineasuremenls as to llic bromination of benzene,

but as a catalyst iodine was used wliicli is not directly comparable willi AICI;j;

moreover it was not suriicientiy taken into consideration that the bromine unites

willi lli(> catalyst (see Dissertation S. V.. J. Oi.ivikr).

Si.ATOK has also used iodine as catalyst. Altlioiigb this rcsearcli is very

interesting as regards the benzene subslitiition, this part may be passed over lor

llie reason stated.

-) Jouin Chem. Soc. 83, 1470 (1903).
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Alllion}j;li, ill our opinion, llii.- modus operiiii'li (see Di-ssedation

C. S. .1. Olivier) cannot be expected to sjive accurate results it was
rcndercii i)i'olialilo In- liim that, \\\\on in liie kotoiu' synthesis the

proportion AlCl, : CsH^COCl is suiallor liian ^or at most only equal

to) unity, the reaction was of the tirst order. With an excess of

AlCI, a reaction of tlie second order would have .to he assumed

where the AlCl, would comhine with llio acid chloride as well as

with the toUiene.

The latter course of reaction would always have to be assumed

with FeCl, as catalyst. The ligures found by him for the synthesis

of piienyltolylmelhane differ so inucii that they do not admit of a

safe conclusion.

^Iiich more regular are the ligures obtained by H. Goldsciimidt

and H. T.aksknM in their research on the chlorination of nitrobenzene

and liie Itenzylation of anisole in the presence of substances such

as SnCI, and AlCl,.

They obtained the result that the reaction was of the first order

and that the constant was directly [)roportional with the concenlralion

of the catalyst.

As in the chlorination of benzene, the action of the catalyst appears

not to be disturbed by the reaction products.

If we consider thai .UCl., unites with the nitrobenzene as well

as with the anisole to molecular compounds, and that these substances

were always present in large excess, (his result is not a mailer of

great surprise.

The catalyst is thou greatly paralysed, wliich cdiKliliou cannot

be modified to any extent by the formation of chloronitrobenzene

(benzylanisole, respectively) in small (jiiaulilies in regard In the uilio-

benzene (anisole, res|)ecti\ ely).

That in the benzylatiou of anisole .VH'I., is not \cv\ active is

shown by the tact that this reaction could siill be measured at 25°

in a A7,o solution of AK'I,, although as a rule the hydrogen atoms

of anisole are much more readily subsliluted than tho.se of benzene.

The exceedingly slow chlorination of nitrobenzene at 50° may be.

due to the paralytic condition of the calalyst as well as to the lesser

acli\ ily of the benzene liydrogeii atoms.

Kidiii this survey as to what has been carried out in this liireclion

it follows that a systematic research under various conditions was

very much to be desired.

The oiih' somew lial liiisl worlliv resull> were obtained in iIm'

1) Zeilschr. pins. Cli. 48. i:24 (I'JOi).



ion

clilnriiialiiiii of hcnzciic witli SiiCI^ (Sr.ATOit) ami in ilic JM--I iiiciilioned

rcsoairli of Ooi.nsciiMim' mid Lakskn in wliicli, iiowcvor, iieiliicr llie

progressiva rliaiige of llic reaction nor the role of the catalyst lias

been niiicli elucidated.

For this reason we have more closely studied the reaction between

p-broniophenylsnlplionchloride and benzene.

ll was tirsi onr intention to carry this out in a neutral solvent

for which carbon disuphide was chosen ; it appeared, however,

that the reaction then took quite another course ') so that we were

compelled to choose the hydrocarbon it.self as the solvent.

The p-bromosniphoncliloride was prepared from broniobenzene by

sniplionating this with filming siilplinric acid, neutralising the mixlurc

with lime and converting the calcium salt by means of sodium car-

bonate into the sodium salt; the sodium p-bromo.^ulphonate ihiis

obtained was converted by PCI. into the chloride. This was freed

from POCIj, with cold water and rccrystallised from ether.

We liad chosen the sulphonchloride as starling point because this

is not decomposed by cold water, whereas it is rapidly decom-

posed on warming with aqueous silver nitrate, so thai the nuat-

tacked sulphonchloride could be freed, by means of cold water, from

the AlCI, and the HCI formed and afterwards be titrated with silver

nitrate solution of known strength.

The benzene hydrocarbons were dried carefully o\ev AICI3 and

ke|)t in stock with exclusion of moisture.

The measurements were carried out liy making (with exclusion

of light and moisture) a solution of dcliiiile (pianlities of sulphon-

chloride, aluminium chloride, and hydrocarbon; from time to time a

definite volume of this solution was withdrawn and analysed.

F'or details we refer to the dissertation of Mr. Olivier which will

appear shortly.

We reprint therefrom a few series of analyses.

The benzene required for this was treated before the reaction

with AICI3 and distilled; a tliiopliene-free benzene which had not

thus been dried and distilled exhibited a small initial value and a

strong course of the constant.

From table I we see that the reaction between J mol. of Aid,

and ] mol. of acid chloride is one of the first order ; when, however,

80 % of the original quantity has been converted a serious retarda-

1} It then proceeded according to the scheme: Br C6H4SO0CI + AICI3 + GoHg =
Br G6HiS0.,AlGl., + G0H3GI + HCI.

70
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TABLE I.

Action of BrCsH4S0oCl (I mol.) + AICI3 (1 mol.) on excess of benzene.

Concentration acid chloride = 0.1 n.; 7" = 30°.

(a-x) — concentration acid chloride in grammols. after the time / in minutes

K, = constant monomolecular reaction.

^//=



l()7:{

TABLE III.

As in t.ihlc I, temperature = AO''-

(a-x)\0^

The proportion
Kt -1 lu

Kt

Ki
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in wliicli llie velncilv dt' ihc reaction is proportional to tlie anuniut

of chloride present and to ilie (|uaiitiiy ot tiie catalyst.

In that case, at a ^iven concentration of the catalyst, a change

of tlie initial concentration of the acid chloride should not cause

any nioditication in the value of the constant.

If, however, we take an excess of acid chloride we obtain the

following

:

TABLE V.

Concentration AICI3 = 0.1 n.; acid ctiloride = 0.15 n.; 1 = 30''.

2;3X(«--r)I03 K
I
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= A' X ^'.i/'V, X ('JirCJ/i.WJI.Ain,

111 sohilioii of diu' of llic iicli\c inoleciilc's, llic vclocilxofreaclioii

is tliLTct'orc i)ro|)Ortioiial In llu^ (|n:iiilily of llu' oilier iihiIcciiIc, in

so far as tliis has united wilii tiic calniyst, as well iu^ with ilio

lotnl (jiuintity of tlic catalyst.

The part thereof which diiring the reaction passes to the sulphdii ;

AlCl,BrC,H,SO,Cl + C„H„ = HCI + LirC,H,SO,C,H,AlCI,

although not capable of rendering the acid chloride active must

retain its catalystic activity in other respects.

We may explain this by assuming thai AlCl, renders active the

benzene, with which it forms 7io compound, never mind whelher the

((ilahjst is united to the sulphonckloride or to the .mlphon ').

If tiie above relation is correct, the addition of an equivahni

amount of sulphon to the catalyst before or during the reaction must

either prevent or stop the same, because one of the necessary mole-

cules cannot, or no longer, be rendered active.

From Table Vila and b this appears really to bo the case.

TABLE Vila and b.

AICI3 = 0.1 11.; sutphonchloride^O.l n.

sulphon = 0.1 n.

As i.i a; the sulphon 0.1 n has
been added after all had
become homogeneous.

(a-x)103 (a—x)103
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TABLE VIII.

AICI3 ^ 0.2 n ; sulphonchloride = 0.1 n.

(a-ar) 103 Kx

45

105

240

60.8

38.0

113

3.4

' 0.0104

0.0120

0.0120

The AICI3
remained

undissolved
to a consi-

derable
extent.

Wlicii compared with talilc I, tlio reaction constant lias Itecoine

10 times greater; also it is coiislaiit till tlie end. The lesser value

at the commencement will, |)rohably, have been cansed by the fad

that the benzene was not \et saturated with the catalyst which is

but slightly soluble therein.

Hence, it uiust be observed that the relation given above oidy

ap|>lies to partly paralysed AlCl, ; llie free aluminiumchloride has

a much more powerful action.

We can now go a step further. The above reaction may be ima-

gined to lake ])lace in two phases:

I i i I

I HrC„H,SO.,Cl . AlCl, 4 C'„H„ = BrC,H,S(\ClAlCl,(',H„

II HrC„H,S(\ClAlCl,C,H„ = BrC„H,SO,C„H,AlCl, + IK'I

The lirst (I) represents the real catalytic reaction which show.-- us

I he formation of a ternary compound, called by one of ns the

dislocation.

[This dislocation applies here to the benzene because that of the

other molecule in the formation of HrC„H,80.^01 . AICI3 has already

taken |)lace before the starling of the reaction. The arrow.s indicate

Ilia! the benzene is rendered active by all the AlClj].

The second (II) is the elimination of the hydrogen chloride.

If now we supposed that I would proceed with infinite velocity

III icgaid Id II we .sjiould measure the reaction of decom|)osiiion of

the ternary compouml and the (•(nislant liiereof could not be depen-

deiil on the concentration of the aluminium chloride. Only by assu-

ming that I [iroeeeds slowly in regard to II we obtain the course

of the reaction as found by us ').

1) Nol the existence of a similar torna'-y compound is, therefore, essential because the

course of the reaction sliows that it breaks up, liut the act of its formation called by one

of us dislocation. (Also compare Dissertation H. J. Pkins Delft 1912 p. 12 and 54).
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The resoaich wliicli is Iil-iii^ (•(^iiliiiucd iii (lillcreiit direcliuii:, in

order to conlinii the resuil ohtuiiied lias elucidated the calalytic aclioii

of Aid,, thus far lliat il ihjes «(,7 exert its aetioii Itecaiisc il uiiilo.s willi

one of the nioieciiies, for the free AK^I, was much more active than
the (onil)ined portion. The view already expressed many times In-

one of ns that the catalytic action of ahiminiiim chloride is based
on an influence (called liy him dislocation) which nuikes itself felt

hcfore the real compound is formed, has, therefore, been confirmed
by this research.

In harmony therewith it appeared that there was measured an
additive reaction of the acid chloride with benzene, the first rendered
active oidy in so far as it is united to AlCl,, the second I'endered
active by the total aluminium chloride present.

We have also carried out some measurements with benzene deri-
\atives in order to get some knowledge as to the influence of the
substituting group on the reaction vehjcity

; there it was shown that
the reaction with toluene using .V;/,„ acid chloride AlCI, at 30°
proceeded so rapidly that the conversion had already practically
taken place after the mass had become liomogeneou.s; a constant
could only be approximated. We give here also the reaction constants
for benzene, ehlorobenzene, bromobenzene and nitrobenzene at 30°
and for a Nl, concentration of the acidchloride-AlCl,

.

toluene for 0.1 n. > 0.0064

benzene „ 0.2 „ 0.0021

bromobenzene
,, 0.00102

ehlorobenzene „ 0.00080

nitrobenzene „ 0.00000

From this little survey we notice that in the reaction of FHn^DEi.
and Ckai-ts, another succession of the velocity influences is observed
than in the nitration where, according to the researches of Hollem.vn
and his students, it is exactly opposed to this in the case of the
methyl group and the chlorine atom. It may, however, be pointed
out that our succession is based on measurements whereas the
succession of the nitration is deduced from a comparison of the
dirigent power of the groups on the entering nitro-group which,
perhaps, has no direct connection with the velocity of nitnltion.
When carrying out the reaction of FRiEDti. an<l Crafts it is

desirable, according to this research, to have the catalyst in small
excess when it forms an additional compound with one of the
reacting molecules.

Delft— Wageningen, December 1912.
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Chemistry. — "On the hehnviouv of fjch towards litmifls ami tluir

ciipours". By Dr. L. K. Woi.i-f luul Dr. E. H. HiciiNKK.

(Communicated by Prof. A. F. Hollem.xn) ').

(Gomiminiculed in the meeting of December 28, 191 2).

A paper Itv IMr. Uancroft '), which came to our notice only a

short time ago, induces us to publish the following: account ol" an

investigation, wliich we do not yet consider completed. It concerns

a phenomenon, discovered by voN Schroedkr, ') who found that

gelatine, swelling in water va|ioiir, behaved diirerenlly from gelatine,

swelling in liijuid water: in the tirst case it absorbs much less water

than in the second. This phenomenon seems to contradict tiie second

law of thermodynamics, which immediately leads to the principle,

that, if a certain number of phases are in equilibrium, the equilibrium

will not be disturbed, if one of the phases (in our case, the water)

is taken away. Being convinced of the validity of the second law,

ami not satisfied by the given explanations,- we started this research.

We can at once refute a seemingly obvious remark. It might be

supposed, that the absorption of water vapour finally takes place so

sldwlv, that the equilibrium would only be reached after a very

louii' time, /. c. that we have a false equilibrium. The erroneonsness

(if tiiis suggestion is immediately proved by the fact, that gelatine,

swollen in water, loses water, when brought into a space saturate!

I

with water vapour.

VoN Schroedkr found, that agar-agar showed the same phenomenon,

tiiough not so uuirkedly, but he observed the reverse in the case of

filter paper. As far as we know, no other experimental investigation

of the subject has been published after von Schroedek's paper, though

theoretical considerations have been given by Freundlich and Ban-

croft, which we will treat of later on.

We first rejjeated von Scukoeder's experimeilts, concerning gelatine

and agar; and we obtained the same results.

Both substances, when used in the proper concentration, can be

(juite easily dried with filter pai)er, which is an essential point, as it

was suggested that mechanical adhering of water to the surface of

the gelatine might serve as a means of explaining the phenomenon.

When the plates grew mouldy or the growth of bacteria was noticed,

') Alllnugh much work lias been done, since the original paper was written

(Dec. lyi'2), we prefer only to present the translation of the Dutch communication

and to postpone the pubiicatiou of our new result:-.

-) i. physic, chemistry 16, p. 395.

*) Z. pliysik. Chemie 45, p. 76.
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tlie exiuM'iiiK'iil.s were rcjt'ck'ii. Wo used very pure <^elatiiie fNm.soN),

the wiiiH' ;is VON Schkokdkk used. Tlie agar too was very |)iire and

freed as far as possihle from foreign substances by continuously

treating it with water. The .substances were phicec! in desiccators in

a room, wiiich was as much as possiliic icopi at tem|)eraturc.

Tiic data of an experiment on gelatine will he found in the

following table; a solution of about 27,, gelatine was soliditied into

a plate.

t

Weight of the fresh plate 1.797 (h:

„ after 8 days in water vapour l).()5(i

„ ,, 8 more days in vapour 0.056

„ ,, 3 days in li(piid 0.728 ,,

,, ,,11 ,, ,, vapour 0.039 ,,

„ -4 „ „ liquid 0.758 „

„ 8 „ „ vapour 0.043 „

„ „ 6 „ „ liquid 0.800 „

Whereas gelatine in water \a[)our absorbs not yet half its weight,

we see that it takes up more than twenty-five times its own weight

in liquid water. The experiment was repeated with other ]»latesand

always with the same result. A similar proportion is found with

agar-agar.

Weight of the freshly prepared plate 2.111 Gr.

,, after 8 days in vapour 0.032 ,,

,, ,, 8 more days in vapour 0.037 ,,

,, ,, 3 days in liquid 0.422 ,,

„ ,, 11 ,, ,, vapour 0.033 ,,

,, ,, 4 ,, ,, liquid 0.358

„ ,, 8 ,, ,, vapour 0.040 ,,

„ ,,6 ,, ,, liquid 0.395
,,

,, 22 ,, „ vapour 0.035 ,,

It will be observed that in our experiments agar shows the phe-

nomenon much more distinctly than in von Schroeder's. This author

also tried the experiment with filter paper; we however did not,

because we found it impossiltle to free this material from the water

adhering to the surface.

Then we investigated, whether other substances show the same

phenomenon, and we found a very striking exam[)le in nitrocel-

lulose. CelloTdin Schering was used, which is known to be very
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(Hire. Tliis .-uhblmice swells >lniiijil\ at room temperalure in

98 7„ etliylalcoliol, wiiliout being solveil lo aiiv eonsiderable degree;

l»laced in saturated ak-oliol vajjonr al the same temperature, it loses

a great part of the absorbed alcohol.

Celloidin in ethylalcohol.

1. II.

Weight of dry substance 0.774 Gr. Weight of dry substance 0.561 Gr.

In liquid In vapour

after 2 days 4.59 J dr. after 2 days 0.806 Gr.

„ 5 „" 5.440 „ ., 5 „ 0.924 „

,. 7 „ 5.430 „ ,,7 „ 0.972 „

Composition of the gel 14.3 7,, cell. .. 12 .. 1.073 ..

Then in vapour ,, 14 .. 1.060 ..

after 2 days 5.139 Gr. Composition: 52.9 Vo celloidin

Then in liquid

after 2 days 3.270 Gr.

.. 5 ,.' 3.388 ..

„ 7 ,. 3.391 „

Composition : 16.5 7„ cell.

This quantity, now once more

j)lace(l in saturated vapour,

lost weight as in exper. I.

Weight in cquilibnum, calculated from

experiment II, 1.601 (ir.

It was noticed, that, when the swollen celloidin. taken from the

liquid and well dried olf. was placed in the vapour, a fewdrojisof

alcohol wei'e found after some days on the bottom of the weighing-

bottle; these were removed before weighing.

Celloidin also shows the phenomenon in methylalcohol; the absorp-

lidii ill li(|uiil, as well as the loss in vapour are nearly equal to

those in etliylalcoliol. It was also found with rubber ("gunimi elas-

ticum" I'll. Ned. IV) in xylene and in chloroform. In these systems

a ditriculty presented itself viz. that the swollen rubber almost

became liquid ; we succeeded in separating it from liie xylene or

chloroform by centrifuging. Rubber is more soluble in these li(jiii<l:t

than the other substances investigated are in water or alcohol, but

that does not decrease the results of our experiments.

Laminaria and cornea of the ox show the phenomenon (piite

clearly in water ; from the latter, though well dried after being

taken out of the liiiiiiil, bi" drops were found on the bottom of the

4 ,
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(lisli. Tlic slriiclurc (if tliose two substiiiiccs, however, is so coiniili-

c'ulcd, lluit we iiHisI allow for tlic |)()s,sil)ilil_) , lluit (heir beliaviour

iiuiy bo explaiiiod in (|uitc a (lillLTciit \vay.

Until now we iuvve only treated colloids ; we tlionght it

qnite worth while to examine, if the phenomenon couhi also be

t'onnd in crystalline bodies. A pa[>er of Fiscmkh and Uoukktac;') drew

onr attention to myricyl alcohol "), together with chloroform and

aniylalcohol. We are inclined to couolnde, that this substance really

shows the phenomenon, but the ditrerences, which we found, are much

smaller, and absolute certainty about the fact has not yet been

obtained. The principal error in these experiments lies in the liquid

adhering to the surface, and its inllnence will grow, according to

the decrease of the total dilference. Besides this substance we in-

vestigated stearic acid with acetic acid and anthracene with ethyl-

alcohol ; the differences in these systems are still smaller and the

uncertainty therefore is still greater. ")

All the above mentioned substances show the phenomenon more

or less; a few others do not do so or at least they show ditferences,

not exceeding the experimental errors ; viz. silica jelly, (as could be

seen from van Bemmk.i.en's investigations), coagulated albumen (serum-

albumen, Merck) and amongst the crystalline bodies stilbite ; the

latter absorbs only 3 V, water in toto. We did not investigate the

hydroxydes of the heavy metals, because we did not think it

possible, to free them liom the surface w-ater. Therefoi'e we do not

wish to oppose ourselves to the researches made by Foote *) and

Rakowski"). a word must be said, however, concerning a remark-

able observation of Foote. to which Mr. (vakowski drew our attention.

FooTE found, that a crucible, containing pure water, ])lace(l in a

well closed weighing bottle, on the bottom of which was some
water, and which was pending in a thermostat, lost some weight.

Now theoretically the water on the highest level must evaporate

wholly, but, if we do not consider lliis fact, we notice, at all events,

•) Jahresber. d. Schles. Ges, f. Vatcrl. Kullur 86, 36.

-) This substance was prepared for us of carnauba wax in Prof. Hondius Bol-

dingh's laboratory; a cryslallograpliic examination by Dr. B. G. Escher proved that

it was wholly crystalline. We wish to express our hearty tlianks to these gentlemen

for their kindness.

3) Whether the phenomenon also appears in two normal, non miscible liquids,

is a question, directly connected with the above. Experiments about this problem

have been commenced.

*) J. Amer. Chem. Soc. 30, 1388.

"') Zeilschr. fiir Ghem und hidustrie der Kolloide. 11, 22.
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that tlic (iilTeroiK-e. wliidi Kcm^tk s|)e:iks of ,7 m.O.). is out of pro-

portion to tlie (lilTcrences, fouiul l\v us (a hundred and more m.G.).

We now w isli to proceed to consider the given explanations.

In doing this the lirst (piestion that suggests itself is, whethei the

examined substances are oomposed of one or of two phases. Since

VAN Bk.mmklen and Hakdy's investigations it is pretty generally

assumed, ihat gels are systems of two phases. As to bodies like

silica, we do not oppose this statement ; but for gelatine, celloidiii

and rubber, it does not seem to be at all ceiiain. Let us examine

the grounds, on wliieh it is based -.

1. the wi'll-kuown "Umschlagpunkt" and the behaviour of silica

jellies (van Bemmelen) ; agar, gelatine, celloi'din, and rublier do not

show a similar behaviour.

2. the pressing experiments ; these do not prove anything. In

the same way, one can expel the water from a salt solution, by

exposing it to a pressure that exceeds the osmotic one, in a pot

with semipermeable walls. Under these circumstances some water is

l»ressed out; l)ut nobody will niaiutaiu this solution to be a system

of two phases. In the case of agar the canvas, between which the

agar is pressed, acts as a semipermeable membrane.

3. the analogy to mixtures of water, alcohol and gelatine, in

which Hakdy ') succeeded in observing the separation of small drops.

Leaving the question, whether the drops appear just at the |H)int of

solidification, out of discussion, we are not allowed to ;i|i])ly results,

obtained in a ternary system, to a binary one ').

4. the behaviour of gelatine anil agar, which are soluble in water,

when liquid, but insoluble, when soliditieil, wliilst the solution generally

solidifies as a whole. If one takes the hysteresis into accomit it does

not seem impossible to explain this behaviour al.'^o in a system of

only one phase.

5. tho structures found by Butsc iiM. These however do not seem

to be of much value, since they are on the limit of the power of the

microscope and since they have to be called into existence by all

sorts of artificial means. Moreover Zsigmonuy and Bachmann') have

lately thowu, by using the ulli'amicroscoi)e, that both silica gel and

gelatine are Imilt up of uuu'li liner elements. It is doubtful though,

if in this case we can speak of "phases". We too think it very

likely, that molecular aggregates are formed in solutions of gelatine;

but these are also to be observed (by means of the nltramicroscope)

1) Z. phys. Chem. 33, 326.

-) Bachmann, Z. .Vnorg. Chem. 73, 125 expresses the same opinion.

8) Z. anorg. Ghem. 71, 356; 73, 125.
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in grciillv diluted, noii-solidifyiiig soliilions '), which, (hen, ought

also 1(1 1)0 coiisidcrt'il as systems of iwd pliascs, a \'ic\v, which to

ns seems to he wilhont any foundation w iialsoever.

6. tile forming of a membrane in gels by opposite ditfusion of

salts tliat give a precii)itate-). It is not clear to us, why these preci-

pitates should only arise in the cavities of the gel.

Let us tirst of all examine liANciiOtT's explanation, which is

identical with the one, originally put forth by us, liut which we have

rejected for the reasons, we shall pi'escntly discuss. It assumes two pha-

ses ill the gel — one wiili nnich, the other with little water —
which are separated by curved surfaces. Tiie ecjuilibrium in the

vapour decides the composition of the second phase; the water,

whicii is taken by the gelatine up in the li(piid, forms the lirst.

According to our observations, the concentrated phase of agar would

contain 507a agar, w hilst 3 to 5 7o would follow from Hardy's

pressing experiments. So this does not agree exactly! If we try to

obtain — as is neees.sary — a more detailed conception of the struc-

ture of the gel, we have to choose between an open and a closed

cell structure. Assuming the former, one could only accept Bancroft's

hypothesis, if the surface tension of the diluted phase with regard

to the concentrated one is as that of mercury with regard to glass. We
have investigated, whether this is the case by covering glass capillaries

on the inner surface with a thin layer of gelatine, agar, celloidin or

rubber. We found a behaviour as that of water-glass ; only in the case

of vapour-swollen or dry gelatine we observed a convex meniscus;

gelatine, swollen in liquid, behaved as the other bodies. An open

cell structure is, therefore, not consistent with Bancroft's explanation.

Another fact may be mentioned, which also speaks against this

assumption ; a plate of gelatine, dipped half way and vertically

in water, only swells for the lower part, while the part above the

water surface presents exactly as gelatine in equilibrium with vapour.

For if there were an open cell structure, the canals should till them-'

selves by capillary action. Whether an open or a closed structure is

obtained, will depend on the question, which phase separates tirst. If

this is the most concentrated and consequently the most viscous one, an

open structure will arise and the wa*er will have a concave surface;

if, on the contrary, the latter appears first, it will of course show

a convex meniscus. If, therefore, we accept Bancroft's explanation,

we are obliged to suppose that the phase with much water separates

first in all the systems that show the phenomenon ; of course, this

') See especially Baciimann, Ioc. cil.

^; Bechhold, Z. phys. Gliein. 52, 185.
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is not impossible. In the case of silica and alumina jellies, where

the concenlialed phase separates, an open structure is to be expected.

Since the surface tension will probai)ly be similar to that of water-

glass — the gel is completely moistened bv water — . the gel will

not show von Schrofider's phenomenon. In fact, we did not lintl it

(nor did van Bkmmei.kn), in opposition to Bancroft's declaration, that

gelatine and aluminium gel are theoretically equivalent.

If is, therefore, jiossible to e.\|ilain in this manner, why gelatine,

swollen in water, loses water, wIrmi in a space saturated with vapour
;

we should even be able to calculate the size of the drops by the difference

of the vapour pressures of the gelatine swollen in vapour and in water.

VoN Schroeuek has tried to measure this difference by allowing gelatine to

swell in salt solutions and by determining the concentration of the solu-

tion, in which the phenomenon no more appeared. He found this to be

the case in a solution of sodium sidphate of a normality between

10-^ and 10~^. This would give a difference in vapour pressure of

± 3.10"^ mm. of wafer, out of which the radius of the drops in the gel

can be calculated to ± 9 mm.'), evidently an impossible result. In

fact, we have, in rei)eating von Schroeder's experiments, obtained

different results: celloidin. swollen in a solution of 37o sublimate

in absolute alcohol, does show the phenomenon. We intend to try

to determine the difference of the vapour pressures by a direct

method. If, on the other hand, we suppose the diameter of the drops

ii> gelatine to be 5 ;«/«'), wc calculate, that the vapour pressures must

differ ± iOO mm. of water, which to us seems a rather high amount.

There is, however, a serious objection to be raised against this

explanation. The gel, swollen in liquid, loses water in the vapour : in

consequence of which either cavities, filled with air and vapour, are

formed, or the gel shrinks, according to its losing water. Silica jelly

shows the first alternative, as is proved by its opaqueness, appearing

at a certain point ; gelatine, agar, celloidin and rubber, however,

remain (piite clear, but their volume is diminished. N^oir, if there

lire no cavities, we do not see, whi/ tliey should be formed anew,

lohen the gel is replaced in the liquid. This objection, we think,

entirely pulls down Bancroft's theory.

As to VON Schroedek's remarks, we must observe, that they do

not give an explanation in the proper sense of the word. VoN

ScHROEDER Only wants to put an end to the controversy against the

second law, by remarking, that liio gel is taken from the liquid and

lad
1) According to the foimula: ^i p = ^y^ (see Ghwolson, Lehrb. d. Phys. Ill,

744), and assuming tliat the drops are bulbs.

") 5 iifx. is the diameter of the capillary canals in silica jelly, as put by Zsigmondy.

I
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placed ill the \ii|)Oiir very (|iiickly uiid llial the vclocil y of this jirocess

infliieiu-es llie work done. As liANCitoi-T says, this allefj;e<i ex[»laiiiUioii

is not likely to satisfy aiiyluidy
; iiioroover it can l)c refuted li\

arraiii^iiig von Scnuoi'.DK.ii's imaginary experiment in a siiglitl^- ditl'erciit

manner. Pour upon the gekatinc (in ecpiilihriiini with vapour) as

much water, as can be totally absorbed, and place the whole in

saturated vapoiii-, it will now lose weight, till the vapour oipii-

libriuni is reached again. In this way the excess work, iii von

Schrorder's opinion necessary for taking the gelatine quickly out of

tl»e liquid, is eliminated.

Fkkcndi.ich 'j introduces sjiecia! attracting forces of the surrounding

liquid on the gel. As long as one does not enter into detail as to

the nature of which these forces are, nor why they have so mncli

intluence especially with the gels, this explanation docs not seem to

be more than a circumscription of the facts, and we agree with

B.\nckoft, who declares it to be '-neither very clear, nor very

convincing".

We must acknowledge, however, that we ourselves are not able to give

a better one. When looking for the directions, in which the solution might

be sought, we find hysteresis, gravity, and cajiillary action. Hysteresis,

of course, would do away with the possibility of a perpetuum mobile

of the second kind; we should then have to assume, that every time

slight changes are left in the gel, and that it would consequently

be impossible to detect ad infinitum differences in water content,

when the process of transferring the gel from liquid to vapour, and

vice versa, is repeated. No fact, jiointing in this direction, has

however been found, neither by von Schkoeder nor by us; but it

may be, that the process has not been repeated often enough ; of

course, this is not a more fundamental explanation either.

Concerning the intluence of gravity, we wish to remark, that it

might possibly explain the loss in the vapour, but never the gain in

the liquid. Moreover, von Schroeder made some experiments with

regard to the intluence of gravity, but with negative results. This

would not, however, be a suflicient ground to deny the effect of

gravity, since, as Bancroft justly remarks, the eflfect might be too

small for observation.

When, at last, we try to ascribe the phenomenon to the action of

capillary forces, we do not make more progress than P'reunduch,

though ill this direction perhaps success will be most probable..

Pat^'.. Anal, and Inoiy. C/icw. Laboratories

University of Amst'-rdam.

^) Kapillarchemie, p. 494—497.
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Microbiology. — "Penetration of met/n/Ienehhie into liintiif cells

after desiccation" . By Prof. Dr. M. W. liKi/ERiNCK.

(Communicaled in the meeting ol December 28, 1912).

It is generally known that nietliylenebliie does not enter living

yeastcells, when these are first soaked with water or swimming' in

a fermentino: liquid, whilst it colonrs the dead cells intensely. It is

even possible several days to cultivate yeast in wort, coloured dark

blue witii this piirmcnt, wiihout ilie cells being coloured in the least.

On wortagar plates with niethyleneblue, colourless colonies will

develop. On these facts a method is based to ascertain in living yeast

the number of dead cells, which gives very good results.

Meanwhile there is an exception to the rule that the cells, colouring

blue are dead, and this exception will be more closely considered here.

At the examination of dried yeast, most cells of which take a

dark blue colour with niethyleneblue. whilst only a very small per-

centage remain colourless, the fermenting power often proves so great,

that no other explanation can be given, but that the lilue-colouring

cells have for the greater part preserved that power. This is not

unexpected, for it is well known that (he alcoholic function is more

permanent in dieing cells than the power of growth. Meanwhile,

counting-experiments, whereby on one hand the number of cells colour-

ing with methylencblue was microscopically determined, on the other

hand by plate culture, that of the cells growing out to colonies, showed

that from certain dry yeast samples a much greater percentcige of

colonies developed, than the percentage of cells not colouring with

niethyleneblue. This fact was indeed unexpected and induced to a

more minute observation.

First of all it was proved that the number of cells, colouring in

a dilute solution of niethyleneblue, depends on the way in which

the solution is brought into contact with the cells. If this is done

by introducing dry yeast into the solution, ail the cells colour dark-

blue and cannot be distinguished from the dead ones. In plate cul-

tures, howe\er, a greater or smaller number of colonies may be

obtained from these cells, although all seem perfectly alike in their

dark blue colour, and should be considered as dead by anyone

ignorant of their origin. In favourable circumstances the number

of colonies mounts even to J 00 7o. which is to say, that all the

cells may colour blue and still grow out to colonies.

This is in particular obvious when the cells arc beforeiianil

coloured with niethyleneblue, and the coloured nuiterial is used for



1087

sowing; it is easy liicii Id recognise (he blue cells on (lie plate and

wak'li their germinal ion under I lie niicToseo|)e. The blue colour is

then (•(iniinonl}' seen lo disappear belbre the fornialion of bnds begins.

Htil niaiiv of the later gerniinaling cells remain bine and ])rodnce

roioiirless danghler-cells. I never saw young cells taking the least

trace of blue from the molher-celi.

But if the dried cells are beforehand allowed to swell up in wort

or in water and if the soaked material is laid in the mclliylencliliK'

solution, wliicli is ilie usual way to died llie colour readioii, the;

result is quite ditferent. Then only part of the cells assume the colour

and this part is the smaller as the cells have longer remained in the

uncoloured solulioii. A certain percentage, however, conlinuc lo lake

up the colour willidiit having lost their reproductive power, and

it seems to be very difficult to soak these cells with water.

The simplest way to effect these experiments is by using dry

yeast, quite free, or nearly so from dead cells. I obtained it by

centrifugation of the small-colled \ariety of pressed yeast from

strong fermentations, these being in their most active state.

To this end it was cultivated at 28° C. in nearly neutral wort,

after 6 to 8 hours bi'Oiiglit into the centrifuge, and then quickly

transferred to lilterpaper in a thin layer for desiccation.

The krge-celled variety of |iressed yeast is less resistant to drying.

To compare the two varieties, of which the smallcelled is richer in

protoplasm than the other, the yeast must very cautiously be dried,

first at low temperature, e.g. 25° C, then at a higher one, e.g. 50° C,

This precaution is not, however, necessary to render the blue-

colouring of the dry living cells visible; to this end drying of com-
mon yeast at room temperature will do.

I have, however, also met with commercial dry yeast satisfying

the requirement of containing hardly any dead cells at all, namely the

"Konservierte Getreide Brennerei Hefe" of the yeast works of Helbing

in Hamburg, which \vas sent directly from the manufactory. This

preparation is delivered in solidly closed tins, but after some time it

loses its power of growth and fenneiitatioii; its quality thus evidently

depends on the length of time past since its fabrication. It seems

that this loss corresponds to that of the germinative power of seeds,

which depends on Iheir state of humidity. I possess some more
preparations from the same factory, that have hardly any fermen-

tative power and contain no cells tit for reproduction, but they

have not been directly got from the manufactory and are already

some years old.

When using seed of Bt-asdca rapa, soaked in solutions of 1 per

71
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lOUU or less of UK'tliylenebliie, tlie pigment penetrates tlirough the

seed coal iiiio tlie germ, wliicli partly colours i»liie. The germroot

takes up the colour the earliest; tiion follows a ti-iangular field on

the outer of the two seedlohes, which lie folded up in the seed.

The base of the triangle, which colours first and most intensel}", lies

at that margin of tlie cotyledo, which is turned towards the germroot.

Obviously the pigment lias very quickly- penetrated through the

micro]tyle of the seed, and only later through the seed coat. With

stronger methyleneblue .solutions the experiments do not succeed

much better, because then the pigment accumulates so much in the

seed coat, that even water can only enter with diiVicidtv. After 24 hours

such seeds are but imperfectly swollen but, somewhat later, the

germination takes place as well. The coloured germs swell at 30° C.

so vigorously, that many soon burst out of the seed coat. When the

partly blue germs, freed from the seed coat, germinate on lilterpaper,

they yield part of their pigment to it, but especially in the meristem

of the j|;ermroot it continues to show for several days and disappears

only at length, by the dilution which accompanies the growth. It is

then easy to see how the part near the rootmeristem gi'ows the most

I'apidly whilst the region of the roothairs grows no more at ail.

That the pigment, without killing the cells, has penetrated into the

inner part of the tissues, is not only shown by the germroots, but

also by the coloured spots of the seedlobes. whose phloembundles

even have taken up the colour.

Botany. — "On Karyokincsis in Ennotui major liabenh." . By

Piof. C. VAN WissKLiNGH. (Communicated by Prof. Moll).

(Gommunicalecl in the ineeliiig of November SO, 1912).

Lautkrbokn's ') detailed investigation on Diatomaceae suddenly

brought about in 1896 a complete change in our knowledge of the

karyokincsis of these organisms. This investigator studied tiie process'

in Surirelia calcarata, Nit/.schia siginoidea, I'lcurosigma attenuatum,

Pinnularia oblonga, and Piiuiularia viridis. He came to the'conelusion

that the nuclei always divide karyokinetically. The karyokinesis here

is not less complex than in higher plants. It shows an important

deviation. For L.mterbokn found that in all cases during karyoki-

') R. Lauterdorn, Untersucliungen (ibcr Bau, Kernleiljng and Bewegung der

Diatomeen, 1896.
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nesi.s a hody appears, which plays an important part, namely

tiu' cfHlral spiiidii' (Zriilraispindel), a body whicii doi's nut occiii' in

higher plants, hut is s|K'ciaily luund in I )ialoniaeeao. During ivaryo-

kinesis the nncleolntj and the nuclear membrane disappear. The net-

work forms a skein ^Knauel) and by segmentation the chromosomes

arise out of it. Tiiey are long and wcll-lorined. In Nitzschia 16 appear

and more in Surirella. In the middle the chromosomes form a ring

round the central s|)indle. By division of this ring there arise two

rings which separate from each other along the central spindle. Each

of these rings cousisls of the halves of the chromosomes. The

daughter nuclei develop from the rings.

Shortly after LAUTKiUiOUN a paper was published by Klku.min ') on

karyokinesis in Rhopalodia gibba (Ehrenb.) O. Midler. He describes

the diaster stage anil mentions the central spindle and the chromo-

somes which to the lunnber of 5 or (5 are placed in a circle and

are granidar in shape.

Some years later Karsten ) described in detail the karyokinesis of

Surirella saxonica. In general his results agree with those of Lauter-

BORN ; in one point however they disagree greatly, for Karstkn found

the chromosomes in Surirella calcarata and other Diatomaceae short

and of irregular shape in complete contrast with the observations

of Lauterborn.

In October 1903 I found an Eunotia in a dilch near Steenwijk.

After further e.xamination and consultation of the de.scriptions and

drawings of the various species "). 1 assumed that the specimen found

was Ennotia major Rabenh. In the healthy, allhoiigh not plentiful,

material I saw numerous stages of karyokinesis, and since this pheno-

menon had not yet been described in Eunotia, I determined to utilise

this opportunity of studying it.

The living object was first investigated, and then material which

had been fixed with Fi>emming's mixture. In order to study the

karyokinetic figures better I treated the fixed material with a .solution

of chromic acid of 207o- Various constituents of the cell-contents

successively dissolve in it and finally there remains inside the

siliceous skeleton of the cell-wall, when the cells contain no fatty

oil, only the nuclear network, or what results from it. The prepa-

1) H. Klebahn, Beitrage zur Kenntnis der Auxosporeiibildung, 1. Rhopalodia gibba

(Ehrenb.) 0. Miiller, Piingsheim's .Jaiirb. f. wiss. Bot. Bd. 29, 189G, p. 595.

-) G. Karstf..\, Die Auxosporenbiidung der Gattungon Cocconeis, Surirella uud

Gymalopleura, Flora, 1900, Bd. S7. p. 253.

^) L. DiPPEL, Diatomecn dcr Rlicin-Maincbcne, 1905, p. 125.

Van Heurck, Traite des Diatoinees, p. 298.
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miioiis can ca'^ilv ho. waslicd wiili water and stained, for example,

witli Hrillantblaii extra iin'nilii'li. Tlie niu-lcar network, the nuclear

plate or its halves which all tall over during the action of chromic

acid are then stained a line liliic whilst the siliceous skeleton is not

stained. I will not enlarge on the method followed. I have already

earlier staled I he advantages which it possesses and which must be

borne in mind in ils a|)|)lica(ion ').

Like otlier Dialomaceae Eunotia major has hut one nucleus,

situated in the centre and surrounded by cytoplasm, which sends out

strands in va>ious directions. As seen from the side of the bell il

sliow.s an oval shape and seen laterally it is loiind. Ii is provided

with a membrane and (•()n^e(pienlly shows a sharp oulline. The

nuclear network consists of grains wliich are uiiiled In threads of

protoplasm. In the centre of the nucleus is the nucleolus. The latter

dissolves in chromic acid more readily than Ihe network. Special

filamentous organs, such as occur in the nucleolus of Spirogyra, I

have not been able to distinguish and to separate by the use of

chromic acid in the case of Eunotia. The nucleohis agrees with that of

the higher plants.

The cells in which karyokinesis is about to occur are broader than

the others and possess four large tlap-sha|)ed chromalophores. When
ihe cells are viewed from the side of the lielt. the nucleus is seen

in Ihe midst of the four chromalophores, two of which lie in the

epitlieca and two in the liypolhcca. When a cell has dixided, two

chromatoi)hores lie in each daughter-cell. These change their shapi'

and jtosition. They become twice as long and place themselves

ojjposite each other in the epitlieca and the hypotheca. A constriction

then occurs in the middle and ^finally each chromatophore has divided

into two. This process, the division of the two chromatopliores, there-

fore precedes the division of nucleus and cell.

Tlie tlrst phenomena of karyokinesis show agreement wilh iliose

observed in other plauts. The unclear network becomes more and

more I'oughly gi'auiilar iu appearance. In a nuuihiM' of places il

comglomerates and forms lum|)s, which unite into larger masses

which moi'c or less resemble short threads. I have not been able

to determine the number of these thicker parts in the network.

They always remain united to each other by slender connections.

') Ueber den Niikleolus von Spirogyra. (But. Zeilung. Jaliig. 5C. 1898. Al)t. I.

p. 199). — Uebcr das Kenigoiiist. (Bot. Zeitung. Jalirg. 57. 1S99. Abt. 1 p. 155).

—

Uclier (lie Karyokinese bei Ocdogonium. (Beih. ?,. Bot. Gciitralbl. Bil. XXllI. 1908.

Al)t. 1. p. 138 IT.). — Uebor die Kornsliuctur und Kcrnteilung bei Closleriuni.

(Beih. z. Bot. Genlalbl. Bd. XXVII 1912. Abt. 1. p. 414).
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The lliickcr parts arc coinparalile to cliroinosoim.'S. Wull-forincd

cliroinosoines, such as are met. with elsewhere in tiie vegetable kingdom,

(h) not occur in Eunolia. Tiie nuclear wall dissolves and conse-

(juently llie nucleus loses its sharp outline ; the nucleolus also

gradnaliv disappears.

To tills point karyokinesis in Eunotia presents nothing peciUiar,

lint the liirllier course of the process is wholly diflerent from that

in inf^her plants. In the centre of the mass of protoplasm in which

the nucleus is found, the central spindle can soon be distinguished.

It is a strand of |)rolopIasin of which tiie outer ends are turned

towards the two shells. At first I could distinguish the central siiindle

as a short rod embedded in the ])rotoi)lasm, but in later stages of

karyokinesis I observed it extending right across the whole mass

of iirotoplasm ; the two tnds were seen to be cltdi shaped and thic-

kened. I was unable to study tiie origin of the central s|)ind!e,

since the amount of mateiial at my disposal was insuflicient.

The nuclear network contracts ai'ound the central s|)inille, and

in this way the ring shaped nuclear plate is formed in Eunotia.

The latter divides into two halves which are likewise annular and

separate from each other along the central sjiindle, until they are

finally (|uite at the s|>indle ends. Together with this, there occuis

division of the mass of protoplasm in which the nuclear plate lies.

It divides into two parts, which send out strands of [)i-otoplasm in

different directions just as did the whole mass and at first they are

also connected with one another by strands of protoplasm. The

whole figure very much resembles the diaster stage in higher plants,

although I have never been able to distinguish a nuclear spindle.

Meanwhile the primary division-wall has developed ; it broadens

out more and more and ajiproaches the nuclear figure ; the proto-

plasmic links between the halves of the nuclear plate and the central

spindle are divided into two. The central spindle disappears. The
daughter-nuclei are now very close against the division-wall, then

separate again from each other, move into the neighbourhood of the

epitheca and hypotheca and finally take up a position in the middle

of the daughter-cells.

With the development of the annular halves of the nuclear plate

into daughter-nuclei the same phenomena appear as in the formation

of the nuclear plate from the resting nucleus, but in reverse order.

The rings divide into lumps or short thread-shaped pieces which

remain connected with each other by fine threads of protoplasm
;

the division [irocoeds to a point at which the nuclear network

agrees again with that of the resting nucleus. In fully-developed
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lliL'ie were two. Probaltlv also in Eiinotia tlie nucleoli wliicli ap|iear

in tlie dangliter-nuclei gradually coalesce.

Tlie piiniary division-wall, of wliicli mention has been made, is

a lamella easily solnble in dilute chromic acid. The siliceous shells

are foriiied later. I have not found a centrosome in Eunotia.

Conclusions.

In Eunotia major Rabenh. the nucleus divides karyokinetically

JnsL as in other Dialoniaceac, a fact established by Laitehbohn and

Kausten. In Eimotia major a central spindle (Zentralspindel; also

occurs, a body which plays an important part in karyokinesis, as

the above authors have also sliown in other Diatomaceae. Well-

developed chromosomes are not found in Eunotia major. Tiie nuclear

network forms short bodies of indefinite shape, which crowd lound

the central spindle and form an annular nuclear plate, which divides

into two annular halves ; these separate from each other along the

central spindle and develop into daughter-cells.

With regard to the chromosomes, I may say that my results

agree with those of Klebahn and Karsten, but not with those of

IjAUTKKBonN. He found in Surirella calcarata and other Diatomaceae,

in the mother luicleus as well as in the daughter-nuclei, well deve-

loped long cliromosomes, whose number could be ascertained (16 or

more). Klebahn has not been able to see such chromosomes in Rhopa-

lodia gibba nor Karsten in Surirella sa.xonica, but as I did in

Eunotia major they found only a few short thick bodies of various

sha[)es which could not be accurately described, and whose number

was indeterminale. It must be remembered that the results which

differ were obtained with dilfereut species.

Physiology. — "On a sliortenimj-rejle.v" . By Prof. J. K. A.

Wertueim Sai.omonson.

(Communicated in tlie meeting of December 28, 1912).

Hv the expression shortening rellex I propose to indicate the con-

traction of a muscle, the ends of which are jassively brought

nearer together. 1 shall try to prove this contraction to l>e a real

redex, though the ])rimary shortening of the muscle may not be

the direct cause.

We shall first consider what happens when any part of an extre-
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rnify is iiioveil |);issivcl_v, in wliicii case one set of miisclcs is

streloiied, iuiotlicr p;ioiii) Ix'ing shortened.

A livinfj,- iuiiniai's muscles iv( rest are generally not enliroly relaxed.

A slight degree of claslic tension, called tonus, persists. Tonus is

for tiie greater part caused and lestrained by regnhxting impulses,

originating from perij)heral sensory and higher motor neurones.

Also the cortex and the gangliongroups of the cerebrum, the laby-

rintii, the cerebellum control and intlnence the muscular tonus.

Tonus varies under dilferent circumstances, but it adapts itself auto-

matically to the rate of stretching of the muscle. If the muscle be

slowly stretched by a passive movement of the limb, its form changes.

The muscle grows longer and thinner. But its tension does not cliange

at tiie same rate. Only if the stretching be carried very far or happens

within a very short space of time its elastic tension grows appreciably.

Wiih a passive shortening of the muscle something analogous

occurs. The length diminishes, the diameter increases but the tension

adapts itself automatically to the neiv condition, and the muscle

does not become slackened so far as to show folds or furrows.

This adaptibility only persists as long as the muscle remains in

contact with the intact nervous system. As soon as the muscle is

freed from its nerve, its reflex-tonus disappears and it seems to

behave simply as an elastic string, in which a definite tension

corresponds to a definite length. The action of the nervous system

seems to equalise the tension for different lengths and causes the

resting-lengfh of an innervated muscle to be a varying quantity.

If the passive shortening of a muscle is effected within a very

short time loe sometimes observe n genuine contraction of the muscle

followed by the thickening caused by the reflextonus. This pheno-

menon I have called the shortening reflex.

If the foot be passively and somewiiat forcibly extended (= dorsal

flexion) we are sometimes able to see and feel a very short con-

traction of the m. tibialis anticns. After this contraction the tonus-

thickening becomes visible. The contraction cannot be elicited in

every healthy individual, and even where it is to be found, it is

often rather diflicult to obtain. We get it most easily in the tibialis

anticns by extending the foot. In some cases I have also found it

in other mu.scles, as in the flexors of the arm, the flexors of the

leg after flexing the arm or the leg.

I have recorded the phenomenon with a special apparatus, con-

structed some 9 years ago for recording the foot-clonus. The diflicidty

was to rigidly attach a pair of M.\key's tambours to the bonv parts

of the leg, so as not to become displaced by the violent movements
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of the leg during the clonus. This (lifliciilty was overcome by

attaching a clanii) to the upper part of the tibia and another to

both malleoli, and connecting them by a very light hollow rod. To
this roil tlie taiiibourt> were screwed with a pair of collars. With

this arrangement which proved to be entirely .satisfactory, I was

able to record the thickeninii- curve of any desired muscle of the

leg and also the displacement of the foot wiih respect to the leg.

Fig. 1.

Sliortening reflex in I he tibialis aiiticus of a healthy

man.

Upper curve : displacement of tke foot.

Middle curve : thickening curve of tibialis anlicus.

Lower curve: lime marks of 0.1 second.

I repi-odnce a few records (tig. i and tig. 2) which were taken

in this way. Tiie upper line shows the movement of I lie foot ; rising

of the curve indicates dorsal flexion. The middle curve is a record

of the thickening of the tiliialis anficus. The time curve gives marks

of 0,1 of a second.

Fig. 1 shows the tibialis contraction occurring with a short dorsal

flexion of the foot. Fig. 2 gives the record of tibialis contraction

caused l)y a rapid dorsal flexion of the foot, the foot being kept in

dorsal flexion for nearly two seconds. In this last record we clearly

see the initial tibialis twitcli follnweil by llie reflextoiius-lhickening.

From the records we soon gather the fact, that the til)ialis re-

sponse immediately follows tlic foot movement. By comparing a great

many records we also find liiat the interval l)etwceu the commence-

ment of the fn(ii-ui(i\cnioul and the beginning of the tibialis-muscle-

twitch is of a very short ami vet extremely constant duration. If as
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lliu beginning;' ui' llif lboliiHi\ciiit'iil • laUoii a poiiil \vln;ie liic

curve ha.s risen about 1 millimelre, and a similar point on (ho

Fig. 2.

SliorU'iiing iL'tlex in the tibialis auticus of a liealtliy

man.

Upper cnivc : displacement of the fool.

Middle curve : lliiekening curve of tibialis aniicus.

Lower cuive : time marks of 0.1 second.

tibialisciirve as tiie coinnieiieenieiit of the muscle-twitcii, the interval

conies out as something between 0.028—0.032 second.

Tliis fact points in the direction of a reflexphenomenon. If we had

to deal with a voinntary contraction, the latent period would have

been a great deal less constant. It is also a fact, that the interval

between an external stimulus and the commencement of a voluntary

movement is of the order of 0.12—0.15 second with a fairly expe-

rienced sultject. Constancy of this latent period is only to be expected

with the most experienced subjects or after a sjiecial training. The
latency of' sensory reflexes is much more constant, but it depends in

most cases chiefly on the intensity of the stimulus. The highest con-

stancy is shown only in the deep reflexes, in wliich the intensity of

the stimulus does not seem to possess any influence on the latency.

The latent period of the superficial rellexes is generally of the order

of 0.07—0.09 of a second, whereas the deep reflexes show a latency

of the onler of 0.035 second. With these figures we have to take

into account that the latency is measured from the commencement
of the stimulus until the commencement of the muscular response as

indicated by the mechanical record. If we had recorded tiie current

of action we should have found lower tignres.

In my experiments I was not able to get more e.xact or smaller
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figures for the latency. This was not due lo tlic fad that I used a

nieciianicallj I'ecording instrument, but only to tlie dillicuity in deter-

mining the exact moment of the stimulus. The stimulus is applied

during the passive movement of the foot. But we cannot tell the

exact moment at which the stimulus is i)roduced. Must the foot move
with a certain velocity or must it travel over a certain distance ?

Perliaps both conditions are necessary. At least with a very slow

movement of the foot we only obtain the tonus-thickening and with

a very rapid movement over a short distance only, we sometimes

fail and sometimes succeed in getting it. Therefore it is impossible

to indicate the exact point in the record of the foot-movement which

is to he considered as the beginning of the stimulus. If I take tlie

tirst point in which both curves begin to rise from the zero-line, I

tind a latency from 0.038—0.045 of a second, with an average of

0.041 second. If we take a rise of 1 millimetre in both curves as

the begiiming of the stimulus and the response, we get an average

of 0.029 second. Though the exact figure is doubtful, it is yet of

interest to note that it agrees closely with the ,average latency found

in the deep reflexes.

The duration of the muscular response has also to be considered.

From direct observation and also from most of the records we come
to the conclusion that we have before us a simple muscle-twitch,

the duration of wliicii is something between 0.2—0.5 second. Only

in cases where the foot has been moved with great force, or has

been kept in prolonged dorsal flexion, a muscular response of longer

duration may be found. But in these cases the contraction shows a

|)ecidianty, clearly visible in fig. 3, viz. a second contraction apjtear-

ing before the first is linished. We shall consider this point later on.

As from our observations we see that : l'-^ the latent period is

constant, 2'">' that the latency agrees with the latency observed in

deep reflex, 3'">' that ihe contraction is generally a simple muscle-

twitch, we may conclude that the phenomenon itself is a real reflex.

This I)eing established we may ask where liie rellexcentrum is

situated, which is the reflexogene mechanism and which is the signi-

ficance of the reflex.

We may conclude from the latency that the reflexcentruui cannot

be situated very high up in the central nervous system. I believe

that another supposition as a medullary seat for the centrum need

not be considered. The reflex has a close similarity to the deep

reflexes and may probably be regarded as a third grou]i of this kind,

the other groups being formed by the tendonrefiexes and the periost-

reflexes.
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It is soiiiewliat more dilliciill to iiiulcMSlaiHl tlie rellox-iiiccliiuiisiu.

We only know that the reflex Ls elicited by passive dorsal tlexioii

of tlie fool. But then two things happen simultaneously : the extension-

muscles of the foot are shortened and the triceps surae is stretched.

Wliich of the two causes the retlex ? I fail to see the possibility of

choosing between the two on clinical grounds only. In the accident

of a torn or cut Achillestendon, which is unlikely to occur in a

healthy man, only a positive result would have any significance, as

the reflex cannot invariably bo elicited in healthy individuals. Some

pathological arguments might pcriiaps be brougiit forward in su[)p()rt

of the hypothesis, that the reflex is primarely caused not by the

shortening of the muscle itself, but by the stretching of the antagonist.

As regards the significance of the reflex we may assume that it

is the same as that of more elementary reflexes, viz, a means of

protecting the organism against exogene slimuli. The obvious fact is

that the contraction assists the automatic tonus-mechanism in attaining

as soon as possible the necessary muscular tension corresponding to

the changed attitude. Hence we conclude that the retlex is a protect-

ing mechanism against a total want of control over the position of

the foot, if the foot is passively moved.

I have already mentioned that in a few records a second con-

traction of the tibialis anticus appeared immediately after the first

(fig. 3). This naay be caused either by a voluntary or by an invo-

Fig. 3.

Shortening reflex of the healthy leg of a hemiplegic

patient.

luntary impulse. In my experiments I have tried to exclude as much
as possible any voluntary movements by impressing upon the subjects
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to keep llieir innscles relaxed, aiui to I iv not to make any movement.

Judging from tlie curves, this request lias been attended lo, as the

duration and form of tiie second contraction seem to exclude the

possibility of a voluntary origin. I lliink I may assume that the

second contraction was not caused by any intonded or conscious

impulse. Hul then we have two possil)ilities. Either the .second con-

traction was also a rellex-response, but f'runi a higher nervous level,

or it might be the (irbt from a strongly damped clonus. I am inclined

to think, that in most ca.scs the secoml coiilractio!i was caused by

a reflex from a higher level, though I cannot jirove it. lint on the

other hand 1 must also accept the other explanation. Amongst a

series of curves taken bmu liic "iiormal" leg of a hemiplcgic patient,

which often show the form of tig. o, I found one single record

iM-. 4.

Curve from the same patient from whom fig. 3 was taken.

reproduced in tig. 4. Here we see that the tibialis contraction as

soon as it is started, degenerates into a series of rhythmic, gradually

ceasing clonic oscillations. In another |)atient suffering from a

medullary disease, I obtained the record, shown in fig. 5. This record

dilfers from the fig. 1—4 in as much as the upper curve does

not represent the movement of the foot, but the thickening of the

triceps surae. We immediately sec, that the dorsal flexion of the

foot starts the reflex and at the same time a series of clonic con-

tractions in both the tibialis anticus and the triceps surae. These

last contractions prove at least the possibility of the second tibialis

contraction being the first of a sti-ongly liamped clonns.

As yet I have not considered the literature. There is some reason

for this, as 1 have not been able to find iu it anv reference to a



reflex sucli as lius liccii di-sciilicd as appcariiif;- iii liuallliy sultjects.

I h;i\i' (}iilv Idiiiiil Ihe wcll-kiiowii paradoxieal cond-action of

Kig. 5.

SliorU'iiing reflex in a case of arteriosclcrolie meiliillary ili-si^ase ; clonic

contractions in triceps (upper curve) and tiliiaiis aniicus (middle curve).

Westfahi, (1880), wliioli is a tonic contraction of the tibialis anticus

a]i|)cai'iiig at dorsal flexion of tlie foot in some patients. It is of

rallicr lonu' duration, Wksti^'ahl observing a contraction of 27 minutes,

ErlenmeijI'.!! of 45 minutes' durutiou. Chakcot lias seen the same

contraction, also after massage of the calves and has taken graphic

records, one of which, taken from his article in Bhain (VIII p. 268)

1 reproduce here (fig. 6). From this curve and the explanatory text,

also reproduced, we immediately see, that this contraction is not at

all the same thing as the shortening reflex.

But there seems to be no doubt, that a relationship exists between

Fig. 6.

Same patient (April 12th). Tracing of contraction of the

tibialis aniicus obtained by massage of the muscles of the

calf. — A, B, C, beginnings ot three consecutive experi-

ments. (In this and the last figure—nuicli reduced in

size— the length of XX repiesents one whole turn of the

cylinder, viz. thirty minutes.)
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the sliorleiiiiig rellex and tlie paradoxal contracliuii. I am iiioliiied

to suppose that the latter is the patliulojiical i'onii of the first.

The curves 1 have given as physiological were those taken in a

patient with a severe trigeininus-neuralgia caused by periostitis alveo-

laris, who is now cured. His retiexcs were not altered in the least.

The curves 3 and 4 were taken from the healthy side of a hcmi-

plegic patient and are perhaps not to be considered as purely physio-

logical. There is some reason to suppose, that hemiplegia may cause

a heightening of the sliortening rellex of the healthy extremity.

Amongst the putiiological forms of the rellex we miglit perhaps

include some forms of hysterical contracuire and also some cases of

crampi. But I intended to consider only the physiological aspects of

the rellex.

Physics. — "On the thennodynmnical functions for mixtures oj

reacting components." By Dr. Tj. S. Ornstein. (Communicated

by Prof. H. A. LoRENTZ).

(Communicated in the meeting of November 30, 1912).

In his dissertation Dr. P. J. H. Hoenf.n has developed a theory

of the tliermody namical functions for nuxtures of reacting com[)onents ').

Considerations clo.sely connected to those of iliis dissertation are

oblained if the statistical metiiod of Gibus is applied to tiie study

of tlie ecpiilibrium in chemical systems. I will show this in (he

following communicalioji. and will restrict myself to the case (hat

only one kind of reactions is possible in the mixture, the extension

to other cases being possible without any dilHicuUy.

In the following considerations I shall use a canonical ensemble

f R \
ol the modulus Oi^—T] (A' is the constant ot Avogrado for (he

grammolecule, iV tiie number of molecules present in this (luantity

of matter. We might as well use the micro-canonical ensembles;

but for the calculations then being somewhat more complicated.

The molecules participating in (he reac(ion are indica(ed by (i^. .(.i,. . .(i/c

Then the reaction will lie ciiaracterised by the stoechiometrical formula

Ic

-SivM. = (1)

the numbers i', indicating the smallest numbers of molecules that

'j Dissertation Leideu l'J12, comp. also these proceedings XV p. 614.
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can iaki' pari iii llie ri'ai'tidii. I'lic r's arc iieoessarilv \s liolr niimliers,

some of lliem imist l)c iief(ali\c

We will iniaiiinc llic iiiuK'culcs to lie Iniill ii|i of atoms «,...«7:-.-«,;

ill siu'ii a wav liiat (lie cliciiiical Ibiimila for llic x''' molecule is

fi. = y,ia, -]-... y.rJt^ + . . . y,.,,<i,, (2)

the numbers //,- being positive whole numbers oi' zero.

We will first treat Mie case that the system has so great a volume

that the iniil'.ial action of the molecules ma}' l)c neglected in the

expression of I he energy.

The state of the system can be chai-acleriscd by the coordinates

of the centres of gravity of the molecules and the corresponding

moments of momentum and by a certain number of internal coor-

dinates and moments of momentum. The expression giving the energy

of each molecule consists in the kinefical energy of the centrum

of inertia, a quadratic expression in the moments of momentum of this

centrum, the coordinates of the centrum of inertia not playing a part.

Further in the energy corresponding to the internal coordinates,

which I shall represent by f,. An element of the extension in phase

corresponding to the internal coordinates of the x''' moleciiles will

be represented by di,. Be the mass of the molecules m,,.

Be the total number of systems of the ensemble A, the statistical

free energy •/'.

We now want to know the number of systems {z") in this en-

semble, for which n^ . . . n, . . . iik molecules of the different kinds

are present in the volume V. That is to say those molecules produ-

ced by a completely specified combination of atoms, for which the

internal coordinates and moments are situated in completely determined

elements r/A, . . . d)., . . . d).i. As for the situation of the molecides

within the volume T", and the moments of momentum of the centres

of gravity, we will not apply any restricting conditions '). We
find for z"

U ^ 3 f,

£"=:iV/^i l(2jt»n.0)'^ ye ^'\dJ V"' . . . (3)
1

The number of systems in which no restrictions are applied not

even for the internal coordinates and moments is obtained bv inte-

grating over the f/A,'s with respect to all possible values.

We now put

') Gomp. for Ihe case that one should want to specify for these quautilics also,

my diss. p. 39, wliere the case of non-reacting molecules is treated.



1102

ICG
{2nm..e) V

j
, dX, = 7. ...... (4)

ill wliicli tlie integration must be extended over I ho above mentioned

space. Now liie luiniber of the systems considered :' niav lie repre-

sentiMJ bv

= ^fV[n. (.-.,

I

Now we ha\c In (ii'lcnniiu' (he iiunilicr of sy^t('lns in which tlic

atoms are combined so as to give n, molecules of tlie x"' kind, etc.

Wo must boar in mind tliat the total number of atoms of each kind

is lixod; so that when .r- is the number of atoms of the .t''' kind,

wo lia\"0 p eiinatioiis of the f(n'm

«i III- + • • »« V'^ + . . . . «A- yk- ^^-v- ... (0)

Now, in order to got the luinibor of combinations possible, we
must in the first place consider that ,c- atoms are to be combined

info groups of n^y-^- . . . particles in

— — (7)
(n,y,:,).' . . . (n,tf,:,)! . . . {myi,-)!

difTerent ways.

Fnrlhor. thai the luimbor of ditferent ways, in which »,?/,t: particles

are to be cond)iiied into », groujjs of //,^ particles, is given by

iyi^Un,.'{y,.-n'
•••••••• W

In order finally to obtain the total number of cases possible, we still

ought to consider in how many ways the ;?, groups of ?/,,.._(/,::. .y,^

particles may iio (•(Mulniiod iiilo innleciilos «i,»/ii + • "-//i- • • + «/,yi^-

Suppose
i"?,

of the (|uaulities _?/,- to differ from zero, ilion llio wanted

number of the couihiiiatious in question will be

(",')''-' m
For the total numl)er of conibiiiations we find, liearing in mind

that (71,.')''' etc. occurs in the deuoniiiiator

\ 1 (10)
«,.' .. 7iJ .. n,! (//,, .. y,;, .. i/„,)"i ... {yk\ • yh: yk^)"k (.V, ,— !)•' •• (yk^—\)!

By uuiliny into a conslant (' the (puoililios \\o\ depending on

n,, we get for the total number of systems, in which », . . . .

molecules x are present (*)
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2 = ^'
I 1

—^
. . . . (II)

•

I

1 »J (w,, . . . ;/„ . . . y,^)\

(ill wliicli only tiioso 7/,-'s ai-o to he lakeii iiiui acconiil lluii iliUrf

from /,oi(i). I will ro|)i'os('iil llic (aclor fij, . . i/^^. . . y, ,) \\\ <,.

Now ill order lo exniiiiiic wliich of ;iil s\stems is liic most IVc-

(|iieiilly ofcurriii^- in liie cii.senible, wliicli tlicrcfoio is tjie svslcin in

tMiniliiiriiiiii, we liavo lo consider lur- wliicii \aiiifs of ilic ;/,. - nr

hhj :, i. V.

k

2^ >h {/o<i f.—luii ri, + 1—/(«/.sv) (12)
1

' '

is ;i ni;i\iiiiiiiii, ri ' lieiiii:- d('vclo|ied liere uceordintr to the roiriiiila

ol' S'l'iiii.iNo . I'll' variations to wliicli the iiiiMibers ii,. are siihinitted

are <i:-. in wliieli c. is a [lositivc or negative whole miniiier. The
condition of e(|iiiiihiiiiin that is reached in this wa^' is

/,

:£ i\(io,i r,~UHi H,— log !<,) — () (12')
I

liiinidiicinu'

:\

for 1 1;, we get

/.- /,

As / contains still terms that depend on T, tliis formula cannot

yet be compared to that of Dr. Hoi-'.Nt'.N ; howexer, in maiiv regards

it is ah-eady anahigoiis to it. Now, ap|iiyiiig the theorem tiiat — /oi7 /r,

yin which ir is the probabiliiv of a state) is identical witii the entropy,

we find die (>iitro|)y t^ of an arhitraril\ chosen state to be given h\

R i
11
= --^~ ih\l(i,i L—lod II, -\- l—lo(i .iy\ . . . . (14)

A 1

'

This qiiantily therefore must agree widi the entropy of a iion-

equilibrinm state as defined liy Dr. Hoknen. As appears froiu wliai

is mentioned aliove. it possesses the ipiality of lieiiig a maximum
in (he state of eipiilibrium.

Now I will first use the lesult we obtained to calculate •/' and

through means of ii the etpiatiori of slate. Developing c with respect

to (t and summing -ip. we liiid for '/'

72
Proceedings Royal Acad. Amsterdam. Vol. XV.
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w
e ^=rn />

(ir.)

1 n/{ii,x . . . ;i,S'e
"'

6" is oblaiiied froiu (\ In dividiji<f the total iimiilter oC systems

;

V, denotes the value in the state of e;|nililiriiiiii.

Ap{)lying the i-elation

we find for tiie pressnre

() ^ • ^" {»,— /*',)

/, — - V ,t, -f -}- () 2^: {lo^ I, — lo,j n, — log s,) —
,

I 1 I
<t*^

where n, relates to tiic stale of equilibriinn of the volume V,ii', to

tlial of the volume V-\-JV. 'J'hese numbers always difler tn-,, and

so, taking into account the condition of equilibrium, we find

RT ^p zzz ^ — ^ n. (1(>)

In order to calculate the average energy we can a|i|ii\ the relation

W— &
do

which gives, when the condition of etiuilibrium is taken into account

f = ^ «/
3 A* d log •/,

2N ^ de

Now, in many cases /' inasmuch as it dejjends on O, may be

represented by &''</, iq independent of 0) or in other cases by a

comi)licate function of (•>. So, in the first case.

- R ^ rd

Putting the energy that is supplied when- the numbers n, change

R ^ fi \
with r,, ( ^:z _21vA^ -|- 7' 1, then we find iIkU the condition of

equilibrium (13) changes for this case into

n "
'-

=

^^''r.:R'

ri
2.T m, R\k

I IV
(I an)

When we represent the energy of the molecules e, by « constant

a, plus a function of the internal coordinates, tiien in the formula

(13«) the factor
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_ 4 it, IV .V

I'

siill iiiiisi lie .iildcd Tlir lormiila olilaiiiod in lliis \\;i\ jij^rccs uilli

lli;ii (if |). 1 !2 and 1.'! id' llio cilcd dissertation.

•Insl as ill ihis disscM'lalion |i, Ki. we can In ('(iniiiarinK i/<^=(/h

-\~/>i/i' and (/)/ show that

. dQ

''.">.Y
^17)

if \vc iia\e l<i ihi with the ciian^ini;; into a slate (d" iion-e(|niid)iiMni.

I will now consider what will lieconie of oiii- condition (d'e(|nili-

brinni in the ease we apply the theory of ener^y-cpuiida. l^et ns

snppose we lia\e the ease of the molcenles [lOsscssing 3 degrees of

freedom of rotation, anil h vibratory degrees of freedom of the

fiequenev r ,.

The value of •/, can i)e given then. On aeeount of the 3 rotations

it contains a factor ^r -, further the integral is ecjnal to a product

of I, integrals of the t"orm

relating to each of the vibrations. This integral has the value

Introducing for each molecule the energy a, for the zero state and

a constant originating from the integration with respect to the angu-

lar coordinates (d' the rotations, then the condition of eipiilibiium

takes the form

^r, 3:S k

V,

11..;-=.-' . ' JI, rs.n/^^-\
. <.8,

in which all constants relating to the mnleeides y. are coulained in

.S'/. If the theory of tjuanta must be applied to some of the i-otatory

energies, then the exponent of 7' w-ill be smaller.

As appears from the caleulations of l>r. SohkfI'Kh ") the ex|)eri-

1) The complications arising when ei|ua! fre(|ueneies occur are eusilv lo be

overcome Comp. these proceedings S Marcli 191'2 p. 11U3 an I 1117.

-; These proceedings XIV. p. 743.

72*
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nieiits can more snlVicieiitlv be represented bv applying the formula

not of EissTEiN, but of Nkkxst-Lindkmann for the speoifie boat ; the

equation (18) leads for the specific heat to the formula of Einstein. For

solid matter Bokn and Van Karman have given a theory leading to a

formula w hich .seems to represent the experiments on s. h. as well as the

formula of Nkknst-Lindkman. They start from the conception that there

cannot be attributed one definite frequency to the atoms of solid

matter, but that, because of the coupling a great number of

frequencies occur, which accumuiale inlinitcly at one or more

delinite frecpiencies. Tiie fiict that the formula of Nernst is the

more appropriate also for gases, makes it acceptable that also in

gases, through the mutual intluence of molecules, there cannot be

spoken of a finite number of definite frequencies.

1 may still observe, that for the given consideration the way

iu w hicii the sj'Stem at length comes into tlie most frequently

occnrring state, is of no importance. Tiiat it will get into it,

may be regarded to be sure, as well from the point of view of

staiistical mechanics as from that of liic theory of enei'gy-cpianta.

1 will still consider now in what way we can, iu liquid states,

come to the condition of equilibrium. We must for a moment return

to equation v-^), then. There we could divide into parts relating to

each of the molecules, the general integral which, according to the

detluiliou of Gibbs, denotes the number of systems of given state.

However, iu ihc case now considered we cannot proceed likewise,

because of the mutual intluence of the molecules. Tiie numl>er of

systems of specilied state is in general given by

V - 6

N e t/.)^,, . . . flr„y '"i
<^'*'' • • • '"z il-V/u '1^

. .v,„ represent the coordinates of the centres of graxity,

/;,, the velocities, and where d). relates to the internal coordinates

and moments of all molecules. Now considering a system with

th molecules x, built up of siiecified atoms, and allowing all values

for the coordinates of the centres of gravity, the total number of

systems obtained in this way z" may be represented by

3 ^^" f'

'J'J(2.T
;«.©)' "^ '

f ^•^./.v,...d.N
]^ I (2.T ;«. 0) -

'
I

.
'' '/.r, . . . <U.

r

he value of the integral can always be represented by

V ' f{Vn,n,. ..nkO)
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For a fi'tis llic rmiclioii /' tiikes Ihr I'nnn of the riinctioii coiLsidcroil

above. We will mil coiisidfr the Inriii more closolv now. Tlii.s heinf^

obsei'MMl, it will III' eiisy lo poiiil uul ilio ciuxngcs wliicli 11), liic

foi'iniilii lliat "ivi's tlu' iiiiiiilicr oj' s\ sloiii:^, will uiKlcijio. \Vl- (iiid

C/(V.n^ ... ,o ...»/:, ('))1^'^
(2 .-r 0) m,)^- ' V '

(l-.>)

Asking again whifli is the most lVe(|nciitly occnrring state, we
find for the eondition of e(|uilil)riuni

,

, / 3 ()/o<//\
:i IV - - loq n, 4- — /,.,/ (2jr () m,) + lo„ V —loq .-'H-

-:~" =0. . (20)

V '
'^

'

' '

n,. J

l''or the statistical free energy we lind

<) C/{Vn,...n,...nk,<^) V ^ T^ i

llie nniiiluM's //, . . d, relating here to the maximal system.

C'alculatiim the pi'cssure from 7" we tind

RT ^ NT d log/

when' the tci'ins again are y.ero on acconiil of the condition of

eiindiliriiim. lake I'rof. 11. A. LoiiKNTZ in his " Aliliandlnngcn" aUo

I)r. lloi''.M'',N uses the e(|iiation of state

ji T i

(1 [Hil it in moleculai' fornn, the term <j then di'noles the ilcxiaticn

from the gas-laws, the </ there used therefore agrees with our

RTdlo,,/

loij f may i)e gi\en the fonn

eft

N r
•
' RTJ ^ ^

where »> is a fniiction of temperature depending on the ii, also.

Introducing this into (20) then

I I \^2 '
' '

On I li'l' I J On,.
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Now it' <y i,s a fmiclioM ut llie numlifrs n, ihu vaiialioii of </, il

(( \aries with dit, is because of (^ii, then beiii^ v,d u

*• dq
do ^ 2 r- Jvrfrt.

I
On,

So lliat this Mini iii;i\ lie i-c|)resoiil(_'<l bv - (lit.

Ott
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Also in the ease considered the (piantity - /<></ ir can be defined

for each slate as t'lilropy, and likewise we have lor ilie siippiv of

heal —; <C 'f'l **"' slates of non-eqnilibrium and = ih^ for states of

t'ljnilibrinm.

It may be regarded a> an ad\anlaiie of the slalislical method, that
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Dr. HoKNF.N, and ihe kinetic resnll the law of (_iri.niiKii(; and

Waagk — thai he is bound ti> introduce besides his therniodynjunic

considerations.
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Chemistry. — "On velocifies of reaciion and <'i/uili/)ria." \'>\ Dr. I-'.

E. C. Sc'iiKFFKH. (Coiumunicated Ii\ I'rof. .\, K. IIoi.i.kmanj.

(Gonimunicaled in tlie iiu-cling of January 25, 1913.)

1. In a previous [lapor in oonjnnoiion witli Prof. Koiinst.\mm ').

I discussed the relalion between llie vcloeitv of reaction and tlie

tiierinodynamic potentials of the suhstaiices particii)ating' in tlie

reaction. It then ap|)earcd that llie veiocil_) of a reversible reaction

may be given liy the expression

:

dc ^{ RT RT \

-J = c[e -e j, . . . . (1)

in which (ly represents the sum of the molecular tliermodynamic

jjotcntials of the substances of tlie first member, fi/j the sum of

the potentials of the substances of the second member of the reaction

e(piation. The constant C accounts for the choice of the unities of

concentration and time, and has therefore the same value for all

reactions when the same unities are used. We have shown that the

function F possesses the same \alue for both partial velocities, that

it is independent of time and volume, and that it is e(pially in

relation with both systems before and after the reaction. As further,

quantities of energy and entropy must occur in the quantity F, we
have tried to make clear that in geneial in case of chemical reac-

tions "intermediate states" must be assumed, and we have |)ronoiinced

the possibility that the energy and eiilro|)y of these transitional slates

are the only (pianlities dependent on the nature of the substances,

which occur in the function F. l>y entropy we mean here the

entropy •free from concentration"; we have namely shown in our

cited paper that F is independent of the concentrations in case of

gas reactions and reactions in dilute solutions; hence it can coiiiain

no terms originating from Gibbs's paradox. The value of the two

partial velocities would therefore be determined according to this

by the difference in energy and entrojiy (free from concentrationj

of the reacting substances and the transitional slate. This in my
0|)inion obvious assumption comes to this (hat both tlie diirerence

of energy and the difference of entropy between the first and the

second system must be split ii]) into two parts; the first pai't then

gives the differences of energy and entropy of the first system with

I) Tliese Proc. Jan. 1911. p. 780.
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tlio li-ansi'ional siiiie. the olln r Hie iIiIUmciup> of llie sccoii<l syslciii
,

willi lliij! Iransiiioiiul slate.

As far as llic values of enei-jrv aie conceriiod siicli a solution was

already pro|K)sed l»y van 't Moi'f in the Ktmlesde dynauiiqiie rliiuii(jiie

and recently also Thaitz lia'^ tried an anaiosons s|ilitlinir n|i of the

values ol" energv, as we already nienlioned in our pievions paper.

Tliongh in his earlier papers on reaction velocities Tkaitz considered

a nniversallv holdinji' resolntion possible, against wliirii we lhon<;ht

we had to protest in the cited paper. Traitz has intrnduced as jios-

sil)!e ways dillerent from reaction to reaction in his later |)apers, and

with them dilferent ways of splitting up, so that as tar as the

values of energy are concerned the difference between onr considera-

tions and tiioso of Thaitz has partly disappeared. Yet also in this

respect a difference continues to exist in onr views, for Traitz e.\e-

cutes the splitting up of the energy at tlie absolute zero, anil it

seems more plausible to me to attribute the course of the reaction

to the diderence of eneigy at the reaction temperature. For the

present it will certainly not be possible to ol)tain a delinite decision

of this question, as foi' the greater part the (piantities occurring in

the expressions for liie velocity of reaction, iiave not yet lieen

measured with suHicient accui'acy, oi- soiiiciinies are not e\ en lialile

to direct measurement.

Willi regard to the >pHlling up m liie entropy the diliVrence

between tlie nientioiied views is still greater. Whereas Tkactz does

not execute a s|)litting up of the entropy and introduces the absolute

value of the entropy of the reading system into the eipiation of

velocity making use of the integration constants of the vajiour

pressure, an analogons spiiiiing up seems necessary to us also for

the entropy, especially when we adopt the views whicii Hoi.tzmann

has exjiressed on chemical actions in his (nislheory.

In the cited paper we have iliiisirated. by the example of ilie

chlorine-hydrogen ctpiililuiuni. luiw we lliink we iiave to imagine

tlie transition slates occurring there. If we adopt the standpoint of

Ljoi.tzman.n's tiieory, we must assume that the two iiydrogen atoms

in the hydrogen molecule are bound, in conseipience of the tivct that

the "kritische Riiume" of tiie two hydrogen atoms cover each other

entirely or partially, and also those of the two chlorine atoms in

the chloi'ine molecule. If we now inquire into the reaction between

a chlorine and a hydrogen molecule, we must imagine that the two

molecules get so close together that the four "kritisclu' Raume"

of the four atoui> wdl eiiiircly nr partially coincide, so that the

four atoms are in each olhiM>' sphere oraelion. .Afier lliis iransitional

I
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slate a so|)jir<ati()n (;ikes |(l;icc ol IIk- "Urilisclif Riiiiiiic" nt' tlio

liV(lr(iij,(Mi iildiiis and liio cliloriiio alotns iiitor se, Ua- dis.siiiiiiar aloms

rcinaiiiiuii' lioiiiid. Ilciicc llic ciiciiiv (|iiaiitilv /•'niiist he tiie enerf^y wliich

|)''c'\iiils, w lien llic loui- 'kl•ili^(•ll(' Kaiiiiic" coincide, wiiile llie value (if

llie onti-(>|)\ nnist lake acconnl of the volume of llio coincidirm' Riinine.

When we consider thai llie diHerfncc of energy between the

leaetinu' sniislances and Ihe Iransilional state is no more to he cal-

I'ulatcd a|iriori,sli('ally lliaii any oliiei' clieinical (dian^ic of energy,

and I hat as yel we ha\c no means at onr disposal either, to [irediot

the volnnn'S of Ihe "krilische ivanine" hy the aid of the properties

of the snhstances, it is clear that we cannot test the above conside-

rations except In examining whether we can assign jdansihle values

of the energy and the entropy to liie transitional states to get into

hai'niony with the known material of facts. It is trne that Nkknst's

theorem of heat, in the form as it is conceived hy Pi,.\nck, fixes

the \alnes of llie eiiii()|ty of solid snhstances at the ahsolnte zero,

so that llie entropy constants of the gases are hroiight in relation

witii the inlegratioii constants of the vapour jiressnre, hut even if

one is convinced of the validity of the theorem of heat, yet the

imperfect knowledge of the spcn-ilic Im^tIs jireserits too great a diffi-

culty ii|i lo now to calciilat'' entropies a priori. With regard to the

transitional slates such a calculation is a fortiori im|»ossihk', as the

facts known lo us indicate that these transitional slates greally vary

for dillereiil reactions, and are e. g. greally iidlueiiced hy catalysers.

Wlu'ii we now impiire into what the material of facts can teach

lis wilh regard to the transitional states, we will examine in the

lirsl [ilace whether the energy in the transitional state is greater or

smaller than in Ihe initial or in the final state, or whethei' it perhaps

lies between these two latter values. To answer this question I will

(to keep the considerations as simple as possible,!, consider a reac-

tion in a rarefied gas mixture that completely takes place in one

direciion. lii this cas:- the second partial velocity has a negligibly

small value compared with the first. The velocity of llie reaction is

then represented by :

fV
— -^'

-'i=C. ^^'
(2)

at

If we now insert the \alne of (i/ for the dilute gas-mixture,

which according lo oUr pri'ceding papi'r muv he representetl by:

f'/ = ^''v^v
- ^-'V'ic^ -i- ^v,jldT-T:<:v,j '^ dT +

( ^3)
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into e(|iiatioii 2, in wliich we wiiie fi — 7'»j/ for F. where b, and in

represent llie iil>(>v<- valiu-s of eneri^y anil enlro|n i>t the transitio-

nal states, and in whicii we separate the functions of concentration

iV5 separate factor, we get :

dc _

= Ce
^^'

n.v(4)

In tiiis equation .Tfy represents the recurring product of the con-

centrations of the reacting substances. The factor of .tij is the so-

called constant of velocity and is generally represented by the letter

k. If we now determine- the value of /id- au<l difTereutiatc it with

respect to 7',we find :

.//.A-

-
' '^V + ^iv

J-./7' ^_^_±(d^_,. 'J^)
(5)

dT
"

RT' RT' RT\dr dl

W now f, and »j, have the signification of energy and entropy

(free from concentration) of the transitional state, the last term of

the second member of etpiation 5 is zero: tiiis is clear wiien we

consider that /' =z e, - Tin can contain no functions of volume.

Hence equation 5 reduces to

dink Si — ff

dr RT- ^
'

ill which fj represents the enerjry of the first syslein at tlie (cmpo-

r.iture of reaction.

If we now return to tiie reversible (gas)-reactiou. the relaiious

dink. it — fi ,
dlnk^ f, — f//

will exist for liie two partial velocities.

Hence the splitting up of the energy dilTerence f/ — fj/ into

two pieces f/ — f( and f,— fjj is very prominent. If we now con-

sidei- that in -reneral the velocity of chemical reactions increases

with liie temperature, it is clear that f, will be greater than f/

and fy/. The energy of the transitional states is therefore greater

than the energies of the systems before and after the reaction.

Accordingly this result necessarily leads us to the follov/ing concep-

tion : On cniucidence of the -'kritische Riiuuie" of the reacting

molecules gain of energy takes place, in other words there is work
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(lone a^aiiisl ri-/iii/sir,' lorccs ; (lio ti-jiiisilioiiul s(;ilc possesses thore-

f'orc a lua.v'ninnn ol' |i(ili'iiliiil ('iicr;;\ .

As is known wlien niolccnlcs draw neai' lo each oilier atti-action

takes pkace ; this lc<i ms to expect in our pie\ ions paper that liie

IransKioiial state wonhi possess a ininiuuun potential eneriij. As

appears from (lie above eonsideralioii at such a distance that the

"kritisclie l\;inine" invade cacii other, the repulsive forces ont-

iialance llie alliactive forces and op|)ose thei'efore the invasif)ri of

tlie sphere of action.

A similar conclusion coiicerniiiij, the enei'gy of the transitional

states occurs already in Thaitz's first papers. He imagined that the

transitional state consists of free atoms. It is then clear that this

state contains more energy than the initial and the linal state, since

heat will be re(piire(l for dissociation into atoms. That Tn.\i tz makes

this resolution take place at the absolute zefo does not involve an

essential modification. For this queslion is in close relation to the

question whether it is allowed with regard to these transitional states

to speak of specific heats, or what is the same thing of a mean

value of energy at a certain temperature. And so far as is known
the (lifTerence of temperature between the reaction temperalure and

the absolute zero ^eucr.iily cau.ses no revei'sal of the sign of chemical

heat-effects.

2. Before entering into a discussion of the energy and entropy

values of the transitional states, I shall insert here some considera-

tions on the energy and entrofiy differences between the systems

before and after the reaction, referring to a paper on gas-equilibria

that has appeared earlier in these Proceedings ']. The algebraic sum
of the entropies of the substances participating in a gas-i-eaclion was

represented in the cited paper by :

r

:i:nH=2:nIlT^\-Y Sn i '~dT—R:Snlnc. ... (8)
1=1 J ^

1

if we join the tirsi two terms of the second iik iiibcr of eijuation

8, and rejiresenl it by ^li/H,-- (ihe enlropy free from conceuliation)

this equation passes into :

:£nl/ = :^n//,.= i—Ti2i:>il„r (it)

According to the cited |iaper the e(piiliiiiium coiidilion for llie

gas mi.xlure is ;

1) These Proc. Dec. 1911. p. 743.
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2i /,;( = :£hE- T:^hII
I^
^^(A'V = (>.

If ill this we introduce llie enlio|n' free from coiicentratioii, this

etiiialioii iiiav lie written :vs follows :

2nE- T2:nII,^\ + ET^inlnr + ^/i/?'/' = 0.

If wo now oxjtross ^nlnc by hiK,, in whieli tl)erefore A', repro-

siMils the so-called equilibrium constant (in concentrations), then :

RTlnh\. = — 2£nE + T:Sn//,^i-::£»NT . . . (lU)

Dilfereuiialinji tins e(|uation with respect to 7' after division by

/.'/', we easily timl liie well-known equation of \.\n t IIokk :

dltiKc :SnE
- = (11)

>IT RT-'
^

If we now inui<iine ^nL to be a very weak temperature function,

whicii may be put practically constant over a limited temperature-

raiijre, etjuation i\ yields on integration :

2:nE
lnK,. = -^^+C (12)

(.)u ciinqiarison of equation 12 with 10, il ujipears that on this

supposition also the eniropy free from concentration may be juil

iuilependent of the tenqieratnre. This couclnsion is moreover also

clear when we consider that both the ciiauge of ^nE and that of

^nH,— \ with the temperature is exclusively determined by the value

of ISvc,. If liierefore really ihe valiii' of ^m-^ in a certain range

of temperature is negligibly small, the observations in this range

may be represented by ecpiation 12, in which two constants occur:

^nE
, the change of energv divided bv the gas constant, and C,

wiiicli contains the change of entropy and the gas constant.

And inversely when it apjiears that the constant of e(piililirium

as function of the temperature may be represented in an etpiation

with two constants like 12, a measure will be found in the value

of these constants for Ihe change of energy and eniropy during the

reaction. If iheroforo in one grajihical representation lUiiK. is rejire-

sented as fimctiou of ^ ,, and in another TInK, as function of 7', and

if the observations in the first graphical representation give a straight

line, this is also the case in the second. The inclination of the line

in the lirst representation yields the energy value, that in the

second the value of C in etiuation 12, so the entropy value, at

least if the fact is taken into account that according to etpialioii

10 C also coiilains the gas constant and ^n. W we now assume

that the observations have been made with great accuracy, in gene-
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ral (he curve in llic (irsi '^ra|)hir;il rc|M'csciil:iliini will dcvi.-ilr

fioiti a slriii^lil liiir. If \vc now r(innr<'l Iwo |i(iinl> IVdni lliis

Sra|iliical r('|)rescii(iili(tri, tlio slopi" of this istr!iij;lit line will indi-

Ciile the value of ciiei-fiT which l)i'lon",s to a temiK'ratiiic which

lies hetwocn Ihosc of the (wo connccled jxjinls. Il will ilien he

clear llial if we wish lo delei-nnne the ener^v \alne in a siniilai'

way, llie loniid \alne will diller the less from ihal whi(di corio-

sponds lo Ihe Iwo observation |ein|K>raturos as 2i'//r,. is smaller. Hence

Ihc enerfi'v value will also he found with the J^^reater relative accn-

racy as the energy value itself is greater, i.e. the energy found

gra|»hically will then proportionally dill'er only liltle fixun Ihe eiieruv

values at iho observation temperatures. If we miw till in Ihe gra|)lii-

cally found value in (Mpiation 12 and if we apply equation 12 lo

Ihe Iwo ohservalion tempei'atnres. a !oo great \alue for the enei-gy

(lifferenee will have been chosen for the one leniperature, a toe

small vahio for the olher. For a temperature between the (w'o

temperatures of observalion the energy value is then chosen e.xacllv

right ; hence the correct entropy value has (lierefore been yielded

by e(piation 12 for Ihis ten)|)erature. Therefore when equation 12

is used the found values of entro|)y will deviate somewhat from the

real ones at the two tem])eratnres of observation.

If we do*iote the two temperatures of observation by 7', and T.,

and the temperature for which the gr'aphically fouiul value of the

energy holds, by T^, and if we imagine the value of energy found

at 7', and the corresponding entropy substituted in equation 10, we
may question what deviation equation 10 gives us for the values

of K, at tlie temperatures 7', and 1\. The error made in Ihe energy
r>

when we applv equation 10 as 7',, amounts to I d7\ thai in

J dT

the entropv-term amouids lo 7j I d f. If we now consider
J dT

that the energy and the entropy occur with o|iposite sign in the

second member of ecpiation 10 and that

d:^nE d2nH„-i

dT dT

we see that these two errors cancel each olher tor the greater pari

in the second member of equation 10, and that therefore in spite

of these approxinnilions a pretty accurate value of A', oan be found.

This fact e.xplains why notwithstanding an ap{)reciable value of the
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specific lieats many iias equilibria can be accounted for l>_v means

of two c<in.slanl>, mit imly over a small temperature range, but

sometimes even over a very lar<!;e one. at least if the obscrvati<^ns

are not particularly accurate. The dissociation constant of the iiitro<ren

tetroxide can e. g. be expressed by an equation of the form 12

(Schrebkr's equation), and also ihe di.ssociaiion e(|uilibriuni of car-

bonic acid, the errors of observation being coni|)aratively large here,

can he accounted for by erpiation 12 ovoi- a lemjierature range of

hundreds of degrees.

These considerations teach us accordiiiirly ihat observations of

equilibrium constants with comparatively large energy and entropy

values enable us to calculate them jirelty accurately, but that gene-

rally no conclusion can be drawn about the iutiuence of theteni|)e-

rature on energy and entropy, the errors of observation being

generally too grcai foi' this. Thus the above formula of Schrebkr

enables us to lind a mean value for the heat of dissociation of the

nitrogen tetroxide and for the "krilische Kaum" of the NO,-mole-

cule '), but the iidluence of the temperature on either is not to be

derived from the measurements of the ci|iiililHium.

3. If we lujw relnni to the reaction velocities, we can also ajiply

the considerations mentioned in the pri-cediug paragraph here mutatis

mutandis. Eipiatiou (i. which ijidicates the dependence of Ihe velocity

constant with the lenq)eiature, presents great analogy with v.a.n 't

Hoff's equation of equilibrium (equation 11). If a;— a, is a very

weak temperature function, equation t5 yields on integration:

Ink^-^^^^ /.' (13)
RT

ill which as appears from equation 4 li does not coulain any

constants depending on the nature of the substances, except the

dilference of entropy. St) in this case too tlic dilleience of entropy

between initial and transitional stale is practically indeprndeni of

the temperature. Here too we can therefore graphically represent

R/ »k as function of ^,, and deteruune the dilferences of energy

between initial ami transitional state. It seems therefore natural to

examine whether the material of facts referring to the reaction velo-

cities can be represented by equations of the form 13, where ay

—

f,

and B are considered as constants.

In his Etudes de dynamique chimi(|ue v.\n "t IIoki' for the first

time gave an expression for the dependence of tlie velocity con-

') BoLTZMANN. Gasthcoric II. § 66.
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slanl on llic l('ni|ii'i;iluic l.cil li\ lii> relation I't' i'i|iiililii inm fe(|nii-

lion II) lie iironoiinccil (lie .sn|i|)Osili(in llial lor llic \i>lo('ilv constant

an ('(|iialion wciuld hold of tlic sliapo :

dink A= Y li (14)

Tliis c(|nation lias lici'ii rciicatfdlv put In the test in iatci- times,

generally, however, for reactions in dilute sol'itions. First of all tlie

qiieslion suogests itself wheflier the considei-ations vvhicli have led

us to efinalion 6, may also be apjilied to dilute sohilions. Thonjrh

the \'el()city of (> foi' dilute sohilions cannot he riii'orously |iro\cd,

an apjilication also for these reactions does not seem open to serious

objections. We iiave, namely, tested onr original erpiation. by reac-

tions in dilute solutions in the cited paper; it proved to he able to

account for the course of reaction, and the reasons which led us to

the assumption of transitional states, hold unchanged also for reac-

tions in solution. Accordingly the shape of eipiation 6 leads ns to

expect that this will be generally valid. Van 't Hoi'f's equation

(equation 1J), moreover, holds also foi- cMpiilibria in dilute solution,

and it is therefore certainly natural to assume, that the splitting up

of the value of energy will be esseidially the same for all reactions.

Van 't Hoi'f's equation is generally not applied in the form as it is

given by J 4, but in the form which arises when either .1 or B is

put zero in 14. The expression which ari.ses by the introduction of

zero for B has been later defended by AKiuiKNirs, and has appea-

red to be compatible with a great part of the material of facts. If.

however, one puts B equal to zero in 14, really equation 13 is

obtained by integration, and all the reaction-velocities which satisfy

AuKHENius' expression, can therefore be represented with the aid of

the two constants f^— 6( and B of equation 13. Reversely equation

13 furnishes us also with the possibility of pretty accurately calcu-

lating the diflferences of energy, at least if they are not too small;

the absolute value of the difference of entropy, however, remains

unknown, because B among others contains the unknown constant,

which accounts for the unity of concentration and time. The above

considerations, however, suggest that besides the difference of

entropy B will not contain any constants dependent on the nature

of the substances. In perfect analogy with the conclusion of § 2 we

conclude also here that measurement of reaction velocities, at least

if they have not been very accuratelj^ executed cannot decide whether

the difference of energy and of entropy depends on the temperature.

I will apply the above considerations in my next |)aper to a

series of experimental data from organic cl..emistry.
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Chemistry. — 'On l/ir iwhwitij nf .iuhstilittimis in tfn' hi'vzene

inirleus." \\\ Id. 1". \\.
(

'. SciiF.ri'KH. ^('olllnllmu•alell li\ I'luf.

A. I'". lIoI.I.KMAN).

(Gommunicalcil ii; llic inecliiif; ol J;in. 'lb, 1013).

I. In (lie |>ioci'(lii)<r |>apci' the depemiciice ol' llie \elociiv con-

slant (in llic i('ni|icra(iii-c was n'prcsenlcd liy llie c'(|nali(>iis ;

dbik ti — t

'Jt
~

~RT^
........ (\)

anil

Ink — ^- — B (•-)

and it was shown that the greater part of llie I'xporiinental data

allows the suhslitntion ol' a constant \alue for * — f,. Acccjrding to

llie considerations of tiie preceiling papei this value furnishes a

prellv accurate measure for the energy dillerence between the react-

ing substances and the intermediate stale during the reaction, at

least if the velocities have lieen measured with sullicieni accuracy,

and the value of the energy dillerence is not too small.

In order to arrive at an opiidon aluiiit the elliciency of Hiese con-

sidei-alions and the eipiations J and 2 (leri\ed from lliem. I iiave

tried to apply the latter to the experimental data. I have for this

pur|)0se tried to lind Iho^e e.xamples where we may expect the sim-

plest behaviour, and in m> opiidon they are to be found in the

department of organic cheunstry.

If wi- imagine a reaction which is indicated by llie efpiation of

reaction -1
-f-

/>' ^ . . . and if we determine the reaction velocities

at different temperatures, the above mentioned energy value can be

calculated. If we then replace the molecule A by another A', we

can iinil the required (piantity of energy also for the reaction of this

molecule J' with B. and in this way obtain an insight into what

inllueuce a substitution of .1 for .1 exercises on the liitlerences of

energy with the intermediate state.

Let us e. g. suppose that the molecule benzene is nitrated ; we

might then calculate from measurements of the nitration velocity at

dill'erent temperatures what (piantity of energy is recpnred to force

the nitric acid molecule into the sphere of action of one of the hy-

drogen atoms in the benzene nucleus. If vve then replace the mole-

cule benzene e. g. by chloric benzene, we can calculate the (piantity

of energy required for this icaction also by measureii.ent of the ni-
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(ration velocity, and oiitaiii an iiisi^lii in this way into what in-

llitencc liie ciilorino atom in liio licnzene has on tho i-e(|nircd qnaii-

tity of energy for tlie snlistilntion. In this way a value ean Ihen

be found vvliieh can i|iiaiitilalivcly he expressed loi' that wiiicli is

generally expressed by Ihi- inlensiiy of the binding of (he atoiiis which

are liable to substitution.

Such calculations, however, cannot Ijc carried out in the absence

of the required niatei'ial of facts. Detern^.inaiioiis of velocity ofsub-

sti(utions as niendoned abo\e have been hardly carried out as yet;

though Prof. Mor.i.KM.\N and his pupils have collected a considerable

number of data on the relative velocity of the subslilution of the

dilfereiit hydrogen atoms iji I lie same aromatic molecule. All these

measurements refer to simultaneous reactions, and il is jusi for this

kind of reactions that the ap|)lication of the above mentioned

eipiations is ver^- simple.

When we ex|)0.se the molecule tulnene (o the acdon of nitric acid,

three substi(utions ap[)ear simidtaneously. In the toluene three dilfe-

reiit kinds of hydrogen atoms liable to substitution occur, two on

the orlho-, two on the nieta, and one on the para-place with respect

to the chloiiiie atom. So we have here three reactions proceeding

simultaneously, each with a definite velocity constant. If we now
want to ap[)ly the above equations we must first of all bear in mind

that the velocity constant is determined by the energy and eiitro|»y

difference reipiired for (he substidUion, ami (hat accordingly if (lie.se

(piaii(i(ies were equal for iho orllio-, meUi-, and |(ara-sul)sti(n(ion,

(here would yet be foriued (wice as many ordio- and me(adisubsli-

tution products as paraproducts, because in a definite tpiantify of

toluene there aije twice as many ortho- and metahydrogen atoms

liable to subsliuuiou, as para-hydrogen atoms. If therefore the ve-

locity const lilts for orlho-, nieta-, and |jara-subs(iiu(ion are repre-

seiUed b\ /.„,/.,„, and /^, , the siibs(i(u(ion velocKies i-'„ , ^'„, and f^ are

represented by (he e(pia(ions:

''•"~'^^"'\\ihci'^iiso, (-'')

and

The ra(io of (hi' (luanddes ordio. me(a-, and para-[)roduc(s. which

are formed in the uni(y of (ime, (herefore, amounts to 2/ „: 2/„, : /t,,;

hence it is iu(K'pendeut of the time. If therefore the reaction is

allowed lo proceed regularly to i(s clo.se, or if it is stopped a( an

arbitrary nioiiionl, (lie ratio of the o'.ilaiiicl sniislitnlion prodnc(s is

73
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at ilie same tiiiu' i!ie n-qiiired ratio ot' llie vekn-ilv coiislaiits ').

Not the \elocity coiisiaiits llieiiiselxes. tlieret'oio, onlv tlieir iniilnal

ratio is to be lierivcd from llie measurements eolleelt'd hv Prof.

HOI.LKMAN.

If wo now a|)pl_v e(|uatioiH 1 and '2 to tliese examples, it appeals

tliat the application heeinnes so verv bimple in this ease in eonseqnenee

ol' the eqnalitv of the enerjjv f of the reactinji' snhstanees for all the

three reactions that lake place simidlaneonsly, and that therefore the

difference in velocity of suhsiiiuiion at an ortho- and melaplace e.g.

is dilTereiit oid\ in consequence of this that the qnanlily of energy

(and entropy) to replace the ortho-hydrogen differs from the energy

required to canse the substitution at the meta-place.

The objection that tliese reactions do not take place in dilute

solution cannot be advanced against the application of the two

equations, for in these .substitutions a great excess (molecidar) of the

substituting substance is generally present. In nitrations e.g. the

substance that is to be nitrated is added in drops to a large quantity

of nitric acid, and the nitration is |u-actically completed before the

followiuii drop is added.

Moreover 1 pointeil out already in the preceding |)aper that the

objection of higher concentrations cannot be serious, since it is self-

evident that the splitting up of the energy values must always be

cariicd out in essentially the same manner. It has, moreover,

repeatedly appeared in these substitutions that different ratio of the

reading substances has no appreciable influence on the mutual ratio

of the reaction products.

If wc now represent the energy of the intermediate states for the

llireo substitutions b^ e, . f, , and e, . then cMiuaiion 1 gives:

f, — s.

(3a)

din -^
i.
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Tliese O(iiiiilioiis (^lulile iis to calculuio tlio diirorcnces of tlie reqnireil

siibstitiilioii (MUTiiios from iiicasiireMiiciits of (he \elofily. a( least foi'

so far as ihcv have been perfonncd at diirereiil teiiiperatiires.

If we now also apply equation 2, \vc f:;et

:

k„, RT ^ "
^ '

k f' —*'

k,, RT ^ ' '
^ '

I. Si — f,

ln-=J^ '^-^B,-B.„ (4c)
k,, RT ^ ' ^ '

Willi respect (o the constants ]i from the equation 4 we know
that eacii of them consists of the reipiired entropy dittercnce and of

constants which do not depend on the nature of the reacting sub-

stances. These laller disappear therefore in equation 4, where always

differences between two /lvalues occur, so that the value B,„—B„

of equation 4a can be leplaced l)v ?;, —m , and just so for the

other equations.

So we see that the difference of tiie substitution energies and

entropies can be directly calculated for these roactiona from the

experimental determinations. The accuracy with vvhicli these calcu-

lations can be carried out, is of course determined iiy the value of

the errors of obser\ali(tn.

When 1 applied eipialions 4 to the tlala, it soon a|)pL-ared that

the values for )/, — >; etc. in general |iossess small amounts, and

sometimes dilfer very little from zero. I have thei'efore examined

whether it is possible to account for the obser\ations cw/y by a

differeiu'e of energy, lience by assuming that lite di[feri'nce in anli-

stitutioii-enlroj)!! iron/<l he zero fur the (hj/e/'eiif hi/(lrO(/en atoms.

Mathematically this comes to this that every substitution might be

represented by the aid of one constant, which would then have the

meaning of the dilfcrence in substitution-enei'gy. On this hy[)othesis

the e{piatious 4 are transformed into:

k ^t — e,

'"^^~^r- (''')

k ft — f,

k„ RT ^ '

In — = — (;)< I

kp RT ^ '

73*
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To slidw ihat ihc iiiaiciiai of lads rcallx ailiiiitt- of siicli a liv|)o-

tlicsis. 1 siilijoiii ihe values wiiicli iniist he assigned to the (lilTerenees

of energy of the e(|iialioii 5, expressed in calories.

Nitration of chlnrobensene. Nitration of brombensene.

%
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Nitration of' toluene.

^ 135 ; — - 1490

30 /= ^ = 30 60

found call-, foiiiul calc. found calc. found calc.

para 39.3 38.7 38.1 37.6 "6.8 36.6 35.3 35.7

ortho 57.2 58.6 58.0 58.6 58.8 58.5 59.6 58.2

nicta 3.5 2.7 3.9 3.8 4.4 4.9 5.1 6.1

If \\r rMeml iho invostiijalK.ii id iIil' iiitroducrion of a tliinl snli-

-iiiiiriii III ill,' iwici." Mihsiiiulcil heiizeiio, we <>e\ -.

Nitration of m-chlor-bensoic acid, i)

i. - := 1290

t= — 30

found calc. found calc.

rt (1,3,6) 93 93.5 92 91.5

6(1,3,2) 7 6.5 8 8.5

Nitration of m-brombensoic acid.

'h — =-- = 1020

/= — 30 t =

I I

I

found calc. found calc.

ff (1,3,6) 89 89.2 87 86.8

6(1,3,2) 11 10.8 13 13.2

Nitration of m-dichlor-bensene.

^b- ^a= '^

/=— 30
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Nitration of o-dichlor-bensene.

1

-b
- a = '^
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Proli;ihl_\ llic ili'\ i;iti()ii rpina-ns wiiliiti the orntrs of oI)s(m\ .iliun

also Ikmc. Tliis supposition scmmms not loo li;i/.;ir<loiis whoii liio I'csiilis

jiic considered w liicli were oliiuined m liie ndralion nl' llii' niellnl

cstef of lien/,oic acid, w iiere \rv\ prolialilv in the nitfiilion an error

occurs at 0°, wiiicli is ^ivalcr liian liie ahove deviations. Prof. Hoi. i.K-

MAN informed nie that lie too considered llie ai,n-eenieiil in the tables

as very satisfactorv.

The above lost, therefore, reallv leads to ihe conclusion that the

substitutions in the benzene nucleus can be satisfactorily accounted

for u|) to now l)y one siiiule constant, liie dill'erence of eiierfiv foi-

subsiitnlion at the dilfeieni places in the nuelens. If there were oidv

one e.\ani|ile known where Ihe errors of observation were undoultt-

edly smaller than the devialion from the theoretically calculated

value, the originally pro|)Ose(l hypothesis would have to be rejeeled
;

so it will have to ap|)ear from the continued investijiation whether

I'cally ail (he examples witliout e.xceptio:! conform to the rule, tor

which no e.\ce|)tions lia\e been found as \et.

Ecpialions 'A and 5 accordingly, account for the facts which are

known up lo now. If we now compare the two equations, we com(>

to the follo\vin;n conclusion : 'I'he second members of the iwn

ecpiations have always opposed sijiiis ; if therefore in eipialion Tv^

/„<^/r,. i.e. if on subslitntion more meta- than orthodeiivative is

formed, iheii e, —f„ is nesi'ati\e.
lit

" ^

a In—
k

ll then follows from e(|nalion \i:i thai llie \alne of '"
is nosi-

tive. We can e.xpress this generally as follows ;

llie qu-mliti/ of the. pruducl iv'ticli is furmcd to u siixdler di'qrcc.

increases ir/nlirc/i/ on rise of li'iiifh'rof/iri'.

In this we should bear in mind llial lo decide whether a product

is formed in a smaller (|uaniily, it is necesso'-y lo di\id(> the (pian-

tities foi-med by the value that indicates the number (if ei|ni\aleiil

places in the iiucleiis. Thus the nitration of toluene furnishes

sei'ininij/i/ an exception, as sei'iriiiKjhi the ipiautity of ortho is jireater

than the (pianlily of |iara-nilrololuene. If ho\\e\er. it is l)orne in

mind thai in ilii> siibsliliition there ai'e two (utho-place.s- available

to one |iara-place. .md that therefore para and )iot ortho is the

prodiu'l llial is formed in ^leatei- ipiaiility. the staled rule appears

to be valid also here.

As far as 1 am aware lliere are no e-xcepiions to ihis rule either.

(>nl\ the I'iia! on of ioilo-lieii/.ene does not follow it, as lierc^ the



f|iianlily of oillitK'oni|H)nii(l doets ikiI increase on rise of (emperalure.

lull decrease ; this nilralion is re|iealctl in I'rot. Hoi,i,km.\n"s lahoia-

ton , liecanse the presence of dinitro-coniiioiinds mav possililv ^nve

rise in (liis case lo cdniparalively great crrur> in the analyses. In

the case of another example that d('i»arts from the rule, ilic i|iiaiiiit\

of para-product in the nitration of benzoic acid and its methyl e>lcr,

the chanjres at \aryinj< temperature are so slight that the errors of

observation may even have changed the cpialitative conduct.

Moreover tiie above consideration establishes ihc already known

practical rule that in general it is desirable for (lie preparation o(

pure substitution jjroducts to work at low lempeiature ; fur according;

to the stated rule higher teni])erature always promotes the formation

of by-p;oducts.

When we examine wiiai iiilluence the above result exercises on

our theoretical considerations, we arrive at the following conclusion :

When a hydrogen atom in the benzene nucleus is replaced by an

atom or a uroup of atoms, an intermediate state makes its appearance,

which is caused by exactly the same atoms for the substitutions at

all available places in the benzene-nucleus. For instance in the case

of a nilralion the intermediate state is caused by the coincidence of

the -kritische Kiiume" of the carbon atom of the nucleus at which

the >ubstitution takes place, of the hydrogen atom, and of the Oil

and NO, group of the nitric acid molecule, at least when in an

analogous way as Boi.tz.m.\n.n ascribes a "kritische Raum" to the

NO, molecule, we do so im- tiie groups in question. Then the above

conclusion would involve that the volumes of the Rtinme which

cover each other, do not dilfer, or only very little for the substitutions

at the ditlerent places, but tiiat the dill'erent velocity of substitution

is cau.sed by the fact thai the more distant atoms influence in a

dilFerent way the energy recpiired for the dilferent places.

2. An entirely dill'ercui (piesliuii, whicii, however, can be brought

in connection with what precedes, is the following : Is il jiossible

when the ipiantity of the products, whicli are formed when a

second subslitueni is introduced, is known, to calculate that of

the substances whicli are formed when a third sul>stituent is

introduced 'r In other words is it possible to draw a conclusion from

the energies recpiired for the introduction of a second substituent,

about the energy retpiired for the introduction of a third ? If e. g.

we suppo.se that toluene is nitraleil on one side, chlor benzene on

the other, we know the relative ipiantity of the nitroproducts formed
;

if we unw mirale chlor toluene, il is the question whether the quantity
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(if iIm' iiilin|iniiliicls rnriiii'il III llic lallci- caso is In lie ralcnlalril

iVdiii llh' Iniiiicr iM'-i'. Ill llii' lirsi |ilai'i' we slioiilii licar in iiiiii<i

liial till' ciUMi^v (iC liic siil)>iaiirc'- wp siarl tVoiii is (liircreii;, iiiiil now
it is true iIkU this (Miort-v is caiiccilcil in iIk> (lelCM'iiiiiialion (if llio

i'clali\o (|iiaiiiili('s, \ci llic eiioruv (•!' ilic iiilcniiedialc slates iiiav

(ic|KMul (Ml lliis ciuTuv. 'I\> oliiaiii an answer lu liie jiiveii (jneslioiis

we siioiiid llieiel'i)!'" iuue lo iiilrodncc a livpollicsii; eonccriiinf^' (lie

eiierg'v (inanlilies.

Tiiese liypolliosos niiisi ne(\ssai-il\ he very arliilraiy, as analogies

with otliiT |ilH'noiiicii;i arc not yi'{ loiowii lor lliciii. (>iic of llic

must jilaiisilile iiypollieses would in my o|iinioii he llic I'ollowinji'

:

Lot lis denote tiie energy rc(|nircil for tlie snhsiitntioii of the NO,

-

groiij) for the hydrogen atoms in the benzene iiioleciile h\ f,. Tlieii

the eneigy for siibstiliitioii of tlie hydrogen atoms in toluene and

ehlor lieiizene resp. may lie represented hyp, H-fo,. f
i + f.-, .

'•i + ^/.,

re.sp. 6, + f,,^, 5, -|- a,,,., and f, + r,..,

.

ir we now think a snlistiintion carried out in tlie molecule ortlio-

chlortoliiene, we migiit assume that the energies re(piirc(l Inr every

snhstitiialile place must he added

CH,

(V H '1

c, ^a

For siilistitutioii at the place a, which is in an ortho-position with

respect to chlorine and in metaposition with respect to CII,, an

enei'gy (piantity f
, + f,», + t„. would then he nMpiired. Reasoning

in an analogous way f, -|- f^,, -f- f,„,. would he re(piired for the place h.

Applying equation 5, we get:

In — = i^IIl— — (^1 + ^'"1 + ^^'J—J^ i + ^fi
-\- ^"h) _

"k„~~ RT ^ RT
~

~
RT

When we now consider that the introduction of the second siili-

stituent ie(|uires:

(n-^ = — and In -^
A-,„, RT k,„, RT

we find easily by comhiuatioii of the thi'ce C(|iiations:
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In -- = In In -

or

Tliis is the so-i-alled rule of imiltiplii'ation, wliirli Frof. Hom.kman

Iried to ajiply for such falciilations already before. This rule appeared

to be ill })rcll_v i-iose a^reeiueui with tlie obser\alioiis fui- tiio niira-

tioii of (he orlho-cldor and ortho-broni benzoic acids: in oilier cases,

liowever, great deviations from tlie ;'alcidations are found.

Afterwards IIlisinga proposed a "rule of suuiniation", but this

too presents satisfactory agreement only iu some cases. If we examine

what relation would have to exist between the energy tpiantilies

required for substitution to arrive at a rule of >uiinMrtli()n, this

relation ap|)ears to assume sncli an intricate form tl;at it cannot be

accounted for in my opinion tVom a theoretical point of \iew. A
general rule for the calculation of sid)stitution energies at the intro-

duction of a third substilnent from the \ahics of eueriry wliicii are

required for the introduction of a second, seems to me inq)ossible

to tind. It may, however, be po.ssible to find a relation between

analogous sidistitutions, and this relation might po.ssibly be discovered

by means of the energy values calculated above. Up to now I have

liowever not made an attempt to do so, because the energy values

on which the above tables are founded, can certainly still be modilied

in the units, aiul sometimes even in the tens; the extent of these

modifications, namely, is in iLie closest relalion wiih the errors of

observation which may be allowed in the determinations.

^loreover 1 will (inally point out that in this paper 1 only intend

to show that the material of facts admits the assumption thrtt the

substitution entropies arc identical for the dilleieiil jilaces in the

nucleus. That this is really perfectly true has of course not been

proved by the lest; we can certainly also account for the data by

means of eipiations with two constants (equation 4\ in which the

second constant in general possesses a small \aliic. It appears in

any case that in general the course of thi'^ type of reactions is chiefly

determined by diirerenco of energy, and the dilference of entropy

jilays only a sccoiidar\ part. .\s 1 showed at llie end of § 1 our

theoretical considerations about ihe mechanism of the chemical re-

actions may be brought into harninny with these results.

In conclusion I gladly express u.y cordial thanks to Prof. IIoi.i.km.a.n

for supplying me with the inforiualion which 1 recpnred for the

foregoing investigation and for his interest in iliis work.
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Physics. '.t iiiii/idil fur (ilitii'ni'nui ihirrmr ti/i.'<i>r/>tioii liiii's of

im-liiUic rujioiirs fur ijir('s/i(/iitions in slnnii/ iniKjin'tir /ield.i."

By H. W. Wool) 1111(1 I'. Zkkman. (('Kiimni.Micalcil hv I'l-of.

P. Zkkman).

(Commuiiiiatud in (he meftin^ of .lanuary 25, 1913)

111 lilt' siiiiimor of I'.H 1 wo intended lo make logellit-r soiiio

ob.servalioiis coiicerninj^' inagiielie doiilile ret'iaclion of inetallic xajionrs.

The magnetic dtnilile relVaetioii of some vapours was lirst tliscovcred

(and predietcd) by VoKiT, afterwards eomnieiiled u|)on by Zkeman

and. Geest.

In the paper of the last named authors tlie interesting region

between the components of the magneticaily divided sodium lines

was investigated and the resnlts represented bv drawings.

It seemed desirable to extend this investigation using very narrow

lines, which can lie maintained constant during a long time and to

fix the result by pho.tograms.

Our investigation never passed the preliminarv stage and has

become now superfluous by the paper of Voigt and Wagnek whicii

has since aj)peared.

During our preliminary observations we tested a gi'eat number of

methods of obtaining narrow and constant absorption lijies. It seems

to present some interest to record one of our results.

The absorption lines of sodium were obtained beautifully narrow

by using small glass tubes charged with a little metallic sodium,

then sealed to the vacuum pump and evacuated. A tube some

centimeters in length was placed vertically between the itoles, the

magnetic field being horizontal.

It is quite possible to use tubes of an external width of some

millimeters. Of course much of the light of an arc lamp is reflected

and diffused by the tube, iiut enough remains to observe the inverse

magnetic effect with a large Rowland gi'ating. The magnetic resolution

of the narrow lines can b? splendidly seen and pliologiaplied in a

reasonable time.

The heating of the tulie can be done liy a llame. but |)referently

electrically.

Of course tubes with other volatile metals can be prepared in

the same wav ').

1) The methoiJ has been since applied with success in an invesli;,'ation by

Mr. WoLTjER in the Amsterdam laboratory; the results will be given separately.
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Physics. 7//'" /< '/ Ht'ilum fin/'. \i\ Prof. 1*. Zkkman.

Oiilv tlio.so n|)^ctruiii liiie:^. wliicli belong to pair series or to

Ihroc-roi*! series, aiv resolved l;y magiietir tields into comitiifalcd

tvpcs. i. e. not into Iriplcls. The cause of liie comijiicaled lesoliilidii

is iiitimatrlv comieeled wiili ilie presence in tlie speclnun oliialnral

groups of two or lliree lines (series-donl)let or series-triplet). It lias

noiliing to do willi llie dislrihuiion of lines in series, for there exist

connected series of lines, which are i-esolved into trijilets l\v mag-

netic fields ').

Recently'"') P.asciikn aiul Back discovered ihat lines iielonging to a

very close ,series-iri])lcl or series-doublet, inllueiicc each other in a

veiy peculiar manner. I'nder the action of a sullicienlly stroui; mag-

netic field we might expect to observe a snperposilion of the types

of separation of the componniU, Iml contiary to expectation a noi'mal

triplet is seen.

Among the lines iii\estigated by Pasciik.n and ll\tK are also the

lithium lines. Many physicists by analogy with the other alkali metals

and their series expect that the iitiiiiiin lines are very dose pair.-.

Sometimes the opinion has been ex[tressed that the laws for the

other alkali metals do not apply to lithium. Tins then might explain

the result olilained l»y VouiT 'M that the red litliinm line ((i7(^8)

contrary to I'kkston's rule is resoUed by a magnetic Held into a

triplet, which is at least nearly normal. The measurements of Back ')

for four lithium lines prove (hat within the limits of the errors of

obser\atioii the se|)aralioii has the normal value.

It is therefore very interesting to know whether the liiliinm lines

are really very narrow pairs or not. In the tirst ca.-^e Pasc iii;n and

Back are ri.ulit placing the lithiiim lines in parallel with the other

doiii)lets they investigate, but they also indicate t^708 Li as a "theo-

retisclu' Doppellinie", becau.sc it has never been resolved.

I have been able to do this iisinj^- the method given in the

foregoing communication.

As glass is stroiijily allaeked by heated litiiium it is necessary to

place a small iron or copper vessel inside the glass tidie ; the life

of the tube is then at least increa.sed.

r

1) LoHMANN, Physik. Zeilschr. 9 p. 145, 1908; Paschen, Ann. <t. I'liys. 30,

746, UI(I9, 35, 860, 1'.)!!, Hoyi>s 30, lOU. 1909.

-) PAScnii.N u. Back, Normalu u. uuomalc Zekman t ITcklr. .\nn. d. Tliys 39,

897. 1912.

3) VoiuT, Physik. Zeitschr. 6, ^217, 1912.

'_) Aiiliaiig Back. 1. c.

i



Tl Ii^ci v.ilioiis were iiiailc in llic sccdiid onlcf s|i('clniiii of a

luijic IvdW i,\M) j^i-aliiiff.

Till' i'i''l III' ilic srcdiid oi-ilcr- is siiperposoil on lln' lilni' of llic

lliirii oiili'i- ^o ilial ihi" linr <)7()H lis seen in liic al)sor|ilioM s|)cclrnni

as a IiImi' line. With small va|ioni- densilv the line resolved into

two coniponents; this proves tiiat the coiiclnsioii drawn from tiie

aiuilouv 111' the speclnmi series of the alkali niclals is true. That

conipon(>nl of the donhle line which has the smaller wavelength

seemed to he the most intense. The distance between the eompoiieiils

could onlv lie measured in a ronndahont manner liv means of a
divided scale in the eve piece of ihe s|)eclioscope. This measnremerit

gave for the distance between the components about one fourth of

an Angstrom unit, i-'rom lh(> empirical rule tiiaf in the case of liie

elements of ihe same I'amilv the freipiency ditferences of liie paiis

are nearly pimportional to ilie sipiare of the atomic weights, it would

follow that lor lithium this distance ouffht to be (> V — =r () (j

23-

Angstrom units. The observed, distance is much smaller.

Physics. — "Sonic n'lnarky on the course of the rdrinliillhi of the

qannlilii l> of the equiitioji u/ .state." By Prof. -1. 1>. v\n dkk

Waai.s.

(Cdinmiinicated in tlio meeting of January 25, 1913).

In my preceding comminiicalions 1 cauje to the conclusion

tiiat the diirereiices which occur in the normal, not really associalinu',

substances are to be ascribed to the different \alue of Ihe i|uantity

i'.,
. . .—^— . As this (|uantily is greater, both / and .y are greater, viz.

/-I b,, S
,

/ b,,

— and.s= — I / -^. The deviation exhibited bv the law

of corresponding states, is also a consequence of the dillercnt course

of the ipiantity />. Thus it liccomes more and more clear that every-

lliiuii' that can contribute to elucidate the cause of the ditiereuce in

this couise must be considered of the highest impoi'tance.

If the course of // is trat-ed as function of v, a line is obtained

\\hicli runs almost |)arailil to the r-axis with ureal value of r, and

appniaclu^s asy m|ilolically to a bne |iaiallel to the r-a.\is at a distance

//,, from the latter. Not before r^2d, does an appreciable tliU'ereiice

begin to a[i|iear, and has the value of descended to e.g. aliout
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O.ilG /^,. (-Ill t'liiiliLT (locrciisf of llio volmiie l> desceiul.'- more lapiillv

— ami when also a line has hceii drawn vvliich starts from the

orijjiii, so from r ^=- at an angle of 45° to the r-axis, tiie conti-

nually descending l> cnrve will meet this line at fi^^hnm. If h,, and

bii,„ are given, this curve is determined. If l)„ should have the same

value, and if bii,n should he smaller, the curve lies lower ihroughont

its course, and reversely' if 6/,-,„ is greater, the wliole b curve lies

higher.

Of course if there did not exist a similar can.se for the variability

of b, we might imagine a more irregular course in the different b

curves. But if such a cause is assumed, nobody will doubt of the

truth of the above remarks. I have even thought I nnght suppose

that there is a certain kind of correspondence possible in thecour.se

of the diflcrent b curves. The points of these curves which are of

importance for the equation of state, run from ;• = i,,,,, to c = qd.

At a value of c = nbti,,, (and n can have all values between 1 and oc),

bg — b is smaller as b,, — />„„, is smaller. Now I deemed it probable

that there would be proportionality between these two latter (piantitics,

and that therefore the following character of these curves can bo put, viz.

b,, — b J V

=./
bf, — bij,,, \vii,„^

r

and thai this function of — is the same, entirely or almost entirely.
V liin

When I considered the question what the meaning of this equation

might be, the following thought occurred to me. Could |iossii)ly the

(luasi-association be the cause of this variability of A with the

\olnine?

1 treated this (pia,si-association in an address to the Academy

in I'.IOt), and later on in some communications in l'.)l(), and I came then

lo the conclusion thai it niiisl be dt'i-i\x'd from the inci'oase of tension of

the saturate vapour in the neighbourhood of the critical temperature

that at every temperature and in every volume a so-called homo-

geneous phase is iu)t really homogeneous; but that dependent on the-

size of the volume and also on the temperature there are always

iiggregations of a comparatively large number of molecules which

spread uniformly, in very large volume the nnniiH'i' of these aggre-

gations is vanishingly small and with small volume, and especially

at low temperature tins number increases greatly; so that at the

limiting volume the number of free molecules has become vanishing

small. If in •n<'h of these aggregations the value of b does not diller

much IVoui A„„, or perhaps coincides with it, the following value of
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/* mifilil lio (Ic'iixcd. Vov tlial piirl ot' liie sulistaiicc llial is in the

stale (if froo molcciilos llic valiu- oT /> is Oijiial to //,,. If tlie traction

of till' (|iiaiiiii_v nf siil)sfanfe tiiat is in tlie state of aggregation is

|iMi cvitial to ./', and tlic fraction wliicii is in the state of single

molecules ecjiial to i— r, llion /i = {1 — ^0 i,, -f A/„„ or

b,, b

k, — btim

And if we coni|)ure lliis result with the eciualion the signilicance

V

of which wc tried lo liud, we see that /'( — is the function wiiicli

yvtinj

deternunes the value of .1: in every volume, but we must at once

add al any tiinpcralure. That h might also depend on T I liave

never denied; I lia\e oidy denied that putting b=f{T) would

enable us to account foi' iht,' course of the eipiation of state, but

that chielly the dependence of r is indispensable. So weslmulduow

ha\e arrived al the relation:

bn—b

Bui 1 must not be detained loo long by these considerations, for

on fiulher consideration I have had lo reject the thought tiiattjuasi-

associalion has influence in this way. For various reasons. First of

all because at so gi-eat contraction of the volume the name of quasi-

association would have to change into real association. Secondly

because the generated heat would then have to be much more con-

siderable — and further the course of association would also have

to be difTerent for almost complete association, to which I may

possibly have occasion later on to draw the attention. This, however,

b,,—h
obviates the nece.ssity of making —' dependent on T, and we

b,i
—

blim

return to the simpler eipiatioii

:

And ihough 1 am not yet able to give the theoretical form of

this fuuclion, and though 1 cannot indicate a priori the constants

occurring in it. 1 can a[)ply a correction iu the value of y/„„ , which

1 gave in my legist communication; and this has greatly weakened

if not removed the t)lijeclions I had to the assumption that the

decrease of A wuh the volume is only an apparent explanation.

1 have ;triived at the value of i',„„ ^ bu.n by following the same

train of reasoning as when I drew up the equation of slate. For
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tlie only new lliontrlil ahont tlie iiilluence of llio diniLMisions of llie

niolecule vCliapler VI was tliiti iliat ilie volnnie inside wliicli llie

motion of llie moleeiiles takes place, must he considered as in reality

smaller llian it seems at first si^jlil.

If in ease the molecules should he material |ioinls, (he consecjueuce

RT
,

of the collisions is that liicv resist an external pressure -\ , llie

V

consecjuence of their own dimensions is that they resist a |)ressure

V
times as great. And we cannot dispense wiih this consideration.

V—b

We may introduce lliis ihouglit immediately; and withoul having

n RT
to speak of repulsive forces, write directU i' =^ :. or it it

is preferred llrst continue the course of the calculation with the aid

of the theorem of llie rlria/ further than I have done. But (inally

to arrive at the true formula it is again necessary to follow the

course taken i)y me. 1 showed this long ago. When I wanted to

determine the Viilue of this new cpiantily />, however, I soon per-

ceived that this would he attended with great ditliculties.

It was not so dilTiicidt to determine the value of /).., and I could

at once conclude tluJ /;, is equal to 4 times the volume of the

molecules. And it was also easy to see that /> would have to decrease

with the volume. Already the consideration thai foi iutiuitely large

pressure the volume would have to be smaller ihau 4 limes the

volume of the molecules, and would have to depend on the grouping

in that smallest volume, and that therefore A/,„, would have to be

<^ I),,, was sullicient for this. In reference to this I say what follows

in Chapter VI (p. 52), after I had reduced llie way to deleriuine

the (iuaulit\' A to the aliliri'\ iatiou of the mean length nf patii. and

had therefore put

'•but this foiinula cannot l)e applied up to the extreme limit of con-

densation of the substance", etc. as far as the word 'verwachten".

It ajipears from the cited passage that 1 felt already tlicu that the

quanlitv h in a ileliuite volume woukl have In be determined by

the determination of the distance, at wiiich during the impact the

centre of the colliding molecule nuist ivniaiii iVoui the central plane

at light angles lo the direction of iiKPtion. in cnnse(|iieiice of the

dimension nf tin' two colliding mnjecules. This ap|»eais anmug others

>'\Ikii 1 sa\ thai w Inn ' <^ 4//, not onl\ the double-central ^llocks,
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but also the doiihle (anpout ones will not take itlace. and tlie factor

4 will not (liniinisli so rapidly as iniglit have lieun ex|)Octed wiilioiit

taiiiiiji' this in considoi'alion.

To make clear what I mean, imagine a molecule in nidliim to

strike against another. On the supposition of spherical molecules

draw a sphere which has its centre in the second molecule widi a

radins =-2/' (if ; is the I'adius of a molecide). Then at the moment
of liio impact the centre of the colliding molecule must lie on that

sphere with a radius twice as long as its own. Now imagine also

through the second molecule a central i)lanc at right angles to the

direction of the relative motion, in which case the second molecule

may be taken as stationary, then the mean alilncviation of the free

length of path is the length of the mean distance at which the

centre of the moving moh'cule lies from the said central plane. In

very large volume the chance that the centre of the mo\ing molecule

strikes against a certain area of the sphere with '2r as radius is

proportional to the extension of the projection of this area on the

said central plane. It follows from this that the mean ahiircviation

of the free length of path is the mean ordinate of a half sphere

4/-

with ^nr' as basis, and so ecjual to — . It is true that this is the
o

abbreviation of the length of path for 2 molecules, but this is com-

pensated by the fact that an abbreviation of the same value exists

also at the beginning of the free length of path for the moving

molecule.

If also in a small volume the chance to a collision witli the

sphere with 2r as radius could be deteimined, tlie way had been

found to determine the value of b in every volume. For v <^4A the

double central impacts must be eliminated, but also the double

tangent ones. And strictly speaking in every volume, however great,

if not infinitely great, the chance to double central and double

tangent impacts must have lessened. Here a course seems indicated

to me which might jiossibly lead to the determination of the value

of b for arbitrary volume. 1 do not know yet whether this will

succeed, but at any rate it has a]>i)eared to me that this may sei-ve

to calculate 6;,-,„ and not only for spherical molecules. The latter

is certainly not devoid of importance, as the case of really spherical

molecules will only seldom occur.

Let me first demonstrate this for spherical molecules. In the extreme

case when they are stationary, they lie piled up, as is the case with

heaps of cannon balls, each resting on three others. Let ns think

the centres of these three molecules as forming the tops of the ground

74
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plane of .t rcfrnlar tcti-alio<lrnii. Fc.r a volume inHiiitelv litHe 2:reater

tiiaii tiie limiting viiliime the limiting direction of the motion of the

4"' molecnle is that which is directed at right angles to the gronnd

plane, and in case of collision the three moleonles of the gronnd

plane are strnck at the same lime. The sides of the tetrahedron have

a length eipial to 2y, and the perpcndicnlar from the top dropped

on the gronnd-plane is equal to 2i\/^ -^ .

The abbreviation of the length of path in consequence of liic

dimensions of the molecules is equal to half 2r \y/ -
, if

wants to niaki' this comparable with the above found one of r,
'

3

because this vabie referred to the abl)roviation at a collision of twtt

molecules, whereas liie now t'onini ablireviation holds for a collision of

4
4 molecules. The number ot times that — r is greater tli

is the value of —— , or -— is equal to

one

^'l/'s'

k"l=l/l=' 63?.

For spherical molecules, therctore, ' -— ^1.633 or / almost

8
equal to 5,9 and s^ — l^l.fi33 or about 3,3. And then it would

follow tliat these values /=: 5,9 and .s
• = 3,3 must l)c considered as

the smallest possible values.

But I do not lay claim to perfect accuracy for these values.

Doubts and objections may be raised against these results, wliicli 1

cannot entirely remove. Hence the above is only proposed as an

attempt to calcidate tin,,, for spherical molecules. The first objection

is this — and at (irst sight this objection seems conclusive. The

value of /);;„, must be e(pial to c/,-,,, . Is the thus calculated value of

bii,i, then the smallest volume in which stationary molecules can be

contained? This is certaiidy not the case. The volume of n' stationary

spheres placed together as clo.-;ely as possible is etpial to 4u'r-\ '2 if

n is very gn-al, and acconlingly I
'2 limes smaller than if (hey should

be placed so that excry Minlcciilc wmilil require a cube as \(ilume

with 2r as .side If lliis value must be the value represented by 6(,-,„,

I



4
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b„ 3 2jrl/2= 7 r ^- = -
. . and so ill cuiineftion with the hvw jjiven

bu,„ IrV^ 3

b}' 1110 /'— 1 and .<' wonhi lioconic much ^ivatcr tliaii tiic value

<ii\(Mi for them by ex|)eriMiciit.

KnI Ihe thus calculated value for stationary molecules is not what

I have ii'|ireseiited by A,-,-,,, ; 1 should iircfcr to represent it by l>^.

Al (he piiiul where the /v-curvc- meets the line which divides the

an^lc between the <>axis and tlie i-axis into two equal [larls, need

not and cannot be the point in which b is equal to A„ . The /M-urve

(loos not cease to exist in this point: it iiasses on to smaller volume,

or possibly follows the lino r =r h.

On closer consideration the /^-curve appears to touch the line r=: 6

and at smaller volumes than that of the point of contact the value

of V appears to be aj^ain larger than 1>.

In the same way as kinetical considerations were required for

the determination of the \aluo of by to show that b,j is e(pial to

4
four limos the volume of the molecules, and so equal to 4 — tt/'-iV,

3

/>/„„ cannot be found without the aid of kinetical considerations. And
the atlem|)l which 1 make to calculate the value of bum, follows

the same train of reasoning as has been eflicient for the determination

of b,,. This train of reasoning is as follows. If the mean length of

V
path for molecules without dimen.sion is e(pial to

, and if the
iV 4 .T /•'

V V
abbreviation amounts to [i)\ then -^-—-r- , or 6 ^ (?4.t>-''.

i'—o I' — iV 4.T r- (?»

3
For b,, is ,?=! — , and it the above given calculation is correct,

4

the value of ,i = 1/ - for bn,,,. So that, if we also introduce a

value i\ = b„, amounts to ^1,814. If we assume a regular

arrangement of the molecules in v„ and r/,,,,, the distances of the

centres are not eipial to 2/' in r/,-,„, but equal to 2)- 1* '1,814 = 1,22

times 2/'.

But for moving molecules such a regular arrangement is perfectly

improbable. For them no other rule is valid but this that within a

certain small sjtace of time in etpial [larts of the volume, if not in

contact with the walls, the mean number of molecules is the same.

But their arrangement in such an equal part of the volume is

74*
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eiitiivly arbitrary aiul always varying. A regular arrangement as

would l)p tlie i-ase lor cubic (listribnlion, when in every molecule,

',i directions could l)e |iointed out at right angles to each other

according to vhicii tliey would be surrounded by 6 neighbouring

molecules placed at cijual distances, while in ail the molecules these

three directions and distances would l)e the same, is altogether

inconceivable. This is a fortiori the case with the other mentioned

regidar arrangenienls, according to which it would l)e possible in

every molecule to i>oint out several directiDns inclosing angles of

60°, according to which they are surrounded by other molecules.

This would only not be alisurd for stationary molecules, and then

t\ is not equal to /%, but i\^ A„. Now it might apjiear that the

biim introduced by ine would really iiave to be //„. 1 introduced the

biiin when I discussed the ratio of the greatest li(|uid dcusily to the

critical density, and made use for tiiis purpose of the rule of the

rectilinear diameter. This greatest li(juid density occurs for T^ 0,

and would therefore seem to hold for stationary molecules. This,

however, is only seemingly in my oi)inion. Below 7' equal e.g. to

— or - 7\: this rule cannot be \eritied, but apart tVom its a|)pro-

ximative character this rule is extrapolated. It is then taken for

granted that what we have obsi-rvcil over a wide range of tempe-

rature, will also hold outside these limits. And 1 too have assumed

this in tiic detei'ininaliou of ('/,-,„. Ail this refers to a volume in

which nmving molecules occur. And so, if we put — -= 2(1 | y),
r/j*»j

the value (0/,,,, in the relation of — ^'^(1 + v) = '' -^- is also that

which holds fcr moving molecules. If observations could also be

made at 7^= 0, the volumes wliich are smaller than that in which

the curve touches the line v = />, could be realized. And 1 do not

doubt at all that in the immediate neighbourhood of 7'= U the rule

of the rectilinear diameter would entirely fail.

Let us summarize the foregoing. There is oidy one point in w liicli

the /(-curve has a point in which r r= A. This takes place at a \alue

of /> which we have called bi,,„, and in which, becau.'^e r ^ />, the

db
value of the pressure is infinitelv great. In tiiis ])oint ^l.Tlieniu:

dp 2a

~di ~~ ^
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hecaiisc^ n and = iiiliiiile, also
dv

dp

dv CO

p 00

Anil iIr' (leloriniiialioii of r,„„ and //;„„ (akes [ilarc as l'ull(j\\>. In

llie fonniilti yielded liy kiiielical consideralions, viz.

V—b V—Am-'iir

V V

viim must be ^ 4 :t ?'^ /? ;•. And for the determination of ?;/(,„ the

smallest valne for ,-? will have In be fonnd. Vov collisions with 1

4
uiolecnle at a time, ji^ -

. For collisions with 2 molecules at the

same time, so that at the impact 3 molecules are in contact,

2
3=i-y^. For collisions with 3 molecules at the same time, the

value of ,? is equal to \/ -, as we saw above. And collisions

with a greater number which are in contact at the same time, are

b,, 4, /3 1/8
excluded. So that now (he value of ——= --| / -= / - for

otim iy 2, y 'i

spherical molecules has been found itack, but now on lieltcr grounds

than above.

But this does not terminate the investigation into the value of

biim- I have put the chance that in r/,„, collisions with a single

molecule or with 2 molecules might take place equal absolutely to

0. By putting r;„„ = 4 .-r /•' j?/- I have a.ssumed the possibility that there

is also a chance of collision for points the projection of which on

the central plane at right angles to the direction of motion lies at

the edge of this central plane, also still at this great density. A
more complete investigation would probably yield a still somewhat

lower value of j?.

My principal aim was to draw attention to the difference in the

value of A„ and />/„„. I had been astonished myself at the comparatively

bn bq

small value of -^, whereas — has such a large ratio. For spherical

4.T bq

molecules the latter amounts to —— or almost 3, whereas -— may
3t/2 b:i,„

possibly come near to half 3. The lelations at which I had arrived,

/—I b,, 8 ( yi^
viz. =— and.v^ — 1/ 7^- would be altogether incorrect, if

3 bum 3 K blim
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one slmuld fonfiise /'/,„, and f)„. It is, liowever, verv easy to see

that llie |iressMre e<|Mal Id inliiiitely tiivat cnii ticfui- \\ lien f = A,

but that this is not the case lor li:^h„. 'Chen for suheiieal inolt'iMiles

I' 3 1/2— = , And so tile linal |iniiii of the //-curve does not lie in the

line which divides tlie ani^le between the r and the A axes into two

e(|nal parts, but in liic line which makes a nnich smaller anu;le

1

with tlie i'-axis, the tangent ot' wiiicli is about equal to or about

(»,74.

1 iiave questioned myself xyliether 1 can account for the result at

which I have arrived. Especially the existence of />/,,„ and tlie relation

of tiiis quantity to the existence of groups of molecntes which simul-

taneously, four at a time, collide, or at any rate are so close together

that tlie space between them may be considered as zero. And though

there are still numerous (piestions to which tiie answer cannot yet

be given, and there is tiierefore reason to hesitate before [lubiisliing

the foregoing, yet the considerations which result from this question

liave given me tiie courage wMiich migiil else have failed me.

Mow large is the space allowed to the motion for molecules with

dimension? The external volume must be diminished 1 by a volume

at the wall. The centres of the molecules cannot reach the wall,

lint must remain at a distance = r. Hence if I > is the area of the

wall, a volume =: Or must be subtracted from the motion. 2. the

centres cannot reach the surface of the molecules, but must remain

at a distance = »•. Then a volume = O'r would have to be deducted,

if ()' is the area of the joint molecules, and so it would be the

same thing if the molecules had a radius = 2r. Hut then if the

molecule .1 collides with the molecule U, we have counted the space

that is to be deducted, twice, both for A and for B. Of course the

space to be deducted ineiilion"d under 2 greatly pre|ionderates on

account of the great number of molecules.

But the occurrence of collisions is a reason for />,, to be diminished.

If a moli'cule slriUes against the wall oi if a molecule approaches

the wall so closely lliat tliere is no room for another to pass, two

parts of the space inaccessible to the motion overlap, and hence the

extent of the inacces.sible space diminishes. This is also a|>plicable

for the collisions of (he mol(,'cules inter' se. II two molecules are

so close together that a third cannot pass between, part of the space

which is inaccessible to the 3"' molecule overlaps, anil 6 is diminished.

The greater the number of collisions, so the smaller the \olunie,

the more b is diminished. Whether also the lemperaiure has iullueiice



on lliis (liiniiiiilidii of h lias not vol lieen dfciilod. In case of^rcaior

\t'locil\ (licre are inilcefi, more collisions, linl we may al.^o assume

tlial tliev are of sIioiMit dnialion. At the iiiouieni, liowevei', I shall

leave this point nnth'cided. W'lial 1 have said here al t the cause

of the diminution of li with smaller v is practically what I had

assumed as cause already before when I assumed the su-called

overlapping of the distance spheres as cause.

b,, fh,i\
The formula then ilerived lor h ^ b,, — u + i^ etc. was not

V V " /

satisfactory, and ,t>;ave a far too rapid decrease with the calculated

coeflicients (t and fi. And the cause of this at least I think I shah

have to attriliute lo the (['.lasi association. If for a moment I disregard

the motion, and think all the molecules to be distributed in pairs,

Q\cv\ pair being in contact, the diiinmition in the value of h is

\ A'-times the overla|iping of the space at the collision between these

molet'ules. IJul if in the motion I again admit the arbitrai-y pieily

regular distribution and if I assume the original space, the diminution

in li woidd of course be much less, and would oidy hokl for those

that collide. So lor every kind of collision either of 2 or W or 4

or perhaps of a greater mimbei' the chance that such a collision

occurs in the given \olume must be calculated, and this fraction

must be multiplied by the parts of the spaces which overlap at

every kind of collision.

bn—b bi, f^'i\' '''/

In the formula =; « h iM ^ '^tc. — represents the chance
bf, r V'V I-

that 2 m<ilecules come near enough to each other to bring about

/b„Y
overlapping of the distance spheres; in the same way

j
the

chance that 3 distance spheres overlap etc. And mnltiplicd by a

certain coefticient this Avould also be the case in complete absence

of any cause of association, so if there are no special reasons for

the molecules to aggregate. The quantities «, [i, are the pieces of

the distance spheres that overla|). For />,, all the molecules williont

exception are counted, whether they are separate or whether they

are part of an aggri'gation — and for the factor of « all the groups

of 2 molecules, whether or no they appertain to a larger aggregation.

But I have not yet calcnlatetl all this.

That with dimimdiou of the volume the decrease of h will take

place more and more rapidly may already be inferred from this

that the number of every kind of collision or rather snflicicnt

approach to each other, increases in a heightened degree, and at

last if only the volume has become small enough, it may be assumed
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thai nvcrla|i|(iiij» of tlie tlistuiicc splieres* lakes peimai.enllv |>lace.

For ail ailiiiiaiv iliret'lioii of inoiioii we shall |»rolial>l_v no! have

to go any iiigher than to a siilTieieiit approach ol 4 molecules, and

this woiiUt justify tiie aiiovc j^iveii calcu^alio^ of «•/„„ = 6/.,,,. We
siiould have calculated this point when with decrease of r, the

decrease of f> is equal to it. liieii ^1. With values of r<^ ?"/ii« iiH
(/(•

the molecules are not yet in contact; then there are still motions

possible in this space, e. g. flowing of the substance or vibratory

motions. But the motion which we call heat, luis become impossible.

Not until ?'„ is reached does every motion become impossible. The points

of the 6-cnrve, which I have continued as far as in />„ above, have

of course, no physical signilicance. The portion of the i-curve between

/>i„„ = b„ is then only to be considered as a parasitical branch. In

the formula for the calculation of b this branch is probably also

included. Accordingly I have entirely returned to the idea that the

diminution of b is an apparent diminution of the volume of the

molecules.

In these remarks I have touched upon several points which are

of importance for the theoretical treatment of exceedingly condensed

substances — without being able as yet to bring the investiga-

tion to a close. That 1 mention tliom already now, is because I hope it

may stimulate oliiers to give Iheir attenlion to it, and that they

may try liieir strength to bring the investigation to a close. The

determination of vu.,., seems (o me of special importance.

Summary of the results obtained in this and previous communi-

cations.

If it was rigorously valiil the law of the corresponding states

would have taught that all sul)stances belonged to the same genus.

This has [)rovcd not to be entireh' complete. Experience teaches that

from this point of view, there are dilleroices. All the substances,

indeed, belong to the same genus, but there are different species. If

the quantities characteristic of a substance arc called the quantities

f, s, and /, they appear to differ. But these differences need not be

considered as differences in .3 characleristic quantities, but they may
be reduced to a single quantity. If this single quantity is called h,

/—I 8
"

then —-

—

^ ft, sz= — \,^h and 2 is at least approximately equal to
I o

3— . When we try to fiiul the significance of this characteristic
(/A

quantify, it will be found, as was a i)riori to be expected in what

was left out of account in tiie derivation of the law of corresponding



states, vi/,. llic vanalnlilv of // This \iirial)ilit_\ of h (iill'crs for

(lill'erciil siilislaiu'cs, and (lr|icii(l^ on llic form of (Ik; ihoIl'ciiIc.s oi-

on IIr' (|nasiassocialion, wliicli indnccllv nillncnci'^ llie coiii'Si' of h.

If wo |nii })„ for llic grealessl vahn' of l> anil i;,-,,, for tlie smallest

valiiL' wliicli is of inipoi-lancc for llic ('i|nation of slate, the ratir>

f'lin

is (lill'cronl. This lalio liovvcvcr, osoillates coinparativelv liltle

roiinil the \alne 2.

v-arU

Fig. ].

axis of the association.

'^i-. V. aXLi

Fig. 2.

This ratio h = -— determines, if I eontinne to speak of species,

the species to which the substance belongs.
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The value of f>i„„ is llial value of />, for which r has the same

value as 0, and the pressure is therefore iiiliiiilelv hisrh. This value

of viim=^f>iim is the smallest volume iu which the subslauce can

still lie ill thermal motion, hiit ii is slill apprecialil\ greater than the

joint volume, in which the molecules, when tliev were stationary,

could be contained. The reduced etpiatioii of state which has the

form

/•|.T. r. >i,\ = 0,

if f) should be juit coiistanl, assumes ihe form :

'I 1/^ i

= 0,

when the varial)ilil\ of /> is taken into arconut. with ai-adually

increasing deviation, however, as the density approaches the limiting

density.

The form of this latter function is:

\ ^3^' I.
' rr + 3 • -i ) ^ 8m

.

Tiio deviation gradually iiicifusiiiu witli the density is caused by

f,

the \ariable term —
. The inlluciicc of thi^ deviation mav lie ne-

glected for large values of r. \{ the critical density the dillVrent

values of dilVer only a few percentages. At the limiting

1

density ihc value of tlii> iatlor (luantitv is equal to -—
. Now that

.J I.I ^_ j

/' oscillates round 7, I his greatest difference is afiei' all perhaps less

great than might be feared, 'but \v\ not negligible, and manifests

itself in the dilferenl directions of ilic lecdlinear diameter').

') For more accurate and niore definilc views arrived at later I must refer to

my "Weileres zur Ziistandsgleichung" Akademische Verlagsgesellschaft Leipzig,

which will shortly appear.
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Microbiology. •'(Iridntioii of iu'lroltnim, jxinijjlii, para/jinoif

iiiul heiizini' hi/ innro/n'.s." My Dr. N. L. SoHNGKN. (Coiniiiimi-

catt'd Ik I'ldf. .\l. \V. Ukuerinck).

(Goiniimnii;;ilL'ii in Iho iiu'cliiii? of .hiiiuary !2o l'J13).

Ill llu' I'ollowiiiii it is shown iliai ilu- li\(lrof;irl)oii.s 'j of the

paraHiii series, wliicli clieiiiifally .ire so (liriiciilt lo (iecompose, are

easily oxidised lo carlionif acid and waler under tlie aclion of

niicrobic life.

Most of tlie fat-spiiltiiiii moulds do not ^rovv or only very poorly

on i)araf(in. Ivaiin '') lias described a wliite Penicilliuin wliicli can

use |iaraf(iii as source of carbon wliilst, according (o this experimenter,

bacteria cannot grow on liydrocaibons.

Rnl (lie latter statement is incorrect. Most of the bacteria which

oxidise the hydrocarbons cannot deconi|)Ose the fatty acids, which

in tlieir ciiemical composition diller little from the paraflins, but

some species are also able to split fats liy secretion of lipase.

Hence, the paraHin-oxidising bacteria can be classified in iwo

groups: fat-splitting and non-fat-splitting.

To the former lielong: B. jluorenccns Uquefacien.i, B. pj/onjdiieu--^,

B. pKiiiiiitiis, Ij. jlnoresccna non liquefaciens, B. Stutzerl, B. Upoly-

ticui)} «, [i, Y and (f, and the J/Zctococcha- pa^'a^/inat^ described below.

To the second group belong some species of the genus Jfyft>6rtc^t;m«7H.')

Oxidation in crude cultures.

The oxidabiiity of petroleum, paraflin, vaselin and benzine was
ascertained as follows.

To 10(3 cm' of a culture li(piid consisting of: (apwater 100,

ammoniumchlorid 0.05, bikaliumfostate 0,05, in Erlenmeyer tiasks

ij For these experiments were used: parallin (Grubler), parafHnoil (Merck),

vaseline, petroleum (.American and Russian), and benzine Beside the common
commercial petroleum I often used a more purified product obtained as follows.

American petroleum was shaken with sulfuric acid D. 1,84, witii repeated refreshing

of the acid, then with potash solution; after tiiis again treated with acid and once

more with potash; it was then dried on sodium and distilled. The fraction 150°

—

250'=' (free from nitrogen) served after removing of a small qaantily of sulfuric

acid by potash solution as food for the microbes.

-) Rahn, Ein Paraffin zersetzender Schimmelpilz. Centralblatl I'iir Bakl. 2 Abt.

S. 382, 1906.

') A. Weueh, Ueber die Tuberkelbazillen ahnliclien Stabchen und die Bazillen des

Smegma's. Arbeiteu aus dem kaiserlicheu Gesundlieilsamle 1903. Bd. 19. S. 251.

Neuman.n uud Lehmann, Grundrisz der Bakteriologie. 5e Auflage 19112. S. 619.
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of ±450 cm' capacity, was added about 17o f' one of tlic paialliiis

;

this medium was inoculated witii about a gram of gaideu soil and

placed at 20°, 28° and 37° C.

Commonly after two days already growtli of microbes is observed

in tiie tubes at 28° and 37°; after about 7 days in those at 20°.

The acceleration of the development is then very marked, so that

the liquid becomes cloudy in consequence of the great number of

microbes growing at the expense of the hydrocarbons. The growth

in the cultures, transferred to a fimilar medium, is also very strong

and the droplets of the hydrocarbons are enveloped by a thick slimy

layer of microbes. In a short time the hydrocarbons, disappear

entirely from the medium.

From the foregoing follows that petroleum, paraflin, paraflinoil.

vaselin and benzine are o.xidised by bacteria.

This explains the disappearance of the petroleum, daily brought

at the surface of canals by motor boats and in oilier ways, and

from the sewage water of the petroleum refineries.

Isolation of the bacteria.

riie paratTin-o.\idising bacteria were isolated by streaking the above

descrilied crude cultures on plates consisting of: washed agar 2 (or

gelatin 10), bipoiassiumfbsfate 1^05, amuioiiiumcliiorid 0,05, magne-

siumsnlfate 0,05, distilled water iOO.

To this medium was added as source of carbon, iietroleuni in

the foi'ui of vapoui', from a small disli placed on tiie cover (if the

inverted culture box.

rUl
z A 1

luri

iMg. 1. Culture melliod on agar a with salts and

petroleum as vapour from the dish p.

In this way only those bacteria which can oxidise pelroleuin

Vapour develop on the agar to colonies and are very easily isolated.

The growth of the microbes is vigorous, the bacteria

assimilating, beside the vapour directly taken uji, the petroleum
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0(Hi(lens('(l .irouiKl the colonies and roniiinn' '^n iridescent luvff on

the agar.

On coniimrison of the velocilv of growlli of the varions s|)ecies,

much (iidbrence between them is observed.

By direct sprinkling of soil, canal water, or other material on

the plates, several sjiccios wliicli do not accnmidato in the described

cnlliirc li(|Mids, can be isolated. Moreover it is possibles in this way
to determine llic number of paraftin-oxidising mici'obes in any ma-

Icrial. S(;, in oiii' gram of garden soil at Delft ± 5(1,1)00, in one

cm', canalwater ± 8000 paraffin-oxidising microbes were rniunl.

wliicli shovv.s that iliey are \ery common.

It is clear that this method is also a|)plical)le to other volatile

compounds.

I'or a nearer examination the cultures were sown, beside on the

above plates, on broth gelatin and broih agar, and on media of

other com|«isition.

Accuiinilittioii (if [)nrajjin-o.vidising species at various temperatures.

When the above media, consisting of tapwater, anorganic salts,

and one of the hydro-carbons, are placed at temperatures l)etween

15° and 25° C. and the transfers are also cnltivated at these tem-

peratures, B. f/uoresrens liquefitvicns, B. punctatus, and olhei' li(pie-

fying species are particularly obvious, but there likewise occur some

fat splitting, non-li(]iiefying bacteria and micrococci, which can all

be distinguished on broth gelatin.

In the tubes |)laced at 26°—30° C. the number of liquefying

bacteria is still very great, yet, non-liquefying species are more com-

mon than at lower temperatures. At the same time the non-fat-

splitting group of the |)araftin-oxidising species, the mycobacteria,

begin to develo]i, but especially at 30'^— 37° C. they tiiid their

optimum. They ai'e very striking by their morphological ])roperties

and pigment formation.

By this method white, lu'own, red, and red-brown species were

isolated. At 37° C, with parafiin as carbon source, a fat-splitting

micrococcus develo|)ed in almost pure state, which oxidised paratlins

vigorously ; it was called Micrococcus paraf/iiiae and is in its properties,

except in shape, similar to B. lipolyticiim ').

If instead of garden soil, sewage water is used for the infection,

the growth of lluorescents and of B. pi/ocyaiieus may become so intense,

1) These Proceedings, 1911.



1148

that the above mentioned species do not wel develop and often

quite disappear.

At infection witli pasteurised soil (5 niinntes at SiT C.) no growth

takes place, which shows that to the s|)ore-forniins: bacteria no

paralliu-oxidising species Itciong.

Under anaerobic conditions ])aranins arc not hnikcn ofl' by bacteria.

Deacripdon of the par(i/fin-o.tidLiin(/ mijcobncieria.

These bacteria are innnotile; in yomii; ciillnres (8 hours on broth

a<?ar at 30° C.) they are rod-shaped, lenjilh 4 r— iO ?;, width 0.5 >;— 1 .5 ?/,

after division it often occurs that the two individuals are still joined

in one point.

Very cliaractei'istic is the appearance of ranulications in these

uiicrolies, which remind of liacleroids such as are found in />. radifictiln.

After some days' culture on broth agar or broth gelatin, these

rod-shaped bacteria pass into Streptococnt.'i-Wke organisms, the cells

of this form having a diameter equal lo the width of the rod form.

The Strejjiococcus-t'ovm produces, on a new medium, first the rod

form, which then again passes into that of the Strepiococx'us.

S()ore formation does not occur; heating during 5 minutes at

65° is not resisted.

All species secrete some slime. The growth of the mycobacteria,

which after their pigment-forming power on potatoes or on broth

gelatin are distinguished in Mi/co/>acferiu!n j)/i/i'i LI'".hmann and

Nkumann, M. Inctlcola L. and N., M. allmin, and .,1/. rithrum,

varies very much on diHeicnt media as is shown in tiie table below,

where some of the results on gi'owth and pigment formation are given.

On potato these microbes form most pigment ') and grow very

well ; likewise on broth-, malt-, und glucose gelatin. A very good

medium is also brolii gelatin or i)ioth agar with \i"l^ glucose.

besides on the above substances the fat-spfittiug bacteria and the

Mi/co/iacteria grow on humus compounds without these being deco-

loured. The best source of carbon is peptone, then follows aspara-

giu, annnouinni chlorid, and p()tassiiiiiii:ilrat(\ Nitrate is reduced to

niti-ite ; denilrilication does not take phn-c. In biolli, witii 15",, pep-

tone, indol is not formed.

In broth with 3 "/„ glucose, no fermenlalion is observed.

Tyrosin is not chauged into melanin.

') The pigment of Mycobacterium rubrum is probably Caroline ; it resists

iiydroclilorid (38 "/(,), potash solution, and ammonia, dissolves in chloroform and

ether and Is coloured dark blue by sulfuric acid of density 1,86.
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Aesciilin and indican are not decomposed.

Urea is ou\y splitted by Mijcobaclerinin allnim.

In feebh acid media rlie groutli is inliiliilcd ; il is best in nentral

or feebly allialine sohi lions.

At tlie oxidation of paraflins, orjjanic acids, pn)lial)ly tatty acids

are formed as intermediary products ; they are, liowcver, only

present in sliglit (piaiitities and evidently arc oxidised almost a.s quickly

as produced. Acid foiniation from parallin could, however, be shown

with the help of washctl ai;ar plates to which a lilllo couffo red

liad hccii added, tir in which smnc calciMinfosfalc was |ii-('cipilated.

In liie former case blue fields appeared under the inoculation streaks,

in the hitler clear ones.

Velocity of the petroleum and paraffin oxidation.

The velocity with which Mt/cohacteriitm album, M. rnbriim,

Aficrocorcus pnra/finac, and B. jhiorescenx lii/iKifacieux oxidise

petroleum, was ascertained by wei!i:liing the (piantily of caritonic

acid formed in a certain lime. The diminution of the petroleum

could not be directly stated as it always evaporates.

The (piantily of the produced carbonic acid was a.scertained as

follows.

As culture vessel was used a one liter Erlenmki.ier tlask provided

with a ground glass stopper, bearing a vertical glass tube, reaching

to near the bottom, and a side lube. Il was filled with ± 200 cm"

of a sterile culture liquid, consisting of distilled water, anorganic

salts, and 2 cn>*. sterile petroleum.

The vertical glass tube was connected with a large U-tube tilled

Willi soda lime ; the side tube was joined to an apparatus succe.s-

sively formed by U-tubes, filled with sulfuric acid, beads and paraf-

finoil flo keep back the pelroleuni va|U)ur), calciumchiorid, potash

solution lo weigh I lie cai'bonic acid, and calciumchloiid for control,

with a KoKTiNG pump at llie end. When the cock of the jininp is

opened a current of air, freed from carbonic acid, passes through

the fluid antl yields the dried carbonic acid, formed in the culture,,

lo liie potash tube.

During 24 hours are formed in tiie culture, if infected and placed

at 28° C, Milligrs. carbonic acid' by :

Mijcobactevium album 55

Mycobacterium rubrum 41

M. para/jinae 34

B.jhtoresrens tique/aciens 27

Crude culture 93
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Alioul a iliiid part of llic \vci;j,lil ol' llio carbonic arid corresponds

lu liie (ixidised pctrolcmn.

Tlic velocity wilii which |iaral'liii is oxidised \<\ tlicse hacleria

was estimated by stating tliu diminution in \veiji,lit, by the bacterial

action, of two grams of |)aranin, very ndmilely nuxed willi distilled

water and anorganic salts, aftei- a munlirs cnllnre at. 28" C.

The rest of the originally added paraffin was dissolved in petro-

leum-ether ; of this solution a certain (luantily was evaporated and

the remaining quantity of the paraffin was weighed.

So it was found that during a month's culture was oxidised in

mgrs. by :

Mycobacterium album 300

,, rubrum 330

Micrococcus pnrdfjinae 180

B. fiuorescMif! Uquefaciens 180

Crude culture 540

Summary.

1. I'aiaflius (petroleum, paraffin, bcn/.iuej can be used by certain

species of microbes as source of carlton and energy, and are oxidised

to carbonic acid and walei'. As intermediai-y products acid could lie

indicalcMl.

The bacteria were obtained by means of the accumnlation metliotl,

with the said substances as source of carbon.

2. The microbes active in this jirocess belong to two groups.

(I. Kat-s|)litting bacteria, very common in \\ix\um,i\.ii B. jiuorascens

lique/iiciims, B. pyocyaiieus, B. punctatus, B. SliUzeri, B. llpolyticum,

M. paraffinne.

b. Non-fat-splitting bacteria belonging to the genus Mycobacterium

likewise widely spread, of which the following were distinguished ;

MycobacteriiiDi album, }[. plth'i, M. lacticola, and M. rubrum.

3. The parairm-oxidising species decompose, on an average,

15 mG. petroleum and 8 mm. paraffin in 24 hours at 28" C. per

2 cm\ surface of culture luiuid.

Microbiological Laboratory of the

Technical University, Delft.

75
Proceedings Royal Acad. Amsterdam. Vol. XV.
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Physics. — "The coefficient of dij/'usion for gases according to

(_). E. Mkykk." By Prof. J. P. Kcknkn.

(Communicated in the meeting of January 25, 1913).

Among the various methods of deriving an expression tor lliC

coollicient of dillusion from the kinetic theory on the assumption

dial the molecules behave like elastic spheres there is one — that

of O. E. Mkykk '), — which leads to a result dillering largely from

the others and from observation, although the fundamental assump-

tions are essentially the same.

The deduction of Mkyku's formula is shortly as follows ') : a plane

of unit area is considered at right angles to the gradient of concen-

tration and therefore to the difTusion stream, and the numbers of

molecules of each kind aio calcuhitod which cross the plane per

second. It is assumed that the molecules have on the average had

their last collision at a distance / (mean free path) from the point

where they cross the plane and that their number in each direction

is proportional lo Ihcir (Icnsity al tlic point where the last collision

has taken place. The numbers in (piestion of both kinds of molecules

are found to be

I dw, 1 dn^
u, /, ^ and a, = — -uj,--,

6 ax3 '
' dx

where ji is the mean molecular velocity, n the numl)er of molecules

in Tuiil volume and ./ llie (iirecliou of tiic (iilfusion sli-eam ; obviot4Sly

dn. dn,— =
; for /, and /.,, the mean free jtaths of the two kinds of mole-

dx dx

cnles in the mixture, we have

and ,'•'

-I-
n.^-ro' y/1 1/2 7,

TOj + m.

where s is the (liauioler of ihc molecule and <: irr
i (.<, -|- .s-,).

Owing to this double slreaui (if molecules a tola! nuiulier*/, -\- n^

pass through the plane : this would in general represent a motion

of the gas. As the gas considered as a whole is supposed to be at

rest, the stream ^7, -|- a^ will produce a pressure gratUent by which

a stream of the gas as a whole of llic same auioiiiii in the opposite

') 0. E Meykii, Die kin. 'fiicorie dor Gase p. 2o2 se(|. 1S99.

') e. g. L. lioLTZMANN, Kin. Theorie. 1. p. 89 seq. 1890.
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direclion is generated. Wlieii this stream is superposed on tlie first,

tlio niinihorsnf molecules become «,
'

(«, + «,) and «, — ' (a, -f «,)
n 11

and tiie coeflicient of diUnsioii I)

1

ill

Acconlinfi lo this t'ornuila JJ would vary strongly witii tiie com-

position of the mixture, when »?, and ?», differ much. In order to

show this we put successively n, =: ami »,:=() and tind Inr the

limitiuii \ alues of D :

/>(«, =0):
3 7iJia' y^ ri

3 nn'tJ- K V

4
Using the relation u^-tn, = ujni, ^ —; , where h is the constant

in Max\veli,'s law of distribution, we can also write

2

3nna^ V jth

1
I /%

2 \ I /n

The two values of D are to each other as m^ : 7k, e. g. for car-

bon dioxide and hydrogen as 2 : 44.

The experimental evidence ') is in favour of a coeflicient which

varies with «j and y;,, but only to a very small extent, so that a

variation as given by Meyeh's formula is out of the question.

The coeflicient of ditfusion according to Stefan ^) is :

therefore independent of the composition of the mixture, wiiich ac;rees

approximately with experiment. The same expression follows from

Maxvveli/s second theory when applied to elastic molecules ; this

was proved by Langevin '). The only simplifying supposition which

1) Compare A. Lonius, Ann. d. Ph. (4) 29 p. 664. 1909

2) J. Stefan, Wien. Sitz.ber. 05 p. 323. 1872

3) P. Langevin, Ann. chiiu. phys. (8) 5 p. 245. 1905. Maxwell himself had used

the same method (Nature 8. p. 29S. 1S73): his il'suU given witlioul proof dilleis

by the factor /;5 f'O'" tl'*t "' Langevin.

75*
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he had to make in order to carry out the required integrations

was, llial in ordinary shiw ditrusioii Mawm-.i.t.'s law of dislrilnuion

niav be U\keii as fidtilicd. The want of rigour whii-h liiis inipHes

may perhaps account for the small ditTerence between the formula

and observation mentioned.

The question arises, wiiat causes the great dilference between

Mf.yhk's result and (lie others. Gross') criticised the superposition

of the gas current on the diffusion current : he tried to improve

the theory by leaving out the former and by taking h{'^i-\-<^i,) '^s

the real dillusion stream ; but this is certainly illegitimate, as the

definition of D presupposes the gas to be at rest or the plane

through which the diffusion stream is calculated to move with

the gas.

Langevin ') pointed out, iliat tiic dynamical action between the

two kinds of molecules is lost sight of altogether in ^Ikver's method,

but he failed to indicate, how to modify or sujiplenient it in order

to take this action into account. Neither does Boltzmann exj)lain the

striking contradiction between the two methods.

It is possible to remove this contradiction for the greater part by

making use of the notion of persistence of molecular velocity which

Jeans') introduces into the kinetic theory and which also plays an

important part in the theory of the Hrownian movement. This

(|uatitiiy depends on the principle* that, when a molecule collides

with other molecules, it will after a collision on the average have

retained a component of velocity in the original direction. Jkan's has

calculated what fraction of the original velocity this conqtonent

is on the average: he calls this fraction the persistence »> and linds

» = 7 + 7^, lop (1 + K2) = 0.406.
4 4j/2

Jeans shows that the usual calculations in the kinetic theory of

the various transport-phenomena of which dilfusion is an example

have to be corrected for this persistence. For the sake of siin[)licity

it is assumed that a molecide describes the same distance /between

successive collisions. Owing to persistence a molecule will on the

average after describing a path / travel on in the same direction

over distances successively of /^, /i'>' etc., therefore altogether describe

a distance //(I

—

0-) before its motion in the given direction Is exliausted

and similarly a molecule which reaches a plane from a distance /

will not on the average have had a conqtonont in ilie given

I) G. Gross. Wied. Ann. 40 p, 4'24 1S90.

") I.e.

*) J. H. Jeans. The dynamical theory of gases p. 236 sqq. 1904.
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(liix'clidii at llial dislaiicc hctbio it collided tliorc, l)iil al a dislaiicc

//(I— i^). We can also say, that the luoleciiles which have had a

collision at a distance //(I— ih) succeed on the average in ficlting (o

the plane before their velocity in the given direction is reduced to 0.

In the calculation of tiie nnnil)ers that cross the plane it was assumed

that the velocities were evenly distributed in all directions at a

distance /: as it now appears tliat this condition does not hold for

a distance / but for the distance //(I— 9^), the correct result is obtainsd

by replacing / by //(I

—

0-) in the tinal formula.

In this manner Jeans corrects Mkyer's formula '), but it is clear

that by this means no improvement is effected, as D is multi[)lied

by a constant factor and the anomalous dependence on ?j, and 71,

remains. An important point has however been oveilooked by Jkans

viz. that the persistence obtains a ditferent value when one deals

with a mixtui'e of two kinds of molecules of different mass.

When the calculation of .'^ is Ccirried out for a molecule ?/i, amongst

molecules ni, one finds

'» +
'«..—

Y+^%(1 + 1/2)
I

m,— 0.188 m,

ih:
TO, + j?i, wi, + m,

For /«, ^ m^ this expression reduces to tiie one given by Jkans.

As a molecule oi, collides not only with molecules 711., but also

with molecules of its own kind, the correct exj)ression for the

persistence is obtained by multiplying the average number of collisions

of the latter kind by 0.406 and that of the former by the above

fraction. In this manner the factor 1/(1— d') becomes

1 ii "i/o/vA.A<- 'I /^"*i+"'», w,-0.188w,

for the molecules »i, and

r 1 1 21/.T1 . ^ </^.. „( / '"i+"*2, ^1—0.188m,)
/,= 1: 1—«2.Ts/l/3^,X0.406-«,jr<5M / -^—-i-i— ^ •

•^ m, m^-\-7n^
\

for the molecules w,.

Repeating Meyer's argument we tlnd for D

I

oil

If we now put n =^ 0, we obtain

') Jeans I.e. p. 273. Comp. M. v. Smoluchowski, Bull, de I'Ac. d. Sc. de Gracovie

1906, p. 202.
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Ml, — 0.1 c8 m,

m, -|- m,

1 J_ j

y^>»i+ >»,

Sn.TO^^ m,
'"

1.188
~

3Jtnrt' 1.188 l/rrA
^"^ m,w.

The symnieliv of tliis expression sliows llial e.xucllv the same

vahie holds for ?j, := 0. The form of D also agrees with Stkfan's

expression: the eoetlicients arc in the relation of 1 :1.05; therefore,

considering the a|)proxiniate character of the deduction, there is

practically complete agreement.

For intermediate compositions the difference hetween ilic two

expressions for D beciimes material only when ;«, and ?», are very

dirterent. This is prohaltly due to the method of calculation which

compels us to work with averages from the beginning. Moreover

Jeans's method of calculating the persistence is not rigorous: it might

[terhaps be found possible by applying more rigorons methods to

reduce the remaining difference between Mkyer's corrected foruiida

and the other one. As a matter of fact the object of tiiis paper was not

so much to deduce a correct formula, considering that the near

accuracy of Langevin's method cannot well be doubted, as to remove

the strong contradiction between the two results.

In conclusion it may be added, that tlie method which is indicated

in this pai)er can immediately be used to deduce rational formulae

for the viscosity and tho conduction of heat for gas mixtures.

Mathematics. — "On /lilincar imll-si/stems." Communicated by

I'ruf. Jan uk Vries.

(Gommuniealecl in the meeting of January 2b, 1913).

§ 1. lu a bilinear null-system any point admits one null-plane.

anv plane one null-point. The li'nes incident with a point and its

null-plane are called null-rai/s. If tliese lines form n linear complex,

we have the generally known uull-systen), which is a .>*]H'cial case

of the correlation of two collocal s|)aces (null-system of Mobius).

The null-rays of any other null-system (1,1) fill the entire space of

rays; with R. Stikm we denote by y the number indicaliiig Inw

many times any line is null-ray.

In the first we suppose y^l and we examine the null-systems

wiiich may be called irilinear and which can lie represented by

(1,1.1).
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§ 2. It' ;i |il;iiii' 7 rolalos aroiiinl lln- line / il^ iiiill-|ioinl /• i\f-

scril)es a conic (/); lor (in acconnl of •/ = 1 (licro is one [toisilion

of If for uliicli /*' lies on /.

The niill-poiiils of tlie [)lanes if passing llirongli anv poiiil /' lie

on a (inadratic snrface [PY ; evidently it contains /'and on account

of y = 1 one [loiiii nioic on anv line tlirongli /'.

Evidently the nnll-piane of /' (onclies (/-*)" in /' and cnis it

accofding to two lines '/.//'. Any point I of one of these lines is

iinll-poini of a plane if jiassing through /' and also through /'.

Therefore these lines are null-rays of oo' pencils U','f), i.e. shii/nlnr.

j6o the sinijuJar lines of a (1,1,1) form a congruence (2,2).

All the other lines of [Py are characterized by the fact that the

null-jdanes of their [joints concur in /'; otherwise; P is the vertex

of the quadratic cone enveloped by these planes.

^ 3. Two surfaces (P,)' and (P,)' have in common the conic

(/)' corresponding to the line 1= P^P,. As any other common poini

S bears two and therefore ex' null-planes, it is simjiilur. The locus

of this point -S' is a conic o" meeting (ly in two points.

The surfaces {PV corresponding to the points Pof / form a [leiicil ;

the surface passing through any point F is indicated by the |)oini

of intersection of / and the null-plane of F. The null-planes of any

point >S evidently form a pencil, the axis of which may be repre-

sented by .V*.

As a' contains two points of {ly, the line / bears two null-iilanes

the null-points of which lie on a' ; therefore the locus of tiie axes

s* is a quadratic scroll or regulus.

According to the laws of duality there is a quadratic cone 2£^

any tangent plane of which is singular, as it contains oo' null-points

lying on a line %; these lines generate a second regulus.

§ 4. We now consider three surfaces [Py. As any pencil of

planes (.v*) admits a plane passing through a point P^, the surface

(P,)' also contains o'. Amongst the points common lo (P,)* and

the conic (Z,,)" we find in the first place the points of intersection

of (/,,!' and o'. One of the two remaining points common to (/',)'

and (/j,)' is the null-|ioint of the plane PiP^P,, the other which

may be denoted by 7' lies in three null-planes which do not i)as>

through a line, on account of the arbitrary position of the points

P; so T bears oo^ null-points, i.e. T is principal point.

Evidently all the surtaces {Py form a complex with the singular

conic o^ and the principal point 7' as common elements. This com-
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plex is linear, for tliroiigli aiiv triplet of poiiUti /•'/, parses llie s^iii'-

faoe corresponding to the point of inicrsection of the nnll-planes

'/
P '/,•'/,

•

The rcrtc.i' of tiie siih/ii/ttr cone ^, bears 3c^ .iin(/nliir nu/l-planL's

n not passing through a line; from this ensues that it ooincides with

the principal point 2\

In an analogous way the plane r of the siiixjiilar conic o' is prin-

cipal plane of the null-system.

Let us oonsidei- the plane llirough jf' and one of the axes .•>•*;

it has for null-point the singular point ,S lying on 5* but at the

same time the principal point 7'; so it is singular and its null-points

lie on the line s^:= TS. So the reyiilus s^ is a cone and consists

of the eJtjes of the cone ])iojccting the singular conic o' out of T.

Likewise the axes .s* form the system of tangents of a conic lying

in the principal plane t.

^ 5. The conies (/)' form a system a" admitting a representation

on the lines of space. For through any two points /',, F, one (/)-

passes, which is completely determined by the line / common to

the mill-planes (fi,'f^.

The cones [/], each of which is- the envelope of the null-planes

of the points of a line / also form a system x^ ; any of these cones

can be determined by means of two planes '/i, y, llie null-points of

which indicate then the line /.

If / lies in a singular null-plane o, the conic (/)" breaks up into

the line % bearing the null-|)<>ints of 'J and a second line /' which

is l)oiind to cut .% ; so the principal point T which also can tigure

as null-point of a cannot lie outside s^. So we find once more

thai the regulus (.%) is a cone.

If / passes through the vertex of 2^ and bears therefore two sin-

gular planes, (/)' degenerates into two intersecting lines, the point

of intersection coinciding evidently with the vertex of ^^\ for the

null-point of any (itlior [ilane through / must coincide with (hat \erlex.

§ fi. A special t r i 1 i n e a r null-system is determined by the

tangential planes of a pencil of cpiadratic surfaces </'" touching each

other along a conic o', where tlie point of contact forms the

mdl-point. ')

') In the case of a general pencil with 11 twisted t|uailic as base we get a

null-system (1,3,2), treated at some length ijy Dr. J. Wolkk ("Ueber ein Null-

system quadialischer Flachen", Nieuw Arcliief voor Wiskunde 1011, vol. IX. page 85).
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the langeiilial plane in (//) lias (he ei|niition

P. heini>- <letei-inineil iiv

y.' + ^," + y,' + ^-.y.' = (1)

So lV)r lis oouitlinates (?/) we find
'

'/, : //i = V, ,'/. = n, }h = »i, : >-,'/, - • • • (2)

111-

'h : .'/ii/< - n, !/,y, — n^ Ih'l, ~ •!, :—(.'/,' + Ih' + Vi") (3)

From (1) and (2) we deduce

i. e.

.'/. : n^n, = y. : »J-2>J4 = H^ V,n, = .", : — ihx" + V-' + v.') (4)

So (4) shows that any plane hus only one null-point.

If the null-plane (»/) passes through the li\ed |)oint I\~k) we
have Ji" ;/; ^ii = 0, so the equation of {P/ is

-1^1'', + ~.y^J/4 + ~>>/,l', = ~, {.'/.' + y,' + y,') . . (5)

The intersection of this surface with the surface ijelonging in the

same way to the point (2("'/.) breaks uji into the singular conic

and a second conic lying in the plane

(-."4 — '4""i) .'/i + (~="'4 — -4«'!,) y, + i^>to, — z,w,) I/, = 0.

The latter contains the null-points of the planes passing through

PQ. From (his ensues that 7 is equal to one. )

All the surfaces {P)' pass through the principal point ij^^y^=:y^^={).

As could be expected, this point is the vertex of the quadratic cone

(ouching all the surfaces of (he pencil ('*^) along <J^

The null-planes {>]) of the points (y) of the plane S envelope the

quadratic surface

S.'»Ji'^4 + ^.n,n, + ?,^i-,'i4 = ?4 i'u" + n.' + >/,')•

All these surfaces forming a system oc' tonching (he plane l]^ ^= ij.^^
»i« = *J ^^A = ^) i^fJ^) tbe quadra(ic cone with (he eqnadon r^^ = 0,

') Coefficients which might present lliemsolvcs have been comprised into the

(lellnilion of the coordinates.

'-') Tliis can also be found by considering the involution determined on PQ by
the pencil C*-); one of the coincidencics lies in tlie plane of the conic ;'-, the

other is point of contact with one of the quadratic surfaces.
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7j,- -j- 1/j' -|- tj,' = 0, al^o represented \>y .i\- -\- ,r,' -f-
''»' = "• ^^^ ^^'^

(iiid oiu-e more that the plane of o' is tlie principal plane and thai

the oommon enveloping cone of tlie surtaces «/'' tonches all the sin-

gular null-planes.

By replacing n' hy the imaginary circle common to all the spheres,

we find the metric null-system in which any plane has for null-

point the foot of the normal out of the (i.xed point T.

We also find a trilinear null-system in the following wa}'. Let rt' be

any conic and T any point. We then consider as null-plane of any

varialilc point V the polai- plane of 7'}' with respect to the cone

with F as vertex and o' as directrix.

By assuming O^ in 7' and representing o' by

.<,' + ../ 4- .V=0, X, = 0,

we find for the null-plane of A' the eijuation

So the coordinates ij of this plane satisfj'

V, 'Ji!U = »h : ,'',.'/. = V, y,!i, = »/,:— (y,' + .V,' T .V,')-

As these relations are identical to those of (3) this nuil-svsteui is

etpial to the former.

§ 7. We now pass to bilinear nuU-systeins where y =^ 2.

Then the locus of the null-points of the planes of a pencil witli

axis / is a twisted cubic curve (/)' cutting / twice.

Analogously the null-planes of the points of a line / envelope a

developable with index 3 (torse of the third class), i.e. they osculate

a twisted cubic.

The locus of the null-points of the planes passing through a point

P is a cubic surface (P)'.

Two surfaces {!*)' and [Qf have the curve (/)" determined by the

line I= PQ in common. In general they admit as completing inter-

section a twisted sextic o", cutting (/)' in eight points and forming

the locus of the singular null-points, each of which bears a pencil

of null-planes. (If these planes were to envelope a cone a' has to

be manifold curve on (P)' and this is impossible if we surmise that

the intersection of {!',' and {Q'f breaks up into two parts only).

The axes s* of the pencils of null-planes through the points 5 of

n' form a scroll of order eight : for the points of intersection of o"

and (/)' determine eight null-planes through /, each of which has a

point .S' as null-point and contains therefore an axis s*.

The surfaces {Pf, (Q)' and (R)' have the singular curve o' in

common and moreover one point only, the nidl-[)tiiiit of the plane
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]'()ll Vi)v Hi)' iiieet^ Ihc ciirvf (/)' IicIoii^miij; Io /= I'Q in oif;li(

points on <;" ;iii(i therefore in one point outside <j".

Evidently 'i" is l»asc curve of the linear complex of surfaces {!*)".

^ iS. A special n n I 1 - s y s t e m (1,1, 2) can ho olilaincd in

tlie following!; manner. We stait from two pairs of non intersecting

lines a, a' and l>,h'. We assign to any point F the plane y of the

two transversals / and it through />' oxer a, a' and li, //.

The hyperholoids {Ida') and [llih') admit a curve (/)" of which

/ is a chord as completing intersection. So we have indeed y := 2.

Also a, a' , h, h' are chords of (/)'.

Here the singuhir curve o' is represented by the lines (i,(i',l),h'

and their (/uadrisccants q, q' . So the figure of singularity has eight

points in common \\ith (//.

For any point S of a the ti'ansversal ii is determined while we
can assnme for t any ray of the pencil [S(i'). So the nnll-[)lanes of

,S form a pencil with axis u. So the scroll {s*) breaks nj) here into

the four reyuU with the director lines [a, (>, //), (n' , h, I/), (I), a, a'),{h' ,a,n').

For any point of q the transversals / and u coincide and the same
liaj)pens for any plane through ([. So the lines q, q are not only

loci of .vmjuhtr points but also envelopes of suiijulnr plttncs. As this

is also the case with the lines ^r, a', A, // the two dually related figures

of singularity are nnited.

§ 9. For a line / intersecting n in A the locus (/)' breaks np

into a conic (/)' and a line a containing the null-points of the sin-

gnlar plane {la) ; the conic lies in the plane (Ja') and passes through

A, this point being the null-point of the plane connecting /with the

transversal n^ through A.

If / meets q, the curve (^)° degenerates in q and an [If. The lines

/ determining conies (/)' form therefore six special linear complexes;

so there are oo' conies [ly.

If / meets both lines q and q the hyperboloids {laa!) and {Ibb')

intersect in /, q, q' and a fourth line /' meeting q, q' as / does. So

the relation between / and /' is involutory ; each of them contains

the null-points of the planes passing through the other, the planes

contaiiung either q or q' discarded.

If / meets n and />, the curve {If breaks np into a line n in the

plane (al), a line t in the plane {hi) and a line /' cutting t and a

containing the null-points of the other planes through /.

If we assume for / a transversal /, the curve (/)' is represented

by the lines u and u' of the planes {al), {n'l) and by t itself. This
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lino evidciilK- ooiitaiiis llie mill-poiiils of tlie iviiiaiiiing planes llirongli

t ; llierefore it is .wifjular.

We derive from this that the surface (/*)' contains tlie transversals

/ and u passing llirongh P ; so the null-plane of P is a threefold

tangential plane. The third line of (P)' l.ving in llial plane admits

the property that the null-planes of its points envelop a cubic cone

with /-* as vertex.

If a, a', b, b' form a skew quadrilateral each null-plane touches one

of the quadratic surfaces of the pencil with those four lines as base.

Then the surfaces [P)' have four nodes in common, the vertices of

the tetrahedron with a. a', b, b', q. q as edges.

^ 10 We still e.\amine an otlier null-system (1,1.2) the singular

curve of which degenerates.

Let us assume the conic <}' in tlie plane r and a pair of non

intersecting lines. Through F we draw the transversal t over a,a'

;

then the polar jjlane of / with respect to the cone F[a') may ligure

as null-plane of F.

Reversely, if the plane t is cut by </; according to the line J and

D is the pole of J with respecft to o', the transversal through D
determines in (f

the null-point F.

If If rotates around /. Ilie line d describes a pencil around I lie

trace R of / as vertex and D describes a line of v. But then /

describes a regulus with ii,a',r as director lines, in projective corre-

S[>oudence with the pencil of planes ((/). Conscipienlly the nnll-point

i< then describes a twisted cubic (// with / as chord. The two points

common to (/) and [If lie on the regulus.

p]ach point .1 of the line a is simjiilar. The transvei-sal < describes

a pencil in the plane {Aa'), its trace D with the plane t describes

a line e bearing the trace A\ of a' . So the polar line d rotates

round a point E (pole of e); the null-plane of A describes therefore

a pencil willi axis AE.

If A describes the line a, the line e keeps passing through .1', and

therefore /i describes the polar line of .4'„. So the axes of the pencils

of null-planes correspontling to the singular points A form a n-gulus.

A second regulus contains the axes of the pencils corresponding to

the singular points A' of a'.

The conic a' too is shh/idar. Any point .S of it admits as null-

planes all the planes touching o' in S.

All the surfaces {P)' have in common the singular curve o', the

singular lines a, a' aii<l also the line .< through the traces A^ and

A,' of If and n' with r, containing two points .S,, <Sj of o"

.
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For any poiiil of s (lir coiio iiiojecting- rr (legcncrales iiilo llie

[ilaiie r comited twice; so il.s iiiill-piaiie is imlelinile and this explains

wli}' .V must lie t)n (>;i<'h siirl'acc (/"*)'.

Indeed the plane t is ijrincipa/ pldiw; for (lie nidi-plaiie ot" any

point of T l_vin<>' neitlier on o' nor on .v eoineides w itii r as polai'

plane of a line / not silnaled in t.

In coniieclion willi tliis ri'snlt liie cnhic torse df tlic niill-planes

of the |)oints lying on / always contains the |)lane t, i.e. t is coniinoii

tangential |)lane of all the surfaces of class three eiivelo|)e(! hy the

nnll-|)lanes of the points of a plane.

The trace (/ of a s'myuldr plane must be incident with the jiole

D, i.e. it must touch <j'. In this case t is transversal of «, a,', o- and

each of its points may ligure as null-])oint. The locus of the.se trans-

versals is a quartic scroll [t^ with a and a' as double director lines

and the line s mentioned above as double generatrix.

The polar surface of any point J* with respect to [ty intersects

o" in six points; the [)lanes touching
[/J'

in these points are .sm^u/rtr

null-planes. So these planes enveloi)e a torse of class six.

§ 11. In the null-system considered in the preceding article the

ti-ansversals / form a bilinear congruence. If we replace it by a

congruence (1,?0 we get a null-system {\,\,ti-\- l)'j. If the plane

<p rotates once more around the line /, in which case its trace (/

describes a pencil in r and the pole D a line r, then the ray t

resting on / describes a scroll of order n -{- \. .So the null- point of

7 lies {n -f- 1) times on / (y = /< -j- 1) fi"d describes a twisted curve

(/)"+2.

Let the congruence {l,n) be determined by the director curve a"

and the director line a, Avhich is to have {n— 1) points in common
with a".

Each point of ;(" is sin(/>ilar and bears a pencil of null-planes

(see ^ 10). From a jioint of a the cni've «" is projected by a cone

of order n with an [n—Ij-fold edge a. To the trace of this cone,

considered as locus of D corresponds a curve of class ?i, the envelope

of the trace d of the null-plane '/. So each point A of a bears oo'

null-planes enveloping a cone of class n. So a is an »-fold line

on the surface (P)"+^.

Here also any point of the singalar conic (.' bears a pencil of

null-planes, the axis of which touches c;'.

The intersection of two surfaces (/•')"+2 breaks up into a curve

(/)"+2, the curves u" and rr, the line a (to be counted /('-times) and

') For M = we gel the nullsystein of § G, for n = 1 that of § 10.
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the n rays of the coniriuence lying in r. As in § JO tlic line a- these

n rays partake of liio property liiat tlie null-plane of any of their

points is indefinite.

The singular mdl-plnnes touch in the points of a* tlie sci-oll [/]'*"+2

with a', a", a as director lines and n double generatrices in r. The

polar plane of 1' cuts o- in 2i,2n-j-]) points each of which bears a

singular null-plane; so the singular null-planes envelope a torse of

class (4?i -1- 2).

Evidently t is once more principal plane.

The bisecants of a twisted cubic <r' determine in an analogous

waj a null-sgstem (1,1,4). Here each point 5 of the singular curve

«' is vertex of a quadratic cone enveloped by the null-planes of /S.

Now two suifaces (P)' have in common the singular curve «',

to be counted four times, the singular conic o', a curve (/)' and

finally the tliree chords of «' lying in t.

^ 12. By llie considerations of § 11 we have shown tiuit itilinear

null-systems with y > 2 do exist.

Now we will prove that *the locus of the singular points of a

null-system (1,1, y), with the condition y > 2, cannot he a single

curve.

Evidently the curve (/)''+' containing the null-points of the planes

through / is rational, / being a y-fold secant. The null-i)oints of the

planes through P lie on a surface (P)''+' touched in P by the

null-plane of P.

The surfaces (/*)''+' and (Q)'/+' have a curve (/)v+i in common.

Now let ns suppose that tiio completing intersection is a curve o

of order y [y -\- 1).

In order to determine the number of jioinls common to [1) ami <J

we first determine the number // of transversals passing |Iii(mil;Ii

any given point and resting on [1] and n.

For this number the known relation

m ((I — 1) (r - l) — 2h + H

holds, where /i, v are the orders cf both the surfaces, whilst /// is

the order of the first curve and // the number of its apparent double

jxiiuls.

Here we have ft = d = r?i= y + 1 , 2/; = y (y — 1), as (/) is ratio-

nal. So we get H ^ y (y' -j- J).

The transversals under consideration arc common edges of the

cones projecting (/) and n nut df (>, the remaining common edges

pass through (he poiiilN of intersection of both the curves.



J J Co

For the iiiiniltcr of lliese ]ioiiils wo liiid ihcreCore y(y-|-l)' —
y(y'+l; = 2y\

Now the surface (/^y-'-i-' lias in coiiinioii with (/) besides the 2y'

points lying on a and the inill-[)oinls of the [ilam- /'^^/^ still y ''2—y)

more points and this is oidy possible for either y ::= 1 or y =: 2.

So we may ronchidc that for y ^ 2 the singular points must

1)0 arrantrod at ioasi on firn ourves.

Mathematics. — "On plane linear null-systems" . By I 'inf. Jan dk

Vriks.

(Communicated in the meeting ot January 25, 1913).

^1. By a plane null-system {a, /3) we understand a correlation

between the [wints and lines of the plane in which to any [)oint

/' correspond n nnll-rays / passing through it and to any ray f
correspond (I null-i)oints situated on it.

We restrict ourselves to tJie case « = 1 in which any point F
bears only one null-ray (linear null-system) and represent by k the

second characteristic number.

If the ray / rotates around a point F, its k null-points describe a

curve of order k -\- ^ passing through F and touching in F the

null-ray of F; we denote that curve by (P)^+'.

The curves (P)^+i and (Q)^+^ liave the k null-points of FQ in

common; any of the remaining (^-1-1)' — k points of intersection

bears a ray through F and another ray through Q, therefore a

pencil of null-rays ; so these points are singular.

Therefore a null-system (1, k) admits k'' -\- k -\- 1 siwjular points.

The curves P*--!-' form together a net with k'' -\- k -{- 1 base points;

through any pair of arbitrarily chosen points A', Y passes one curve

determined by the point common to the two null-rays x, y.

A pencil of curves tf" with u' base points determines a linear

null-system, in which to any point F corresponds the tangent / in

/'' to the curve passing through F. This pencil intersects an arbi-

trary line / in the groups of an involution of order n, admitting

2 in—1) double points, therefore k='2{n—1). This null-system

admits (4n'— 6?i -|- 3) singular points. To these belong the ?i' base

points, lying on a' tangents; the lomaining ones must be nodes

of curves 7". So we fall back on the known properly oflhe|tencil

(/„) to contain 'i{n— 1)' curves possessing a node.
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^ 2. Tlie hlHitair iiuU-si/sUin (1,1 1 lias (liiee siiijiiilar |)(iinls .1. A', C.

The line AB aclinils A ami /> as mill-poiiils and boars llieietbre

oo' null-poinls. So the sides a, b, c of triangle A B Care sinijular lines.

If /•' desciil>es any line /, the null-iay / envelope a conic touching

<i,h,c and / (the latter in its nuil-|ioii)t).

Tlie conic {P)' degenerates if P lies on a singular line. If we

assume P on (/ the null-points of the other lines through P lie on

the line PA.

Let / be a line cutting ./, //, c in A' , B', C and F its null-point.

If / rotates around A' the point F describes a line through .1, and

the cross ratio {A' B' C F) remains constant ^ 'f. If /'rotates around

B' , the point F describes a line through B and {A'B'C'F) is once

more ^ ff. So this cross ratio has tlie same value for all the rays

and is characteristic of the null-system. Now, according to a known

theorem, we have also F ^A B Cf) = (f.

So nm/ nuU-siistem (1,1) consists of the pairs {F, f) connected

with each other ivith respect to the singular triangle A B C hy the

relation F{AB Cf) = const.

In his "Lehre von deii geometrischen Verwandtschaften" (vol IV,

p. 4t)l) M. R. Sturm proves that this construction furnishes a (1,1)

but probably it has escaped him that we can get (/«// (1,1) in this way.

A pencil of conies touching each other in two j)oints J, B deter-

mine a (1,1) by its tangents. Then the singular points are .l,7iand

the point C common to llic couimkhi tangents in .1 ami /L

If in any collineaiion with the coincideucies A, B, C the point F'

corresponds to F, the line /=r FF' admits F as null-point in a

bilineair null-system ').

^ 3. From a given lineai- null-system (/'',/) we derive a new one

[F.f*), if we replace /" liy the line /'* normal to it in F. In this

construction / and /'* are liarmonically related with respect to the

absolute pair of points. By a hannonic trausfornialion we will

understand the transfornuition of a null-systeiu in which /' and /*

are harmonically separated iiy the tangents from F to a given curve

f/" of class two.

For any point F of Y^ ''"C null-ray /' passes into the tangent

f* of <f'^
in F; if / touches '/' in /"„ we may assume for /* any

line through F^ and /•'„ is a singular point of the new null-system

') From y^ = q. .X;t ' -h-^k — ^' -^kyk = '^ ^^'^ deduce p?i = (C|— Cjj x^x^, etc.

i.e (T?,a;i = Ct—c-i, etc.



(1, /*). As ;uiv siiii^iilar |inini nf (J , /) remains siiif^iilar, /* iiiiist

surpass k.

Ill order to (Icteiiiiiiie /:*' we l)ear in niinil that all liie rays /",

whicli pass into a (Iclinile ray /'* liy moans of tlie Iransformaluui

considered, musi pa-^s llnon^li the pole I'* of /'* willi rcspefl to

7'. So tlio millpoinis of /'* lie (lu tli(> curve (/'*;*=+' corresponding

to r* ill the iuill-sys(cm \\,k).

So a (i,k) passes into <i [\.,k-\-i) by t!ie iLannoiuc trdusfurmdllon.

From tliese facts we can derive that 2 {,k-\-\) singular points of

(l.A'-|-l) must lie on (f'\ We can conlirm this result as follows. Let (V

lie the second point of inlerseclion of '/' wilh a ray /' adiiiilting a

null-point /'' on '/'. Then the curve {G)'--^'- cuts cf' in G and in

2^ -f J points /' more. In any of the 2 {k-\-\) coincidencies of the

correspondence (F, G), the ray /' touches 7' and /* can be taken

arbitrarily through F\ Iheii F is singular.

By repeating the tiansformation {F,/*) must pass reversely into

the original null-system {\,k). The null-points of /' lie on the curve

(P)^-+2 corresponding to the pole /' of /' in the mdl-systcm (l,^-|-l).

On this curve we al.so find the points of contact of '/' with the

tangents jiassiui through P, these points are null-points of / in the

special null-syslem (0, 2) of the pencils the centres of which lie on

f/'. So the null-system {I, k-\-l) is transibrmed into the combination

of (1, k) and a (0, 2) admitting exclusively singular points (the points

of </').

If (I is a singular ray of a null-system il.k), harmonic transfor-

mation with respect to a pair of points lying on a genei'ates once

more a {l,k). For in this case') the pole P* of a ray /* lies on a,

which implies that the locus (P*)^-l-i breaks up into a and a curve

cutting /* in k null-points F*.

§ 4. In the ease of the null-system (1,2) the curves (P)' forma
net with 7 base points. Ani/ net of cubic curves ivitk 7 base points

determines a niill-si/stem (1, 2), in which any line / admits as null-

points two base points of a pencil iielongi.ng to the net. For the

curves of the net generate on /' a cubic inxolution of the second

rank, the neutral pair of which belongs to x' triples, i. e. consists

of two base points of a pencil.

Tiie tigure of singularity has no special characteristic, as we can

choose the base points of the net arbitrarily. As soon as three singular

') So the null-system (1, 1) of tlie tangents of a pencil of conies in double con-

tact passes by transformation willi rcspoi:t to tlio ab;;oliito pair of pdinls into the
'

null-syslem of the normals.
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points are collinear, tlie line bearing them is singular, as it contains

three and therefore oo' null-points.

Though we can determine any (1,2) by a net of cubic curves we
do not judge it stiperflnous to point nut some null-systems (1, 2)

which can be oblaincd otherwise.

If the points F and F' correspond to each other in an iuvolutor\

quadratic transformation ((juadi^atic involution) ihey may be considered

as null-poinis of the connecting lino /. Tiion any line is cut by the

conic into which it is Irausformeil in its null-points. Then the figure

of singularity contains the four [mints of coincidence and the three

fundamentai |)oints and consists therefore in the vertices and the

co-vortices of a complete quadrangle, the .^•^l• sides of which are

singular lines.

The same figure of singularity is found in the case of the null-

system, where any line ha-- for null-points its points of contact with

two conies of a peiu-il.

Another null-system (1, 2) is determined by a pencil of cubic

curves admitting three collinear jtoints .of inflexion B^, B,, B, with

common tangents /»,,/>,, />,. The cubic involution determined by the

curves of this pencil on any line /' has a threefold point on the

threefold line />„ m />', Zi, Z^, ; so /' is touched by two cubic curves

only. We generate a (1,2) by considering their points of contact as

Ihe null-points of /. Three of the singular points coincide with the

vertices of the triangle /)J>J>„ whilst B^, B„ B, are three others;

the seventh is node of a non degenerating cubic curve. Evidently

there are /'our shujiilar lines.

Hy applying the harmonic transformation to a null-system (1,1)

with ABC^= abc as singular triangle in such a way that the conic

'/' touches a,f),c respectively in A',B',C" we get a null-system

(1,2) of which A, B, C, A',/>',C" are singular points whilst the

seventh can be fouiul b^- a linear construction. Here a, b, c. are

singular lines.

^ 5. For any null-system [\ , k) the curves /''•+' form a net wilii

the singular points as base points. Here any line /'bears an involution

of order k -\- \ and the second rank admitting a neutral group

formed by the k nidl-points F. But for l]>2 the net is not more a

general one; for this would cut any line in an involution with

\k{k—1) neutral pairs. Indeed a general net of curves (/'•+' admits

at most i^ (^-f"*^) ^'l-***^ points, whilst the curves (/')*+' pass through

{k'-\-k-\-\) fi.\ed points and the latlci' niiinber surpasses the former by

i(Jc-l){k-2).
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K\i<l('iilly a null-sysleiii (I,/) cun he determined l>_v llie equations

§i«i" + §,^^ + §,cfc = 0.

Tiic mill-|i(iiiits of the line (S.) are its points of intersection with

I lie cmve indicated by tiie second equation.

For the curve (/^)^+' corresponding to the puint J\i/) we liiid,

by means of the relation

Ii2/. + §,//, ^- §,y, = 0,

the equation

^i y, Vi
I

^1 ^1 *'8

a^' 6*-" c^'XXX
= 0.

So the singular points are determined by

a^ b^ c^
= 0.

By harmonic transformation with respect to the conic «: =r we

fuid a null-system (1,^+J). in whirh tlic line o^j indicated by «5«,,=0

corresponds to the point (.r).

If we put for sliort

J- r X ' X ' X X '
1 * X X

then we find

!>! • Sj »l

1. e.

and this equation determines with

tlie new null-system.

That it is impossible to deduce any arbitrary {i , /c -\- 1) by har-

monic transformation from null-systems (1, A) can be shown alreadj'

by remarkinti; that the 2 (k -\- 1] new singular points furnished bv

this transformation lie on a conic, which does not happen generally

for >i->2.

76»
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Botany. - "Tin injlumce 0/ teiDjn'nittin' on jthototropism in seed-

Uni)s of Avenn mtion." Hv Miss M. S. di \ iuks. (Communi-

cated l.y Piof. F. A. F. C. Wknt).

'Gommunicated in the mecling of Jan. 25, 1913).

In connection with 1\it(;kks' ') investigation 011 tlie inliueiicc of

temperature on the <i;eotio|)ic presentation-time in Avena sativa seed-

liners, I have undertaken experiuieiits to find out how tar temperature

inliuences pholotropism.

I had originally no intention of making a preliminary statement

at this stage because some of the experiments are not yet complete,

lint after the publication of Torstkn NYRKKiin's') work on the same

subject in which results wholly opposed to mine are given, it became

desirable to make a communication now.

ToKSTKN Nyhkhgh coiiies to the conclusion that tem|>erature has

no intluence on the process of photolropical stinndation. According to

him therefore the inlliience of temperature on phototropism may be

represented graphically by a straight line. The results I have ob-

tained at various temperatures can howe\er be represented by a deli-

nite o|)tiinum-cnrve. Before I consider the results, I should like to

say a few words about the method.

Seedlings of Avena sativa having a length of about 2.5 cm were

used. The boxes of seedlings were wariueii for at least an houi'

beforehand in the thermostat used by RiToiiRs at the temperature

to be investigated; they were then exposed to light in the thermo-

stat and then taken out of the a[»paratus. The seedlings always exe-

cuted their curvature at 20° C. While the seeillings were in the

thermostat, fi-csli air was ilrawn through it, moreover the dark room

in which all the experiments took place was ventilated as much as

possiijie. The wanning of the thermostat was done by electric lamps;

gas was not burnt in (he dark room, so that the alin()s[)liere was

as pure as possible. The source of illumination was incandescent

gas liglit, placed outside the room; the light enteivd through a frosted

glassplate, when the diaphragm was open.

') A. A. L. Rutgers: Tlic iiifluenco of temperature in geotropisin. Proceedings

P.oyal Acad Amsterdam. Vol XIII, p. 470, I'.dO.

A. A. L. HuTc.ERS Tiic influence of temperature (^n the geolropic presentation,

time. Recueil des Trav. Botan. NeerK-'ndais. Vol. IX, 1912.

-') ToHSTEN NvBKRGH. Studien ulier die liinwirkung der Temperatur au( die tro-

pislische Reizbarkeil eliolierter Avena-Keinilinge. Beric'it" der deiilsclien IJolan.

Gesellschafl. Band 30. 1912.
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T lie qiiantilv of lij^lil-cncrp^y wliii-li at vai'ions tcnipcialuio was

necessary Id cause a dolinile dejii-cc o( ciirvatiirc was (letcriiiiiicd.

As a staiulanl a ciirv alnic nf '> nun. was always laUeii, llial is lo

say, llie apex of llio coK'optilc was lieiil 2 inin. out of the \ertical.

To l)Oi!;iii witli, e.xporiineiits were made at 2()\'., .-iiice a (piatitily

(if light energy of 2t> M. ('. S. fnietre-candle seconds) gave a cur-

vature of 2 mm. In nrdvv to liiid tlic (|!iantily necessary for a

curvature of 2 mm. a few i>oxes of seedlings were stimulated for a

varying miuihor of seconds, and it was ascertained after about ]
'/i

hours how many seedling had curved. Boxes in which 507„ of the

seedlings showed a curvature of 2 mm. served as a standard. The
[ii'odiict of duration of >limuliis and intensity of lighl then ga\<' the

ro(|uired (piantity of luminar energy in .M. ('. S.

The experiments were |)erforine(i at temperatures ranging from
0° to 40° C. No experiments wei'e made above 40° C; after one

hour's preliminary warming at 40°, so prolonged an illuininalion

was necessary and the curvatures which finally occurred, were so indis-

tinct, that there was no (piestion of determination after more pro-

longed warming. At 43° the seedlings died.

From ()°to25° the oli.servations were made at intervals of 5°; above

25° more frequent determinations were found to be necessary.

At each of tlie temperatures lo be investigated there was first a

warming of one hour's duration, afterwards of 2 hours, 4 hours, ti

houi's etc., in order to see whether increased duration' of preliniinarv

warming had any etfect.

The results of the experiments are collected in tlie table given

below, in which in successive columns is given in M. C. S. the

luminar energy necessary for a curvature of 2 mm., after 1 iiour,

2 hours', 4 hours' warming, etc., corresponding to the temperature

given in the first column.

It is clear from the table that the |)liOlotropic stimulalicnpiocess is

dependent on temperature and that at higher temperatures the time-

factor is of a great influence.

From 0° to 25° the length of preliminary warming has no influence

on the (puxntity of luminar energy. At 27.5^ ami 30° longer preli-

minary' warming has a favourable influence; that is to say after a

longer exposure to a highei' temperature a smaller quantity of lumi-

nar energy causes the same curxature as a greater ((uanlity after

a shorter preliminary waiming. The harmful inlluence of longer

preliminary warming is first observable at 32.5° aiul this is the case

also at 35°. 37° and at higher tenqieratures, in always increasing

amount.
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48 hrs.
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25

27.5
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31

32.5

35

37

37.5

38

39

Fig. 1.

200
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The favf)iiral)Io inlliionco of lonfiei- |iiolitiiinarv wartniiii^ at 27.5^

and .'50°. also ihc miravomable iiidiieiice of a loiif^i-r cxiiosiirc al

32.5° and 35° is represented graphically in (ij;iire 1 in wliicli llic

abscissae show the duration of preliminary warming, and llie ordinates

the energy in M. ('. S.

It is further clear from the figure that there is a transition p(j|jiil

between the favouralile and unfavourahle intluence; the amounl of

M. C. S. is here constant.

Figure 2 represents graphically the energy in M. C. S. which

causes a curvature of 2 m.m.. as a function of temperature. The

abscissae represent temperature, and the ordinates luminar energy

in AI. C. S. As the drawing is much reduced the lines represent in j^

longer prplimiiiary warming are omitted for the sake of clearness;

only the line for one hour's warming has been drawn.

aoo
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Physics. - '(hi ffii- litin of ill,' jiiirlilioii iif fiii'n/i/." Hy

.1. 1). VAN DKK Wwi.s Jr. (Coiiniimiicalcil \>\ I'nif. .1. D. van

DKU Waalsj.

(Communicated in the meeting of .January 25, 1913).

§ I. I iilrnilni'tion.

'i'lie l;i\v of e(iiii|i;utiliiin of eiierny luiisi hold f(»r llie kiiii'tic

ciiergv of nil systems wliose e<|(i;Uioiis of motion ') CiXii he represented

in the form of the er|iiiilions of IIamilto.v. This is shown in statistical

mechanies.

Experiment shows that this law is not fnllilled. This has lirst

clearly appeared from the fact, that the kinetic- energy of moiiatoinic

and diatonuc gases, as it may be derived from the value ofCf,

accounts for only 3 and 5 degrees of freedom respectively, whereas

the molecules of these gases have undoubtedly more degrees of

freedom, which appears i.a. from the light which they can emit.

Later the observations of XtutNST and his disciples have shown,

that the c,. of solids decreases indefinitely when we approach to tlie

temperature 7'^0 (absolute) which is also in contradiction with

the equipartition law.

Finally we usually deduce from the equipartition law that the

partition of the energy over the dilferent wavelengths in the

iiornuil s[iectniiii must be as it is indicated by the specti'al funinda

of Rayi-eigh. In this case also experiment shows that the consc-

((uences of the etpiipartilion law are not fulfdled in nature.

It appears from the abo\e considei'ations that we are obliged to

assume, that the equations of motion of the real systems cannot have

the form of the equations of Hamilton. The following conside-

rations are to be considered as an attempt to find a way, which

may lead to the dedcction of the form of the etpiations of motion

of the real systems occurring in nature. In this attempt I will

assume that the partition of energy in (he normal spectrum is accu-

rately represented by the spectral equation of Pi.anck; so I will try

to indicate a way which may lead to the drawing up of equations

of motion from which the equation of Planck can be derived. In

consequence of the mathemalical difficulties, however, 1 have not

succeeded in finding those equatitms of motion themselves.

') With "equations of motion" I mean the equations wliich aro required to

reduce tlie time derivatives of the independent variables Ijy which tlie condition of

a system is deteiinined from the vahies which Fliese variables have at a given

ime, independent whether or no these changes refer to motions in the sti'icl sense.
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Tt seems natural to assniiip, tliat these equations wlien thev shall

have been found, will he able to aeoonnt for the ditlerent above-

mentioned deviations fioin the law of e(|iiipartition of enerj^y. In

fact these deviations are riosely connected with one another. If e.g.

the energy of visible lightvibrations at 100° is imperceptibly small

compared with that of infra-red rays, we cannot wonder that the

vihiations of electrons which are in einiililiriinu with those light

viliralions have an energy very small compared with that of vibra-

tions of greater period. 'Plie thermal motion of the molecules may
here pi'oltably be considereil as a vilti-alion of rather large period,

although it is not a simple harmonic vibration. At a higher tempe-

rature the small wavelengths become more predominant in the

speclniin. It is therefore to be expected that also the vibrations of

the electrons of short period, which at a low temperature are devoid

of energy, at a higlier temperature will obtain a measurable amount

of energy, so that the specific heat with constant volume will increase

with the temiterature.

The physicists occupied with thevse problems have noticed this

connection between the normal spectrum and the specific heats fiom

the beginning. Jeans') e.g. has applied his theory, which originally

was meant to be an explanation of the Co of gases, to explain the

properties of the normal spectrum ; and it is not astonishing that

vice versa the theory of Pl.\nck for the normal spectrum was soon

used for the explanation of the specific heats.

The method in which we start from a theory for the normal

spectrum and deduce from it the value of c„ seems to have advan-

tages over the opposite way. For we have in the spectral formula

of Planck a relation which agrees well with the observations and

which moreover is independent of the special nature of the walls.

I will therefore follow this method.

^ 2. 'J'he centra of rad'uition.

We may make the following two assumptions concerning the way

in which the partition of energy of the nornuil spectrum is i)rouglit

al)Out.

1st. We may assume that every vibrator considered sejiarately

has the pro|)erty to transform radiation of an arbitrary partition of

energy into the partition of energy of the nornuil spectrum.

2nd. We nuiy assume that this property only belongs to groups

') J. H Jeans, Proc. Koyal. Soc. of Lomlon 67, p. 236, anno lilUO.

Phil. Mag. (6j 2, p. 421 and 638, anno 1901.

Proc. Phys. See. of London 17, p. 754, anno 1901, elc
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of \il)ialors. w iirii llicii' \ ilnMlinn is iiilliir'iiceil Itv llieii' inlci'iiclidii

((•olli.sioii>^i.

1 shall shut tVciui the lirsl su|i|K)sili(iii. In Ihi- (irst |ila('e liocaiisc

it is simpler. Hiil it seems to me also lo he more plausible. For we
cannot <loul)t that the ecjuations of iiiolion arc not linear. A vihralQr

ihorefbrc, when set into vibration by a pert'ectly homogeneous rav

of ligiit, will not execute perfect!}- harmonic \ibrations. The radia-

tion, emitted bv it will therefore contain vibrations of other period

tiian llie inci<lent ray. If therefore it is inclosed in a spaco with

|)erfectly reflecting walls it will cliange the partition of energy of

radiation which is aI.so inclosed in that space. If now the spectrum

which originates in this manner was not the normal spectrum (be-

cause this latter was oidy brought about by a great many inter-

acting vibrators) it would be astonishing, that even the most rarified

gases, in which relatively only a few collisions occur, always give

rise to the normal spectrum, and not to a spectrum whose i)artition

of energy lies between the normal spectrum and that of one vibrator.

I will therefore imagine one single vibrator. If its motion was
determined by the equation :

d-.v iPiV

df ' -^dt" ^ '

in which the coefficients m,f,g,e were constants, then it would

necessarily give rise to a partition of energy agreeing with the

spectral formula of Rayleioh ").

Therefore we shall assume from the outset that the equation (1)

is not satislied. The vibrator will then not be able to execute per-

fectly harmonic vibi-ations, but its vibrations, when analysed in a

series of Fourier, will consist of several, in general of an infinite

number of harmoinc vibrations. This seems not to agree with the

fact, that uiulisturbed vibrating vibrators as they occur in gases,

emit very sharp spectral lines. We must, however, bear in mind,

apart from the fact that no element exists whose spectrum consists

in one single line, — that according to the electron-theory the

mass is not perfectli/ constant and the light of a viln-ator tlierefore

not perfect/;/ monochromntic. It is true that light of a period 7'.

differing from the fundamental period 7', of a vibrator, often occurs

only to an imperceptibly small amount in its radiation. But it

cannot be totally wanting. Now it is well known that the intensity

of radiation of a certain period in the normal S|)eclriun does not

depend upon the emission alone, but upon the ratio between emis-

') Comp. II. A. LoRENTZ, Nuovo Gimento V, IG. Amio 190S.
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sion and absorption, so tliat a certain wavolciiirtli niav he re|)rescnleil

in the ti|»eclrnin to its normal amount, even if the emissive jiower

of llie walls he inipeieeptiblv small for that wavelenj^Mh, inovided

the absorption have a correspond ing-, small valne. The small vahic of

the enussive power has no intliience on the final partition. It only

occasions that radiation of other energy-partition will oidy very

slowly be transformed into the normal jiarlition.

So we shall assume ihai tiie centra of radiation are vii)rators

whose equations of motion are for the present unknown. These

equations cannot lia\c rjfrorously the form (1), but they need differ

only very little from it.

§ 'A. Tlie iudependent variables. The ensemble.

We will imapjine an enseudile eacii system of which con.^ists of a

parallelopijiedic s|iace inclosed in perfectly rellecting walls and

containing one vibrator, whose centre has a fixed position in liiat

space. We will assume that tlie motion of that \ii»rator is determined

by one coordinate.

The choice of the independent variables requires a certain circum-

spection. The aether namely represents an infinite number of degrees

of freedom, each of which can therefore possess an infinitely small

aiiioiuit of energy. The vibrator on the other hand possesses a finite

amount of energy. It seems, however, difficult to deal with an ensend)le

in which one variable possesses on an average intinite limes as

much energv as the other variables. Therefore I will choose the

variables as follows; If a nionocliromatic ray of liglil passes a vibrator

the latter will be set into vi[)ration. After a certain time this vibration

will have itecome stationary. Now 1 will determine liy t'^i^- coordinate

the anipliludc of llic ray and the stationary vibi-alion of llie \ iiiralor

caused i)y it.

Besides this 1 will assume that the vibrator has a "proper" coor-

dinate. Now if this |)ropei' coordinate, and also its time derivative

are zero, this does not mean that the \ibral(u- stands siill in its

position of e(iuililirium. It does mean that the motion of the vibrator

consists exclusively of the stationary vibration, which it assumes

throutrh the iniluence of the radiation to which it is sui>jected. If

the proper coordinate is not zero, tlien the vibrator has a motion

which docs not agree with the absorbed vibration. So it is |)ossible

to assume, that in a radiation field which is in e<pnlibriiim (i. e. in

which the energy partition is that of the nornu^l spectrum) the |)roper

coordinate of the vibrator has always an intinitely small amount of

energy (in tiic same way as the separate coordinates which determine
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the condition of llif uetlier^, ami llial vet tlic vilnalor \il)rales with

a linile eneruy Ihr animini ol' w hich ani-cos wilh ihat calcnlali.'il tor

it !)) I'l.ANCK ').

We can (liv'idc llic cloctroniagnotic lield into Iwo |iarls: J*' The

elect rostatif field wiiicii aiirees with (lie nionicntaiT position of

the electron, 2'"' A Held consislinu of the really existing electric and

niaj^nelic forces diniiinslied In those sialic forces. In agreement with

the aliove we assunic, that the position of liie electron and thei-efore

also the 2'"' field is determined by the first. As for this latter field

we have

:

Div 5 =r (» and Dir .0 = 0,

we can represent it as follows, if for sim|dicity's sake we assume,

thai the space in which it is inclosed is a cube with a side equal

to unity :

iT'j- = 2 (qu -f- qu')cos 'l:i ux sill 2jt vi/ sin 2yt wz

(£",, = 2 {q(i 4" q'^i')sin 'It ux cos 2.T cji sin 2.T ir: I

^z =^ -2' (qy -(- q'Y')sin 2.T ux sin 2.t vy cos 2jr wz
'

.pT- = ^ (p'a 4" pit) f'in 2jr ux cos 2.T vy cos 2jr ws I

S^,j = 2 (p'^ -|- jt),6') cos 2rr ux sin 2;t vy cos 2jr irz \

-p; == 2 (ji'y -\- py') cos 2rr ux cos 2.T vy st?i 2.T u-z
'

In the summation we must lake for 2ii, '2r, and 2?;' all positive

integers; ^^?i* + w' + "'' represents the number of waves in 1 cm.

and 2.Tc'l ii'' -\- f' -|- ir" = r the number of vibrations in 2t seconds.

The (puiiilities k, ^i, y and ((',ii',y' are the direction coefficients of Iwo

direclions which are mutually ])er|)cndicular, and also perpendicular to

II V w
the direction dt'lermiiied bv

1/ u' -h v' -1- io" Wu^+ v^ +tv' Wu^-\-v''-\ w"

'

The (|uaniities ii, q' and /'. // ai'c the independent variables. One of

these variables coiTesponding to a certain set of values u, r, to will

be represented by q,„.„. or />„„.. It can be proved that the vaiiables

') Comp. i. a. Max Planck. Acht Vorlesungen iiber theorelisclie Pliysik. p. 84.

In fact our suppositions quite agree with wliat Planck does, wlien lie treats his

vibrators as resonators and assumes that theli' energy is perfectly determined by

the radiation field, to which they are subjected. In that case it is however not

allowed to equate llie entropy of the system to the sum of the amount of entropy

of the radiating energy, and that of the vibrator, l-'or the motion of the vibratiou

is perfectly determined by the radiation; llie vibralions of the vibrator and of the

radiiition are tliorefore coliorenl and their uniletl (.-ntropy is no more equal to the

sum ol their separate amnuiits ot enU-opy as tills is the ca.-e willi the iiitiopy of

twii (Dlicienl rays of radiation. (Iloiiip. M. Lace, Ann. d. I'liys. 20 p. liti,"). Hl(j(5;

23 p. 1 and p. 7'JJ. I'JUT el.; j.
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/( \i\;\\ he considered to l>c llie momenta corresponding to tlie coor-

dinates; <y. As iiovvever we must assume that tlie equations of Hamilton

do not apply, this oliservalion is of no conseipience for the eipiations

of motion of the sjsteni.

Now if no vibrator occurred in the space, every partition of energy

would remain unchanged, and there would be no occasion to speak

of an c(|uilibrinin jiartition. if a viltralor occurred which had the

[iroperty to be able to transform radiation of every wavelenjith into

every other wavelengtii and whose motion was determined by the

equations of Hamilton, then the energy partition would approach to

that indicated by the formula of Rayleioii. In this case we nnght

represent the condition of the system by means of an ensemble for

which the piobabilit^ of phase would be represented by ') :

1 1

' 16 ^ 16 ^

P= e
^

(3)

I 1

where U' and ^ are constants and ^ifA-^-Sn- is llieencrgvof1
Ki ' 16

the system, the summation being extended over all quantities </ and />,

also over those provided with accents.

Projierly speaking this expression for the energy is incomplete.

In the lirst place tlie energy of the proper coordinate of ihe vibrator

has been neglected, but moreover we have neglected the energy of

Ihc vibrator, wiiicli it has in consequence of its forced vibrations.

If we imagine tlic volume sulticiently large these approximations

will meet with no serious objections. More risky is another simpli-

lication which I will introduce; I will namely represent an element

of extension-in-phase'O by TTdjulq and here also I will neglect the

proper coordinate (or coordinates if the electron has more degrees

of freedom). I think I may suppose that this simplification also will

not affect our conclusions greatly. Perhaps it is even perfectly

justified. It is namely |)0ssible that we must assume, that the motion

of the vibrator is entirely determined by the electronuignetic liekl,

and that therefore there is no i-eason to introduce a "proper"

coordinate.

As the spectral formula of Raylkirh is not satisfied by the expe-

riments, the formula (3) cannot give the right expression for the

probability of phase. I shall therefore put:

') Gom|). GiBBs. Eleiiii'iitiiry principles in statistical mechanics p. 16.

^} Gomp. GiBBs, i.e. p. 6.

I
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1 1

^ 16 ' 16 '

P = e ^ 'I ('1 }>). .... (4)

It' it is possible lo IIihI siicli a Inrm tin- llic rimclioii 7 iWliicii

ir|)it>seiils ii t'liiicliuii of all variables
<i

and /yj that llic fdllnwiii^

t'driiiiila is satisfied :

1 A^'''

1 1

"^ 16 ^ 16 ^

^
<l {q . . . r) lldqdp

hv

—^ ^

1 I _ ~~
2 Ar

^ 16 ^ 16 ^ ft

(•^)

<^ q(q...p)ndqdp

tlien tiie average ciiergv in the ensemble for every degree of freedom

lias the value which is indicated for it by the spectral formula of

Planck. The function of 7 uiust of course have such a form that

an eqiuxtion of the form (5) is satisfied for Q\Qry variable, not only

for the y's, i)nl also for the //s. The function 7 may moreover

contain the frequencies r, but it must be inde|)cndent of O. for else

the equations of motion of the system wotdd depend on O, whereas

the conception "equation of motion" involves, that they are perfectly

determined by the condition of the system at a liiven instant (the

(y's and //s and constants), and that they do not contain a quantity

as 6, which is not characteristic of the individual system, but of

the ensemble. If the condition that 7 must be independent of 6 did

not exist, then it would be easy to find several solutions for the

integral equations (5). With this condition it seems to offer rather

great difliculties ').

') The integral equation can in general be brought into tiie following form

1 1

16 ^ 16 -^

/ '( ('/•• r)
j

~-
^j^

j
ndqdp = 0.

It Is possible that - may be split up into a proiliict ol liiiiclions fyq, v) each of

wbiili eonlains only onf vaiiabK; lunl the number of vibralion.s belonging to it.

In this case the equation lor the determination of f(q,\) may be written:
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Yel 1 have iliouuhl it useful to dijiw attciilinn to this equation

as its solution would l)e au iuiportaut ste|) on llio wav wliicli leads

to the drawing up ni' a system of dynauiics from whicli nol tlie

s|)ectral formula of Rayi.kkjk, hut that of I'i.axck would follow.

In this svsteiu of dvnauiics the ('(|ualions of motion eau ofeoui-se

not l>e hrcnighi inld ilic form of IIamii,ton. Instead of liie law of

conservation of densilv in phase, wiiicli follows from this form of

the e(|uations of motion, anothei- relation ran he derived, whieli is

found as follows. In ordi'i- that the state is stationary, it is of course

i-equired that the proliahility of jdiase for a [loiuf wiili eoustaiit

coordinates is conslanl. If wo indii-alt> liio lime deri\ati\e tnr micIi

d

a iKiiiit with , then we have in the case ot equilihriuni:
- dt

dp /dr.j dPp

U ' dp) U ^^ dpPj

.It follows from the form of /' thai we mav also write:

When (he function <f
is found hy .solution of the ecpialion (5),

then (()) is a relation which the eipiations of motion must satisfy.

It has f(»r ihc modified mechanics the same signilicance as the diesis

of Lioi vn.i.K has for classical mechanics.

§ 4. I'll:' equations of motion of the electrons.

Though the vihralor does not figure explicitly in e(|uation ((j), the

values of 7 and p occurring in it are determined hy Ihe properties

of the vihrator. For the molion of the eloc-lron we can deduce the

following e(pia!ions. We start from the expression for ilie electrical

force of which Ihe A-coni|Ponenl can he represented hy •

-16''

/' 7i 4 l/jr/ti'

KT
In llic origiii;il Diilcli paper tlu're is an error in tliose two formulae and in

equation (oi, wliieii 1 liave coirected iu the Englisli trauslalioii.



wz

^r = -^ ('/" -|- 7 «') ''01 '2.T II.}- silt -J.T vi/ sin 27r wz -j- m
4jtr'

m denoting llie electrical inoinent iil' llic \ilirat()i-.

From this expression rollows :

rr c -^ '- — Ol\ :=: ^ ('/rt -L
'/ " )

<^'*'' '2,.^U.v.sui 2.T rw .s»i 2jr
t/< V Op OS J

"

A" (im

ami in connectiini witli "2; and with c(iualions of the form

r<t' =r: c ((•/ — «',i)

:

—^
i i'J '"-r

'/') " "i (q' ^^ '/'') f''\ ^'os ?-T "•' •*"" -^ t\y «'" -•"» "'J=
w dm= _^,o^_ ... (7)

4.TJ'' a<

The divergence of the vector in the lefthand member of this

e(|iiation is zero, and so also that of the vector in the rightliand

member. We can thei'efore represent it by :

2£ {Oa 4" <*'«') cos 2.T n.v sin 2.T vy sin 2.T us.

Eijnation (7) being satisfied identically in ,t', y and j, we have

q + rp = a q' + rp' = a' (8)

Differentiating these equations respectively with regard to q and

(/ we get :

dq da dq' da'

If we treat the expressions for the components of -D in the eqna-

lioiis (2) in the same way, we lind :

p — ry = U p' — rq' =: U (Sa)

and

dp dp'

i='' ^=» <»'"

and therefore :

{dq^dp) rf [dq^^dp^J .

"
dy

When (/ is known, we can substitute in (10) the values for

q and /; from (8) and (8a) and so we get a relation which the

eoenicients o as f-mctions of q and /* must satisfy. The ralue of the

«'s on the other hand de|)ends upon the value of q as a function

/ dm \
ot .(', y, and c and upon the velocities I r^- — in e(|uaiion (7) which

I i

Proceedings Royal Acad. Amsterdam. Vol. XV,
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tlio eleclron usMimcs under iiillneiu'e dI'iIic tield (ie'teiiiiiiiod liv «/ ami /;.

§ 5. L'lmclu-aioiii. In ilic aliove considerations I have tried lo show

tliat it is possible to aeroiint for the partition of eiier<jy in the normal

spectrum witli tlie aid of differential eijuations, wliich admit of a

continuous emission and absorption of energy, and that it is therefore

not necessary for the explanation of the normal spectrum to have

recourse lo the supposition of quanta, either of energy or of "action".

For this explanation it is necessary lo draw up a system of mechanics,

in wliich a i-elation of the form ((?; takes the place of the e(piation

of Liorvii.LE in "classirar' mechanics. In order to determine this

equation /urther knowledge of the function 7 would l>e required,

which function can be found h\ solution of the integral equation

(5). I have however not succeeded in this solution.

If such an e.xplanation with the aid of continuous equations is

possible foi' the partition of energy in the spectrum, then this will

also be the case for the variation of the specific heal with Ihe

temperature, which follows from tiiis energy i)artilion.

Chemistry. Hiwatriene J, 3, 5." By Prof. P. y.vN l\OMniR(iH.

(Communicated iu liie Meeting of February 2:2, 1913).

In previous communications, published iu this Proceedings '),

an account was given of ihe results of an invcsiigalion carried

out jointly with Mr. y.\N Dorssen and which had led lo the prepa-

ration of the above hydrocarlxm. Owing to the departure of Mr.

VAN Dorssen the continuaiiuu of the study of hexatriene has expe-

rienced considerable delay. Since then, however, a fairly considerable

quantity of this substance has been prepared and kept in sealed

bottles. As hexatriene ~~ as might be exj)ected from its analogy with

other unsaturated couqiounds (and what also proved to be the case)-ex-

hibiled a tendency towards polymerisation particularly on warming,

1 havt' sidmiitted the contents of the bottles whicii had iieen kept for

live years, to invest iuation.

On distillation fully 5t)7„ passed over l»ciow 80"
: the residue in the

flask was then distilled in vacuo. At ± 100° about 30 "/,. passed

over whilst in the Mask was left behind a colourless, \ciy \ iscous

mass which dissolves in benxene. From this solution it is again [)re-

cijMlaled by acetone or alcohol. If the residue is heated more strongly.

1) Nov. and Dec. 1905; June IVtUli.
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llicrc r(^itiaiiis a ((ildiirlcss, lr,iiis[iai'i'iil, L;rlaliiinii> iirodiicl wliidi

swells in (•(iiiiaci uilli lieir/.ciio, Iml dncs ii<il dissolxc tliorciii.

Tlic lii|iii(l lidiliii'^ al aliiMil 100" ill \acii(). when dislillcd al lln'

ordiiiai'v incssiirc passes dxcr al 4: 215" with tniiiialiiin, linwcvoi'.

of prddiicls willi a liii;li(M' hdilin^- pdiiil. After rracliniial liislillalioii

ill vai'iKi llic hulk was oliiaiiK'd as a |)ciT('cll\coldiirlcss li(|iii(i \\ liicli

is more viscdiis than liexalriciio (I). p. Siy.o at 11! nun. pressure).

Till' elenu'iilan analysis lomid; (' 8i».43, II 10. 1 ; calciilaled (' 89.ill,

11 10.09) and llic vapour density del(M-iiiiiiatioii (according to lioF.\i.\XN:

t'ninid 5.5; calciilali'd 5.5) led to the rorinuiaC,. H,,, so that the snb-

staiice is to he considered as a dinier ot' liexalrieiie.

D." =.0,880 n;/ = 1.51951

MR =r 55.2 Calculated lor C„ H,„ j 53.54')

Tiie density is considerably higher than that of hexalriene (0.7498

at J 3") whereas the e.xaifalion of tiie molecular refraction is much

smaller. This is particularly striUing wiien we compare liie spec,

exaltations.

For hexatrieneE^jj = 3.J25

For the dimer E ^^^ = 1.037

The dimer of he.xatriene readily forms an additive compound with

one mol. of bromine; on further addition much hydrogen bromide

is eliminated. It is rapidly oxidised by a solution of potassium

permanganate. The investigation thereof is being continued.

The metliod ly wiiich iie.xatriene was formerly obtained (iiiler-

aetion of formic acid on s. divinylglycol) did not exclude the possi-

bility that it might be contaminated with hydrogenated derivatives

thereof and hence it was thought desirable to try other means and

gel it in a pure condition by regeneration from crystalline deri-

vatives. Ml-. MuLi.KR who for a considerable time lias been engaged

on the .study of hexatriene has succeeded in regenerating the hy-

drocarbon from the beautifidly crystallised dibi'omo additive com-

pound. By treating hexatriene with sulphur dioxide he has also

obtained a solid jjroduct, the investigation of which is not yet con-

cluded and from which the hydrocarbon may be pi'epared also.

It was further to be expected that hexatriene would also be for-

med by dehydration of the hexadiene 1.5-ol 4, which alcohol might

be obtained by reduction of tire divinvlethvlene oxide recently descri-

•) Hen> it iiaj; hocn assuniod that willi eiiniiiialion of Iwn (idiibje bonds, a ring

has been fornieJ, as suggesleil by the high ilensity.

77'
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bed In Mr. i.k Hkix M. Tlie vield of the alcoliol from llio oxide,

already so dillicull to prepare, was. liowever, so small thai the ap-

plication of this method was out of the question.

•lointiy with Mr. van Dorsskn. I endeavoured some lime ago

lo piepare this alcoliol according to the method applied by Fkrd.

Tiii.M.AX.N and R. Schmidt =) in ihe preparation of homolinalool where

they allowed a mixture of allyl iodide and methyllie|>tenone to act

on granulated /.inc. Willi acraldehyde and ally! iodi.ie we did iioi

get a snccessfnl reaction. Nor did we succeed in obtaining the

desired alcohol by the interaction of these substances in ethereal

solntion on 'aclivaled" zinc ((4i..i)stoxe and Tribe), whilst in an

experimeiii with 70 grams of zinc filings, 60 grams of allyl iodide

and 60 grams of acraldehyde only a slight action took place, so

that we refrained from fnrlher experiments.

Mr. I.E Hf.ix has tried, in vain liowever, to obtain Ihe desired

alcohol by means of allyl bromide, acraldehyde and magnesium.

The favourable result obtained by Dr. C. J. E.\kl.\.\r ') when ap-

plying Ihe method of Foir.mkr *^. lo crolonaldeliyde for the prepara-

tion of Ihe he|)tadieiie 2.6-ol 4. induced Mr. i.e Heix to allow

(according to Foursier's directions^ allyl bromide, zinc turnings and

absolute ether to act on acraldehyde wilh the object of obtaining the

alcohol in larger qnanlities. Wilh a yield of 307„ of the Ihcoreiical

ipiantily, the hexadiene i.5-ol 4 was now oblained as a litpiid boiling

at 132". 2 — 132'.4 under 769 ni.m. |)iessure. The elementary

analysis and Ihe vapour density determination confirmed ihc for-

mula C,H,„0.

D'o-^ = 0.8698
•

n'»-^ = 1 .45231
4 D

MR = 30.44 calculated 30.498

The odour of the <ilcohol reminds of that of allyl alcohol l)ut it

does not |)roduce the irritaling after ellecl, however.

With acetic anhydride and a drop of sulphuric acid the acetate

is formeil as a liquid boiling at 151 °.2 — 152°.7.

Phos|ihorous Iribromide yields the bromide (bp. 59°—63° at 35 iiuii.

pressure; which very readily absorbs 1 mol. of bromine; a further

addilion of bromine acts but very slowly without, however, yielding

hydrogen bromide.

From this alcohol Mr. .Mi i.i.i h has obtained a hvdrocarbon, bv the

') Proc. April 1912.

-') B. 29, 691 (1896).

^) Chem. Weekbl. 10, GU (1912;.

*) Bull. Soc. Gh [3] 11, 124 (1894).
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;icti(iii (if |p()t;isNiiiiii livdniiicn siil|ilial(.' a-^ well as of |ilitlialic aiiliy-

1
1 ride, wliicli, jiidgiiig- from pi(p\ isidiial cxiiLTiiiuMitscoiiMihtsof liexalriene.

Ill r()iisc(|uciu'(' of llic larl iiolicLHl liv Dr. ('. .1. Knki.aah (loc. cit.)

that the liomologiie of licxaliMciic which he [iie|iare(l can l)e obtained

in a eryslalline oonditioii In strong cooling, Mr. MuiJ,K:t has cooled

a freshly prepared and carefullN fiactioned specimen of hexalrieiie in

a mixture of solid caihon dioxide and alcohol and obtained it also

in the crystalline form '), so that this fact may be utilised for the

puritication f)f this hydrocarbon.

Finally il may be mentioned here that Mr. \a. IIki x, by reduction

of tlie cldoroacetine of .v. divinylglycol with a copper-yjiic couple in

ethereal solution witli addition of hydrochloric acid, obtained a li(|Mi{l

boiling at 77°^81° which on strong cooling became crystalline and

consists very probably of hexatriene 1. 3, 5. At any latc il yields

with bromine a dibromide identical with the dibromide from the

said iiydrocarbon.

(/trec/tf. Dry. Cliein. Lab. Univ.

Physics. — "On Einstein'.< tlwonj nf Ow .^tdtionari/ (jraritntitm jiild."

Wy I'rof. V. P]hhenfkst. (Communicated by Prof. II. A. r.OHKNTZ).

(Communicated in the meeting of Febr. :22, 1913).

§ 1. Let a "laboratory" L with the observers in it have some
accelerated motion with regard to a system of coordinates x,y,z,

which is not accelerated. Let it e.g. move parallel to the :r-axis with

some positive acceleration or other. Then the observers will find tliai

all the inert masses which are at rest with regard to the laboratory,

exert a pressure on the bodies which are in contact with their bottom

side. There are two ways for these observers to explain this pressure :

a. "Our laboratory has an acceleration upwards, hence all inert

masses press on the bodies under them." b. "Our laboratory is at

rest. A field of force acts in it, which pulls the masses down."
Observations on the course of the rays of light seem to make it

possible to decide experimentally between the suppositions n and b -.

with regard to the system of coordinates x\ //, c the light travels

rectilinearly. Hence with regard to an acceleiated laboratory curvi-

lineai'hj. By means of this curvilinear propagation of the rays of

light the observers might therefore ascertain that theii- laboratory

has an accelerated motion.

') I'repai-alions wliicii have been kept for some time and then contain polyine-

rides do not solidify even at this low temperature.
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The possiliilitv of snrli an experimental deeis'ion liisappears inirae.

Hiaioly when alM> in a stuliunarv laltoraiorv, in whieh there is a

field of foire, the ravs of li-lii are admitted to have a eorresponding

enrvalure.

The "hypothesis of ccpiivalence" on rt'hioh Einstein bases his

attempt at a theory of ij;ravitation '), really reipiires such a eiirvatnre

of the rays of li>j;lit in a lield of altraeliun.

The hypothesis of etpiivaleiiee, namely, demands that a laboratory

L', which iW'tts in a jiehl of attrartion, is eipiivalent with respect to

nil physical plienomena with a laboratory L iritltout <jravlt<tt'toii, hut

nccelerated'

It is therefoic required lliai liie observers which are in L, cannot

ascertain in any way by experiments, whether their laluiratory has

an accelerated motion, or whether it is at rest (in a corres[)ondin<!;

Held of attraction). So we are here concerned in the first |)lace with

an attempt to extend the theory of relativity of the case ofuui/onii

motion of a laboratory to that of non-ani/onn motion.

The physical significance of Einstkin's hypotiiesis of equivalence

would, however, chiefly lie in this that it requires a certain funcitonal

relation between the field of attraction and other physical quantities

(e.g. the velocity of light).

When working out the hypothesis somewhat more closely, Einsticin

is confronted by certain difficullies. These led him to pronounce the

supposition ') thai iIm- theory of equivalence would possibly oidy be

valid for infinitely >mali regions of space and time, and not for

finite ones.

EiNSTKiN confined himself here to a mere supposition, as the said

difficulties only presented themselves in the consideration of the

dynamic phenomena in tiie laboratory L', and he had to do lliei-e

with derivations from so great a number of suppositions, that il

becomes difficult to see, where the difficidties. arise from: the hypo-

thesis of equivalence, or one of the other more special suppositions

(as e.g. concerning the dynamic actions of rigid kinematic connections).

The following considerations try to throw light on this (jnestion.

They show that similar difficullies already occur in those phenomena

which are the most elementary in Einstein's theory : in the [)ropa-

gation of rays of light in a statical field of attraction.

The principal result is: All the statical fields of attraction with

the exception of a very particular class, are in contradiction with

Einstein's hypothesis of equivalence. Already the statical field of

>) Ann.'d. Phys. Bd. 35 (1211) p. S'JS ; Bd. 38 (1912) p. 355 and 443.

^) Ann. d. Phys. Bd. 38 (191-2) p. 452-456.
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attrdcliiHi lir'iit'jlil ahoiit luj vcrc/v// ventres of ntlnivfion ir/ii<-/i ure

s/ii/idNiif;/ irilli rrspi'et In iiir/i other, is not ruiiiiuiti/i/e ii'il/i the liintd-

thesis of eqaivalence.

^ 2. Lc'l, tlierelofc a lalioraloiv IJ lie given, in wiiicli tiiere is

ii stalicai ticM of allia<'liiiii. Willi Kinstkin we sii|i|)iisc thai I lie rays

(if liiiiit |>i-(i[)anal(' ill il ciirx ilinearlj" in soiiif wav m- (illici-, Inil s(i

dial llie follow iiii; contlitions are satislieil :

When once a rav of light may liave passed thruugh the poiiils

.-1, B, . . . F, (1 of the laboratory U '), llieii

[A] this way -1, 11. . . . F, G nuisl idicdijs lie possiljlc for the light

{"Constanetj of Ike wdijs of light"),

[BJ the reversed way (r, F, . . . B, A must also be always possible

{"reversiOilili/ of the innjs of light").

The liy|)otliesis of equivalence now compares this laboratory />'

resting in the field of atli'action with a laboratory L which is free

from gra\'ilation, but has a corresiioiuling acceleration instead. I/oir

mil.'!/ the point.'! of /hi.s hiboratori/ in irhich tliere is no gravitation

move, so thiit the observers in it shall observe constancij and reversi-

fiilitij of the iviii/s of light in the sense of the hgpothesis of eeiidvnlenee ^

§ 3. For the saUe of simplicily \^ e conline ourselves to a two-

dimensional laboratory L. As fundamental system of coordinates,

with respect to which A moves in an accelerated way may serve

the system of coordinales .r, y, which has no acceleration, and the

time t measured in it. With respect to this system which is without

gravitation, the rays of light move in straight lines and willi constant

velocity I. In the cori'es|)onding .c, //, ^-world-space of Minkowski

every optical signal tra\elling in this way is represented l)y a straight

line forming an angle of 45° with the ^axis. Such a line in the

,v, ij, ^space is called • "</ line of light". The motion of Ihe ditTerent

points A, B. . . . F. (i of Ihe moving laboratory L is represented by

the same number of (curved) world lines a, b . . . f g.

When the observers in the laboratory L slate that they have

succeeded in making an opiical signal S^ pass through the points

A, B, . . . F, G of their laboratory this means that the corresponding

line of light .s\ intersects Ihe world lines a, b, . . . f,g of these points

of tlic laboratory.

According to condition [A] of § 2 the observers in the laboratory

L must in this case be able to send light signals ;S,, .S, . . . through

1) These points may be imagined e.g. as apertures in the walls of the laboratory.
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Iho points .1. />'. . . . F. G of the lal>(»ratoiv at other luoincnts as

iiiaiiy times as tliev like. Ueoinetrieal repiesenlalioii in the ,c, //, /-spaee :

The world-lines a, h, . . ./,i/ are intersei-fed l>_v all the qd' lines of

light A',,*,...; they all lie on the ruled surface formed by the

oc' light lines.

In agreement with condition [Bj of § 2 liie observers of the

laboratory A must then moreover as often as they like be able to

send optical signals S\, S\ ... in opposite direction G, F, . . . B, A.

In the .r, //, /-s|)ace again »' light lines a-',,*',,... correspond with

*his, whicji all intersect the world lines a, A, .. ./,//. Hence the world

lines a, h, ...(], It all lie on a surface covered by two systems each

of x' light lines. If we then bear in mind that the light lines all

make an angle of 45° C. with the /-axis, it is easy to see that such

a surface must necessarily be an equilateral hyperboloid of revolution

with the axis of revolution // to the /-axis; i.e. the equation of this

surface has the form

:

J(,«'+ .v'-«=) -\- Bx -\- Cy -\- Dt ^ E = Q . . . . (1)

lu particular the case may also present itself that A = 0, i.e.

that the hyperboloid degenerates into a plane.

Such hyperboloids will be briefly called "luf/it-hyperholoids" . Ac-

cordingly the world lines a, b, . . . f,g of the points .-1, B, . . . F, G
of the laboratory L lie on a common "light hyperboloid" H„i.

Now the observers might just as well have sent a light signal

instead of from .1 to B, from .1 to any other point B' of the

laboratory. In o.Kactly the same way we see then that also the two

world lines '/ and // must lie on a cnmmnn light hyperboloid H.^b'-

Let the equation of this be:

.r(.5'-t-.v'— (') f F.c + CV4-Z>'<-t-i:;'r= . . . (2)

So the world line n lies at the same time on two different light-

hyperboioids //„;, and H„b ; if is the section of both, and this is

necessarily a plane section. (Multiply e(|uatipn (J) by A' and equa-

tion (2; by .1, and subtract). If we now bear in mind that the point

,1 of the laboratory must never have a greater velocity than that

of light, of all the piano sections of a ligiit-hyperboloid oiily two

types deserve eonsidoration : hyperbolas tiie two branches of \vhicli

run from t =z — x to /^-|-x, and as limiting case the light lines

of the hyperboloid. (In otiier woi'ds the sections with planes wliich

1 cut the gorge circle of the hy|)erl)oloid, ami 2 make an angle of

< 45' with the /-axis. As besides, the case may occur that the light

hyperboloids which pass througli the world line a, degenerate to

planes, the world line ii may also be a straight line, making an

aujifle with the /-axis, which is smaller than 45°.
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.1, lH)\\('\rr, \\;is :lll ailtilrarv |i(nill nf llir |;il)iir:iliii\ /,. Sn wr

liave |»i'(>\etl llii' I'olldw iiiL; :

"If the observers in a iiioviiiii lahoniton L, vvliicli i> wiihoiit

gravilalion are to observe ronstaiiry and reversibility of tlie ways

of ligiit, it is necessary tliat llic "world-lines" of liiu points of llie

laboratory are a system of a' Inanches of hyperbolas, or else straight

lines in the .(;,//, ^spa(•e."

Without a new supposition, only in consfqueiice of the circnni-

stuiice that through evci\\ pair of these world-lines —- e.g. [> and ii

— can always be brought a light hyperboloid //^,, '), it can further

be proved: llial llic x" world line hypei-bolas lie in cc' surfaces,

which [lass fanlike ihrough a straight line T of the .c, //, ^space

;

they cut V in two real or conjugaled imaginary points iij and ilji

(which may also coincidej. lu this way dependent on the situation

of the points LI, and ii,, x" fields of world lines originate, which

are of a very pai'tictdar nature. '")

§ 4. The frequency of the static fields of attraction cau,sed bv

n centres which are stationary with respect to each other, is alreadv

greater than a" for n ^ 3. lint the "hypothesis of equivalence',

cannot be satisfied in any other case than in thai of the verv special

fields of attraction, which correspond to the x" fields of acceleration

of the preceding §.

R E M ARK.

Up to now we have oidy used the constancy of the form of the

rays of light. Moreovei' in every point of the laboratory // the

velocitii of the light must also be independent (d' the lime. In order

to introduce this condition, the measurement of time in L' would
have to be taken into account in the considerations, which renders

them more intricate.

Possibly the class of fields for which the hypothesis of e(pn\alence

is aduussible, might then be still further linuted.

The field of hyperbolas which in the .c, //, i'-space represents lioiiNs

"motion of hyperbolas" of a two-dimensional laboratory, is contained

in the oc" fields of hyperbolas of ^ 4 as a sjiecial case.

Moreover it satisfies (with suitable measurement of time in L')

the condition that the velocity of the light is independent of lime.

1) Formed by tliu lines of light of the signals, which may W sent I'loiii I' to

Q, and from Q to /-".

2) A proof lor these theses uiul a cliissifieation of the above mentioned cci'lields

of world lines is found in a paper by Mr. Ca. H. van Os, whicli will sliortly appear.
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Astronomy. — "The virriufnliti/ of //i,' Polr-sfur." By Dr. A. Panxe-

KuKK. ( 'uiiiuuiiiicatetl l>v I'rof. E. F. van UK Sandk Hakhi yzen).

(Communicated in the meeting of January 25, 1913).

A .'^liglit vivriahililv of « Ursae niiiioris lias already several times

heeii siispeclcd liv (iiliereiil oltser\ers (Seidel, Schmidt). WIicm in J88H

and 18510 I executed a ^leat umniier of observations (estimates witli

tiie naked eve after Arui'.lanukk's melliod) for the determination of

the brightness of the stars of the 2"^ and 3^' magnitudes, snch

great dilferences showed in some of these stars, tliat thev were being

observed as regularly and as often as possible in the following years

with a view to probable variability. Among these stars was also the

Pole-star'). In 1890 I found that the period was about 4 days;

eai h liuie 2 days after a great intensity came a faint one and the

reverse. I did not sncceed, however, in tiniling an accurate value

for the period. From tiie observations iu December 1890 I found

two ma.\ima on Dec. 7.0 and Dec. 29.8 (in reality they occurred

on Dec. IJ.ti and Dec. .30.4), wiiicli yielded a |)robable period of 3.8

days; this however did not agree with the observations of that winter.

After all it must nideed have been hopeless to derive the elements

of the variation tVom these observations only. As the mean error of

an estimate amounted to 0.7 of the whole amplitude, as appeared

later on, it miglil e\eii happen that a nsaximum and a minimum

seemed to have changed |)laccs owing to errors of observations.

Moreover the remembrance of the results of previoujs days may spoil

an observation. If on one particular day the star lias, perhaps wrongly,

been estimated very faint, one expects to see it very bright two

days afterwards, a:id this may influence the estimate. On the other

hand the small number of observations in a given interval of time,

bay a month, owing to bad weather, <lid not allow to counteract

the uncertainty of the separate estimates, iiy uniiiiig a great number

into a normal place. 1 have long continued the observations of tiiis

star, up to J899, in order lo have material for a closer investigation,

in case the variability should be proved and the period should be

accurately known.

In 1898 (Jampbeli, discovered that the radial velocity of this star

is variable and hence that it is a spectrocopic double star with a

') The other stars in which 1 consider variability to be probable, allhougli I

cannot prove it with certainty owing to the smallness of tlie amplitude, are i; Tauri

(period of a few days), 40 Lyncis (26 days) and t Herculis (U months); the

latter two are of a red colour.



|H'ii(iil III I{.!M)S ilavs. I;;icl< (if lime, I)im-;iiisc uI' my woiU ill the

()l)ser\;ili>ry, |ne\culeil inc IVdiu iiiiiiii'iliaiely rodiicin^ iwy observalioiis

\)\ means of (liis \;ilu(' for llie [leriiid ami SO (esling (he varialiilily.

The probability tiial « Ursac iiiiiioiis was iiideod a sliort-[ioi'iod-

variiible of the ly|)o of if Cepiiei ;;rcw stronger, when I foniid in

1906') tliat il showed (lie same peculiarity in its speclriun as (hose

stars (c-eharaeter al'tor Miss Mauhy) and has, as all stars of short

[leriod nf (his type, an extraordinary slight density. In a footnote

attention was already drawn to those moments of probability.

Starting from the eonsideration, that for all these short-period-

varial)les the photographic am|ililii(le is miicii larger than the \ isnal

one, IliUiTZsPKUNG at Potsdam has thereupon (in 19J() and 11)11)

taken a great number of photographs 418 [dates in 50 nights) of

Polaris, and from this settled with absolute certainty a variability

with an ain|ililude of 0.17 nuignilude "). For the epoch of maximum
light he Ibiind J. D. •2418i)85,8(j ± 0.08 Greenwich M. T. Subsequently

J. Stehbins has executed a nuudjer of photometric measuremetits with

his exceedingly sensitive selenium-method in 1911—12; these also

(dt'arly show a variability with a visual amplitude of 0.07 magnitude ').

The epoch of greatest brighness as found by him, viz. J. D. 2418985.94

Or. iM. T. agrees very well with Hertzsprung's result.

I have also reduced my observations of J890—1900 with the aid

of the periodic time 3''.9681, as spectrograj>liically found. In the

second half of each year I used for comparison the stars of Perseus

and Andromeda, in the first half those of Ursa major. Thus the

observations form two mutually independent series, partially over-

lapping in wintertime. For the 1^' series « Persei = 6.3, |^i Andromedae

:= 3.8, 7 Andromedae =3.1, and exceptionally a Arietis = 5.4 and

« Andromedae ^2.3 were used as a scale of comparison-stars; for

the 2'"' series served f Ursae maj. = 2.4, )j Ursae maj. =: 0.0. and,

exceptionally, « Ursae maj. =: 4.0. The observations were not correcteil

for atmospheric extinetion, since Ihi: inlluence disappears in the

mean of many observations and at the most can make the mean

error .seem too great. Taking all together, from 1890 up to 1899

259 comparisons with the Perseus-Andi'omeda-stars were available

and 251 comparisons- with those of Ursa major. With the aid of

the periodic time 3.968 all epochs of observation were reduced to

1) Sec A. Pannekoek. Tlie iuminosily ol .slar.s of difTcrent type of spectrum.

Proceedings Acad. Amsterdam 9, 1906, p. 134.

-) Astronoinische Nacliiiclitcn 151 S (Bd. 189, 89).

') Aslronomisclic Nachiichten 4596 (Bd. 192, S. 189).
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one siiijrlo [leriod, viz.. Aug. 3—7 1894, ami siiWciukmUIv iiiiileii

into normal place.-^. These normal places are the following:

First series



iiitr)

Tlic remaining ileviations ()li.s. (Jalc. liiive l)cen placetl in tJic

last coliinin. Ihey yield tor tlic mean error of a normal place

iMg.

according to the mean of tiie two series, 0.21 (if we adopt this

same value for both series, then each maximnm has a mean error

of Of'.ll), from which we find 0.84 as mean error of one obser-

vation, while 0.7 had been found from the ditrerences between

the sejiarate results and the adopted normal places. The deviations

of the normal places from the sinusoid, it is true, show a systematic

character, in the sense that the maximum is very sharp, the mini-

mum very flat, hence that a term with 2'p is indicated, the positive

maximum of which falls together with the maximum of the principal

term. Since, however, nothing of this kind is to be observed in tiie

light-curves of Hertzspkung and Stebbins, no further attention has

been paid to this phenomenon. Thus my observations yield as epoch

of the maximum, after reduction to Greenwich-time:

1894 Aug. 4.81 Gr. ^J.T. = J.l). 2413045.81 ±0^.08.

The interval between my normal-epoch and that of Hertzspkung

J. D. 2418985.8(5 is 5940.05 days = 1497 periods of 3.9680 days.

In order to reduce the brightness of maximum and minimum to

the same photometric scale, the catalogues of Potsdam and Harvard

were used. For the reduction of the magnitudes given there to the

homogeneous scale that has been derived and adopted in my dissertation

"Untersuchungen iiber den Lichtwechsel Algols" p. 14li— 158) first

a correction was added to the values of Harvard 44. in order to

I'ednce lln'iti Id Harvard 14. This was derixed from the ditferences

between the two catalogues, calculated by Mri.i.EH and Ivempf and

communicated in their "(Jeneralkatalog der ithotometri^chon Diirch-



Jinisleiiinti;"' 'K Kiiiloitnii^ S. XXIII. V\>i om- |iiiriiosi' lliov wei'c p;i\pn

the following form :

11. 11 11. 14 = — 0.01 -1 a (( 4.0)

ill w liii'li '• is the ooloni-imnibei' ;ici'i>riliii.i;' lo ( )sTHon' and a a

fiinelion of liic niajiiiitude, varying iineai-lv wiili ilie (liOerence

between the apiiareni Inightnes.^i of the star in the two iihotonieters,

ealenlaleii in the manner as ha.s l)een iiulicaled on p. XXIV of the

same iiiW-oduetion (for magniliide 1.0.2.0,3.0 we have a = -|- 0.062,

-f- 0.054, -f 0.042). Snbse(|iieiillv tn these magnitudes, reduced to

H. 14 and lo the inagiiitiides of H. 14 itself, the correction for

colonr was ailded, which has been found in my disseitalion p. 158.

There is also to be found the correction varving with the magni-

tude wiiicli has (o be added In ihe results with Photometer C II.

in order to reduce them to Ihe same system ^]. All stars used by

me have been observed in Potsdam also with Photometer C HI. As

tiiey have no excessive a|i[iurent brightness in this instrument and

hence no variatit)ii with the brightness is to be expected in this case,

a constant correclioii — 0'".23 was added to the results with C III.

For the employed comparison-stars, supplemented with a few other

stars, continuing Ihe scale further to tiie fainter side, we give suc-

cessively : the colour according to Osthoff, (derived in the manner

as indicated in my dissertation |). 168), next the magnitudes of Har-

vard 14, Harvard 44. Potsdam C II and C III, all corrected in

the way already mentioned, subsequently the adopted simple mean

value from these four and then the brightness in the employed scale

of comparison-stars.

' 11 Fublicationen Potsdam 17.

-) MiJLLER and Kempf have not corrected the results obtained with G II, because

lliey could not discover a systematic dilTerence between G I and C 11 ^Einleilung

S. XIV). Since, however, for the comparison of these instruments tliey could only

avail themselves of stars between magnitudes 3.5 and 5.5, this does not clash

with my result that a correction is needed for the brighter stars up to the 2'"'

magnitude, wliich of course can only be found by comparison with another cata-

logue. While the comparisons employed by MCller and Kempf can teach nothing

about the absence of systematic errors for these bright stars, the fact that increas-

ing negative corrections are needed for G I above magnitude 4.8, and for photo-

meter D above magnitude 6 1 (Einleitung S. Xll), renders it exceedingly probable

that similar corrections are needed for G 11 above magnitude 3.5, such as I deri-

ved in my dissertation. Tlic final values of the Potsdam "General Gatalog" are there-

fore likely lo be systematically erroneous above the 3'''' magnitude. For this reason

I have not been able to use simply the Potsdam system for the magnitudes of

the comparison-stars, as would have been a matter of course for fainter stars.

By using the Potsdam system l should have found the amplitude loo small.
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star iColour H 14 i H44
|
P.C IIP.CIII Mean Scale I Calc.

X Persei

^ Arietis

,5 Andromedae

y Andromedae

u Andromedae

•/ Cassiopeiae

;3 Cassiopeiae

^ Ursae maj.

£ Ursae maj.

r, Ursae maj.

? Ursae maj.

a Coronae

£ Bootis

,3 Ursae maj.

/ Ursae maj.

4.9

1.8

1.4

2.1

1.8

4.8

1.7

1.8

3.4 1.94 , 1.88 ! 1.87
|

1.95 1.91

5.4 2.03
I
2.10 1.96 2,03

6.2 2.20 2.05 2.04 2.11 2.10

5.2 ' 2.13 2.19 2.09 2.14 2.14

1.8 2.09 2.22 2.21 2.17 2.17
1

I

2.1
j

2.32 2.35 2.24
,
2.23 2.28

2.9
I

2.43 2.50 2.36 \ 2.33 2.41

1.96
j
1.88

I

1.79 1.77

1.86 1.89 1.98
!

1.84

2.03 '' 2.03

(2.40)

2.39

2.55

2.63

2.59

2.29

2.38

2.57

2.71

2.66

1.98

2.18

2.32

2.37

2.05

2.12

2.39

2.52

1.85

1.89

2.02 .

2.20
!

!

2.37

2.50

2.41 I 2.42 I 2.54

2.54 2.39
1
2.55

6.3
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II.

Among llie older material liial may serve tor the exaniiiialioii oi

tlie variability of Polaris, we must in llie lirst place consider tlie

observations executed by (t. Mui.i.ek in 1878—81 at I'otsdam for

the determination of the atmos|iheric extinction and published in

Vol. Ill of the Potsdam "Pnblicationen". As these observations consist

in measurements of the dilferences in brightness between Polaris and

5 other stars observed in very different zciiithdistances, they yield

abundan'i material for the determination of the variability of Polaris

For this purpose I have examined the deviations of these difleren-

ces from tlieir mean value, remaining after correction for mean

extinction, which are to be found in .Miller's Table IV, last column

but one (p. 261—265). E.xcluded were all observations in which the

zenithdistance e.\ceeded 60° and all those indicated as uncertain by

the observer. The others, were arranged according to the phase,

counted from 1879 December 12.0 + ?i X 3'' 968. The unit of these

deviations is that of the third decimal place of the logarithm of the

|u-oportiou star: Polaris, i.e. 0.0025 magnitude. In order to give

the i)Ositive sign to the maximum light, the signs must be reversed.

Ill tlie following table are given the normal places formed from

these deviations reversed in sign and reduced to magnitudes; the

number of observations on which eacli normal deviation depends

has been added in brackets.

Epoch Deviation O—

C

Kpoch Deviation —

C

Dec. 1 2.02 -fO"022 f25) + 0"001 Dec. 14.1 1 — 0'"O28 ^24) — 0'"012

12.34 4- 030(18) 000 14.50— 009 i20; + 015

12.64+ 047(23)+ 014 14.81— 009(23)+ 013

12.92 + 008 (20) —
13.21 + 028 (18) +
13.63 + 006 (20) +
13.84 — 010 (17) —

Here also the variability of Polaris appears with unmistakable clear-

ness and it may be expressed by the following sine-formula

:

Deviation = + 0"'004 + 0'"028 sin
{<f + 35°)

iMaxiniuui Dec. 12.61 =1879 Dec. 12.57 ±0.14 M. T. Greenwich

The last column of the table contains tiie differences Obs.—Calc.

The mean error of a mean value from about 22 observations is

0'"016, hence the mean error of one observation 0'"077.

The immense number of photometric measurements made at the

Harvard Observatory, in which Polaris has been used as comparison-

021
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star, Ikivo alrcndv hcoii condensed inlo noiiiinl \aliios liy I'ickkuing ').

Calcnlatinu tlie time >>( iiiaxiiiiimi li^lil al^o I'idin iIr- mean <le\ia-

lions yivon li\ him. Ii\ iiicaiis (if a sint'-l'oi-niida, we ()l)taiii :

neviation = + 0'"02 + ()'"039 .vm '// -j- 254°)

Phase I)o\ialinn O. ('. Phase Deviation O.—

C

(W2 -(-()'n()i ,:|2()i 4_()"()47 •>''2
-f ()'"03 (123) — (>"'(U 1

o.t; ()<; (iy7) — (»:!i
, 2 .i; -^ 03(179)— 002

1.0 (»2 (152) - (»12 3.0 00 f 1(58) — 012

I .4 - 01 (120) 025 3.4 03(^169)— 018

1.8 4- 09 (12(;) + 05(i 3.8 — 02 (150) + Oil

The la.sl roluniii anaiii cdnlain,'- llie differences Ohs.- ("ale. Tlie

mean einn- of ;i ncrinal deviation is 0'"033. As a positive sign here

niean.s a uieater hiinhtness of Pohiris. the nia\iniiini-li,i>lit ocenrs at

tlie jihase 2''.l(i ± 0'i.24, The z'to epoch of tlie piiase is at J. D.

2400000 + 3.9(i83 A"; for A' =2073 this becomes J.D. 2408220.29,

so Ihal llie norma! cpocli of maximum liecomes

.1. 1). 2408228.45 ± 0.24.

Ill,

rutling tou-cther llie hilherlo oiilained resnits for (lie liniil-vaiialion

of (( I'Tsae miiioris and comparint;' lliem with tin' furmiila for the

maxima iiiveii liv llKUTZsPKrN(i

:

J. n. 241 8985.80 + 3.9081 £:

we lind the follow inu' lalile:

Year E. < f/iservi'd U—C Arnplitiuh' UOsenrr

24

1879 —2845 07090.57 ± 0.14 — 0-^05 O^'OSO vis. Mvllek

1881 —2711 08228.45 ± 0.24 +0.11 .078 vis. H.muard

1894 —1497 13045.81 ± 0.08 +0.20 .057 vis. P.\nnkkokk

1910 18985.80 ± 0.08 0.00 0.171 ph. Hkktzsi>kuxg

1911 i+ 100) 18985.94 ± 0.09 +0.08 .078 sel. Stkbbins

Altempliiig to correct with these data Hkrtzsprung's foniinla,

we tind (adopting as weights 2, 1, 4, 4, 4) as correction :

+ 0'i.07 (± O-i.OO) — 0.00001 (± 0.00004) E
Thus for the length of the period the e.vact valne adopteil l)\'

llKin'/si'iRNo is found. The most probable fornnda for the nia.\inuim-

epoch of (( Ursae minoris now liecomes

:

J. D. 241 8985.93 (± 0.00) + 3.90809 (± 0.00004) E.

>) Harvard Ciirular .\r. ITi, A.-troiiomi<.lie Naeluichten 4597 i,Bd. 192. S. 219),
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Chemistry. — "Et/ul/ihriii In f''ni(7ri/ .ii/.^ti'ms" \\. By I'lot. F. A. H.

SCHREINKMAKERS.

(Conimunicatccl in the meeting of January 25. 1913).

Wo t'Oiisider a liiiiiid A, saturated willi tlic solid snbytancc /"'aiul

in i'(|iiilil>riMiii witli tlic vajjoiir (i. We allow tliiis ii(|iiid to proceed

aloii^ lY sliaig'lil line wliieli jjasses tiinuigh the point !•

.

If wo call (III the (piantity of solid snbstance /•' that di-ssolvcs in

the unit of ipiaiitity of the liquid, we jset

:

(l.r r= («

—

x) ihi 'hi =r (/J— ,v) f/«

if we substitnte these values in (li) (II) and (7) (IlVj we have:

— M.dn^AdP-BdT (I)

— X .di, = C<U'-Jhrr (-2)

where for the sake of brevity -.

M= {.v—ayr + 2(.r- a) (;/ -;})« + (y- i^yt

iV= (.r,-.r) (.!•—«)'• + \(-^-—")(;'—!l) + U\—'V){>l-i^)> + (y,-!l)(!l- li)

From (his follows:

DM—BN DM—BN dx
dJ'= .d»= . .... (3)BC-AD BC-AD «-.r ^

'

CM—AX CM—AN d.t

''''= bc^ad'^'^bc^d-TT^ • •
(^)

dP _ DM-BN
df" CM-AN ^'''

As in the jurvious eounnuuiealion, we assume the very probable

case that BC AD is positive.

M
If now we call ,c = u and v = /^ then J/=0, xV^O and = 0,

«

—

X
\r w 3

but does not become as a rule. If we call A/y =: " we
(l—X

'

x— u

get

:

,//^= -^^^ dx . (6)

and for dT a same foi'ui with this dilference that in the numerator

/> has been rc|ila<'ed by .1.

To perceive the signilicance of this we take fig. 1 in which the

closed cnr\es indicate the boiling point lines of the solutions >atui'ated

with F. Tlie exphased ones, as has been stated previously, have

1) The figures (1), (II), and i.llli rilor to the loiinur comiiiunicutions.
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sliifteil to tlijvt side of F wlieiv llic \u|)Oiir region is .sitnatetl. On
increase of pressure, tlie l)oiling point line disappears linaliy in tlie

point .1/, llie correlated \ ipuiii- line in llie jioin! ,1/,. The point

D indicates the vapour wiiich can lie in erpiililirinni uith the solid

substance /' and the li(|nid /'. therefore tiie vapour wliicli forms at

the iniiiiiniiin nieltinfi point of the ccnnponnd /•'. The line XFY is

the laniicnt in /'' at the lioiiing- point line passing through /'. We
have alreadv noticed |)revionsly tliat the lines />/'7s and A')" are

conjugated diagonals of ihe indicatrix in /•' at ilic liipiiduin side of

the ?-plane.

We now lay liown through /'' an arbitrary line ZZ^ and let a

liquid proceeil along this line: as according to !*i) dP and (/7'have

a detinile value diliering IVomi u^I ii follow^ thai in this point neither

the |)ressure nor the temperature is at a maximum or a minimum.

If, liowever, we choose the line in such a nianfier that

• (.r, -.<)'• f (,'/r-^)'' + l(-«i
- «)« + (y, -.i)'l '.'/y = . . (7)

then dl' a^ well as ./'/' is nil. P'rom (13) (I) it follows that (7) is

satislied when the line drawn llirough F comes into contai't

in F with the boiling [loint line passing through this point, therefore

when Ihe liquid jirocecils along the straight line XFV.
If now we intr(jdiice a line element d{i positive in the direction

away from /•' and negative in the direction towards /'', and if we

let (/ change from (F to 'M^{)° we have dv ^ cos (f . do so that (6)

is converted into

:

, , . ^[(('^ I
—«)' + (i/ 1

-M <»« 'I + K-*-' 1
- «)« + (y 1— 1^')<) «'" *f\ , ,a

,

The factor

I'(.Bj—«)'• f (.'/,— i^H COS <p + \(x,—a)s + (;h—^)t] sin
(f . . (9)

in the point F is nil towards ,Y as well as towards )"; in all other

directions it differs from nil. If to if is given such a value that the

line passes through the point I) we notice that the factor (9j is

positive. Hence, in the jioint /'' Ihe value of (9) is positive in the

direction towards I) and negative in the direction towards E.

We may now easily deduce that (9) is positive if, starting from

/', we move towards that side of the line XFY where the point

D is situated; and that 9) is negative when we move from F
towards the other side of the line A7'")'. These positive or negative

values are, however, very small if the direction almost coincides

with FX or FY so that at some distance a reversal of the sign

may perhaps take |)lace. B =^ H—\ being positive it follows from

(8) that the pressure when starting from F increases towards that

7«*
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side of llio line X/'V wlioro ihe |i(iiiii D \> siliialoil and ileoreases

wlieii starting from /' l(i\varil> tlic dllior side of llic line AF)'.

Hence, if a li(]iii(i proceeds along llie line FD or F^l^ ov FZlhe
vapour pressure increases starling from F: if it proceeds along tlie

line FZ, or F(i or FF tlio vapour pressure decreases from /•'. Onlv

in llie direction of F towards A or towards )' tlie vapour |)ressure

remains at first niichauged.

It will be easilv perceived tiiat l hoe considerations are in liarinonv

willi tig. 1. For llie closed curves drawn in tig. 1 are tiio iioiling

poiiii lines of llie solutions saturated willi /•': oacli ciir\e, therefore,

applies to a definite constant pressure. As the pressiire bee<nnes higher,

these curves draw nearer to ^f to tinally di.sappoar in this point.

C)f course, it ma\ happen al.so that on increase of |trcssurc a curve

moves away entirely or |)arliaiiy frrnn .1/ in aizaiii di'aw nearer to

.1/ at a fiuilicr increase of pressure. In the point F this, however,

is not the case: we have already demonstrated that llie part of the

boiling point line |)assing through /•' situated in the vicinity of F
moves on increase of pressure towards M, and on reduction of pressure

awav from .1/.

P

P

F
Fiii. ±

Fig. 3.

In llg. 2 the line ZFZ^ represents the same line of tig. 1 ; the

part FZ lies, therefore, at the same side of A7")' where the point

I) is situateil: the part /''Z, lies, therefore, at Ihe oilier side, rerpen-

diciilarly on the line ZZ, we place liic pressm-f a.xis, hence the

vapour pressures of the iiipiids satiiraled willi /'of the line Z/^Zi . As
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according to our provioiis coiisidcratioiis the piossiiro iucri-asfs rtom

/'' lowui'ds Z mill (It'civases lowanls /.^ llio vajKHii' iirossuro ciirvc

in /•" iiuist liavc a (lireclioii like cuixe 'iF'h. As Iho lino /''/f comes

into contact with one of the expliased boiling |toiiit lines, (lie pressnn^

ill this point is a niaximnni ; on the cnrve ^/*''A of lig. 2 a niaxininni

vaponr |)rcssni'e innst, tlieret'oie, ot-cnr soniewliei'e iietwcen '/ and /•'.

IC, ho\ve\'ei', the line ZF/.^ of tig. I is tnrned in snch a manner

that il keeps on jtassing continnallv thronuh /•', the cni-\e nF'h of

lig. 1 will change its form althongh it will of cojrse, also keep on

passing thfongh F' . Fiom onr |)i'evious considei'ations it follows at

once that the dii'ection of the tangent in F' and the position of the

point with maximum \aponr pfcssnre changes. If Zl'Z^ coincides

with A/')' we olitain in tig. '1 a ciir\e cF'il with a hoi'i/.ontal

tangent in /''.

We have assumed in tig. I tiial the lioiling |ioiiit line passing

through /•' is ciir\ed in the point /•' in the direction towards 1).

ill onr previous eominniiicalioii '111 we have noticed, however, that,

in the \ icinity of F it may lie curved in some other direction also.

It may then [iresent a form snch as curve aFh of fig. 2 (II) in

which, however, we must imagine the arrows to point in tlie opjiositi'

direction. We have deduced this form while assuming that llie

\apour contains one of the three components only. Although in

this case, the appearance of such a form is not very likely,

the possibility thereof is greater when the \a|)0ur contains the three

components and when, for instance, in ihe system lAr a maximum
temperature occurs. We now imagine through point F of tig. 1 and

also at somewhat higher and lower pressures, boiling point lines of

this form, fiines proceeding from /' loivards that side of XFY
when- the |ioiiit I) is situate<l will then each again come into contact

with a boiling jioiiit line, so that a pressure maximum must occur.

Lines which proceed from /' towards the other side of A'/'^}'eitlier

do not come into contact witii a boiling point line at all, or else

they meet two of these, so that there occurs one point with a

maximum and one with a minimum \apoiir pressure. The latter

case will occur on lines in the vicinity of FA' and FY.
On Inriiing the line ZFZ^ of tig. I we will, therefore, lia\e vapour

pressui'e curves like iiF'h of lig. 2, further like nF'h of tig. '.\, and

if ZFZ^ coincides with XFY of lig. 1. a \apour pressure curve

<F'd of tig. ;}.

In order to iiixesligate the change in temperature in the point

/•' on the lines passing through this puint we lake the formula

corre.spondiiig .with ^8):
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111 z=z — (To . (10)

III wliicli ,1 = r - / llicret'ort' |-.osilive or negative.

From lliis it follows tliul '/'/' will be nil wiioii (9; is »//, tluTflorc

when tlie line drawn lln-mifi;li /•'coincides wiili ihc laiigeni A/')' in

F at the boilin;j,' point line passinj^^- tlirougli tliis point, or what

anmiints to the same thing, at the satnration line under its own
vapoiu' pressnre. We now distingnish iwo cases.

\'^v. The satnration lines iiiider their own vaponi' pressure are

now situated as in fig. l-i(Ij; we now imagine, in this figure, the

tangent drawn on to the saturation line under its own pressnre,

passing through F. As in tig. 1 we will call this XFY. The point

corresponding with the point I) of lig. J is, of course, situated in

fig 14 (Ij on the vapour line correlated to the saturation line under

its own vapour pressure which passes through the point F. Hence

it is situated, as in fig. 1 to the left of the line VFX.
If now we move in fig. 14 (I) from F tow ards that sidi' of the

line XFY where the point D is situated, then, as follows from (10),

tiie temperature increases starting from F ; when moving towards

the oilier side of the line XFY the temperature decreases from F.

After the jircvious considerations in regard to Fig. 1 it is evident

that (his agrees with fig. 14 (I V If in this figure we imagine a lino

drawn from /'' towards thai side of A7'')' where the point D is

situated this will come into contact with one of the ex|)liased satu-

ration liiic.> umler their own \apoiir [)ressii re. As each of these curves

belongs to a definite constant l('iii|iciature dilfering. of course, from

cur\e to cur\'e. the temperature in this point of contact is a maximum
one. If now in fig. '2 we imagine the pressure axis to be replaced

by the temperature axis we again obtain a curve like iiF'b with

a maximum temperature between d and /''. If in lig. 14(1) we turn

the line passing through F until it i-oincidch willi A/'')' the curve

nF' I) of fig. 2 is transformed to curve cF'd of this figure.

Should the case occur that in /•' the saturation line under its own
\apoiir lu'essiire becomes curved awav tVoiii 1), we obtain curves

as in tig. '.\ in which we must again imagine (he pressure axis to

be replaced bv the temperature axis.

V<^v. The saturation lines under their own vapour pressure are

no longer situated as in lin. 14(1); we ma\. however, easily imagine

them from tiiis ligiirc if we suppose the jioint /•' to lie on the line

MM^ between M and .1/,. l^'roni a consideration of this figure it

then follows that, siartiiig from /', llie lem|)cratnre decreases towards

that siile of llic line .\7')' where the point D is situated and
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increases to\v;u(ls llic oIIr'i- side df tlii> line. Al the side tiiriu'il a.vay

fidiii llie |ioiiit I) of Use line A/'' ) is now also rmiiid llie teiiiperaliire

inaxiinuiii. This is also in agiceineni with , lOj. ,1^1' '• now

being riegalive it follows tiiat for positive values of (Uj and of lUf,

(/T from (10) is now negative; this means that the pressure decreases

from /''towards that side of the line A/-')' whei'c the point /^ is situated.

We now lake from (5j and write this in the torni :

dF

dl'

B—IW
A—RC

(1

R.

In this

.1/ f(.i;— «);• + {.'/ —ii)sj cofi ff^ -f \{x - n)s -f- (>j—ii)t] sin <{

(11,/)N \(-e,—x)r -\- (ij^—y)s\ cos (p + {.r, -«)s -f- (y, -y)l\ sin <(

VciY .r =: (t and y =^ »"' A' = nidess c/ is chosen in such a manner

that the dcnoniinatur also heeomes : this is the case, when starling

from F in lig. 1. one moves along FX or /''J'. We will (irst assume

that lliis is not the case.

If one nio\('s from /' lo\\ai(l> that side of A/')' where the point

/) is situated J! will lie positi\e ; when mo\ ing from /•' towards

the other side A' will l)e negative. We now let a li(piid saturated

with_ solid F proceed along the line ZFZ^ ; from (li) it now follows

that in the point F
dr B H—ri= = (12^

r ^ r. In the /'7'-diagrani of lig. 4 '/A.' represents the sublimation.

Fig. 4.
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KF llie lliree-plia^e and Fd ilio iiicltiii]tj point curve uf the ooinpnnnd
/•'

; llieso lliioc ciirxcs arc llioreforc llio >aiiio as iIk- lioiniij;\'ni'iius

cnrves of li^r. H lllj. Flic diiTOlioii of llie nit'llinji 'point cnrve /•'(/

liu'. 4) is tli'lormined liy

;

dP_lI—il
j1-~ V- r

From 12) it t'olln\v> that, in ])oint /-'of lii;. 4, tlic /'/'curve

ZIZ^ ninsl come into contact wiili the nicllinu' point line /•'</. Tlie

Cni-tlier course of tliis FT-cur\e in the \ iciiiitv of the point /'' mav

l)e traced in the foih)\vinu- manner:

We proceed in li<;;. 1 from /''(owards /T,, /? tlnis liecomin'^ ncLialive.

,11'

Krom (Ji) it now tollows tiiat -, remains |iositivo so that the cnrx e
</7'

iiiii>i lie situated like cnrve /'/f, of fi^. 4.

If. in lig. 4 we move from F towards Z, R becomes positive.

.1 lieini; small, the denomiiuilor of (IJ) will .soon become //// .so

that cnrve FZ of liii'. 4 must have a vertical tanjient in the vicinity

(if the pnini /•'. If iu fiir. 1 we move further from /-^ Inwards Z, tlicn

from (11) will become Jiegative first, and nil afterwards, so that
'/ /'

dl'
curve FZ nf liu'. 4 nnist have a linri/.onlal tandem. As -. after-

wards becomes [xisitlxe, curve FZ is hound to fall at a ilccreasin^

temperature.

Proceeding from jioint Z we lind on curve ZFZ^ lirsi apressure-

and then a tenipeialure inaxinuim. further a |ioiiit of contact with

the inelliiig jiniul line Fd (if die cdnipduiid /' at the miuimuni

ineliiu^- pdiul of the eoni[)onnd and finally a receding In-anch FZ^.

\\\ liiis reminds of the P, 7-curves deduced by V.\n dkk Waai.s

for solid -)- liijuid -|- gas in binary systems.

To some dilferences, for instance thai the /'. 7'-cur\es mentioned

her'e do udl meet the sublimalidu line of /•" in the uiaxinium subli-

mation point, 1 will refer later.

In fig. 4 it has lieen assumed that curve ZFZ^ e.\hibil> a doidilc

piiiiii A, namely a point df intersection of the branches 7<'/f and A^/f,.

Ill (iiiler 1(1 perceive the |idssibilil\ df a --iiiiilar ddiilile pdiiil wclnkea

circnmphased boiling point line ^lig. 1). On this occurs a point with a

ma.ximuni and another with a mininnini lomperalure. These jioiuls

di\'ide the boiliriii' point line iiiid Iwu iiianches and iu such a iiian-

uer dial Id each pdiul df ihe diic branch appeilaiiis a deliniie point

of the olliei- branch, iianielx iu liiat sense thai bdlli [Kiinls indicate
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solution'^ III' tlio saiiH" t(Mii| ('i-jitiirc ami iIm' same vapniir |iif'.ssnre, ami

satiirali'il willi /•'.

Of all strai^iil lines wliicli iiiiiu> Iwu such correlated |i(»iiil^ of

the (wo hranclics one is sure to pass tliroiigli llie point /•'. If imw,

wo allow the line ZFZ, of l\<x. 1 tn coincide with the ahove men-

tioned connectiiiii' line, we then litid two solnlions situated at different

sides of /'', which ha\e the same lemiH-raliirc and llu' same vapoui-

pressnre. The branches I'Z and /'/T, of iiji. 4 then luiisl intersect

each other at that t('m|tcratnre and [tressure.

r <^ /'. I'he mellin^' point line J''i/ of fig. 4 now proceeds from

the point /•' towards lower leinpcratnres and higher pressures; the

[loiiii /•' of cnr\'e ZFZ^ now gels silualcd helween the |)oiiit with

a maximum lemper'adire and that with a maximum vapour |)ressure.

To each of the solutions of the line ZFZ^ of tig. 1 saturated

\\ ith solid /'', appertains of course a delinite \apoui' ; the points

re|)reseuting these \apours form a cur\e \\hich we will call the

vapour line conjuj;ated with the line Zl'Z^. It is evident that this

vapour cur\e coujuuated with ZbZ^ must pass through the point

y^of fig. 1. If the line ZFZ^ is turned, the conjugated vapour curve

will also alter its |)(»sition and foiin, liul still pass through Ihe |)oint

/). In fig. 5, the vapour cm-ve conjugated with ZFZ^ is represented

hv tiie dotted curve (/t'a De).

In tig. 5 it is assumed that the straight line ZFZ^ and its con-

jugated va|)0ur curve intersect each other in a : that such a point

of intersection can apjtear is easy lo understand. On each of the

boiling point lines of fig. 1 occui-s a point where the tempera-

ture along this ciu've is a maximum and anolher point where

it is a miriimum. If )U)w we
lake the vapiuir jihase apjier-

laining lo a similar solution,

this with the li(piid and the

point F, will lie on a straight

line. We now draw, throniih

a similar li(piid l> with a maxi-

mum or unuimum temperalure,

Ihe line ZFZ^ (fig. 5); the

vapour ii which is in e(|uili-

ln'inm with this li(|iiid A is then also situated (Ui the line ZFZ so

thai the \apoui' cnr\c fe must inlersect the line ZFZ^ in '/. With

each li(|ui(l of the line hZ^ is now in erpulibrium a va|)Oui' of cnrve

(W, such as liipiitl tl w ith \apiMir >', liipdil /•' with \a[)our 1). liquid

b with \apour a. With each li(piid of line ItnZ a vapour of curve

Ki.L
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r?i/' is in C(|iiilil)iiiuii. If r rej)reseiils llic va|tinir in C(|uililtiiiim \\ illi

the liquid n, a \a|)our lietwi-on a and c w ill he in eqiiilibriiiin with

a liquid between a ami A. It" eaidi li(|iiid is united with the vapour

with which ii is in e(iuilibriun), these conjugation lines not onlv

otruity the strip cnZ^ and fitZ but also a part situated between

hd and curve ci outside this field.

We have taken tiie i)oint ot" intersection n of ZFZ^ and the curve

/(' between 1' and Z , it is evident that it nia\ also be situated at

tiie other side of F.

We now imagine drawn in tig. 5 a set of straight lines |)assing

through i*' and for each one its conjugated vapour curve ; these latter

all pass through tiie point D. Among these there is one that also

passes tiirougii tiie point F. At tiie maximum sublimation point of

the compound F tiie vapour in erpiilibrium with solid F iias tlio

composition /' and llie li(pii(l which then, of course, is present in

an infinitely small quanlitv only, a composition K (tig. 5). Wc can

observe this also by otiier means. We imagine then in fig. 1, besides

tlie iioiiing point lines of the solutions .saturated witii F, also drawn

tiieir ap|)cr!ainiiig vapour lines; one of tiiese passes tlirough tiie

point F so that at a definite /' and T a vapour exists of the same

composition as /•' which can l>e in equiliiniuni witii solid /• and a

li(piid. Till- iiquiil is represented by the point K of the boiling

])i)iiit line (if the pre.-.snre /', appertaining to the vapour point F.

In lig. i and 5 this jioint is represented by A'. Hence, tiie equiii-

briuin solid /•'
-f- vapour 7'' -|- li"l"''' '^ occurs

;
we ai'c therefore,

at tlie upper sublimation jioint of the compound F. therefore, in the

point A' of the sublimation line (yA' of fig. 4.

If now in fig. 5 we turn the line ZFZ^, until ii [>asses through

tlie point A', its conjugated vapour curve will pass through the

points D and /'.

We liave noticed above that the straight line ZFZ^, and its con-

jugated vapour line can have a point of intersection n (fig. 5,. As

in this case tlie vapour -/, the li(pii(l li and the solid sui)stance F
are situated on a straight line, it follows from (11) that:

dP_ 0*^^^^ - O^— «)J> _ (.i^i-fO // + («-.t-) /J. + (^•-f.) \

dT~{.v,-.v)A - {.v~tt)<''~ i^-.— ft) V + (a-.r) T, + (.f—.r,) r

so tiiat tiie same relation applies as if tiie tiiree phases belong to a

binary system.

If, on one of tiie straiglit lines ZFZ,, the points <i and f> of fig.

5 coincide, the solid substance /•' is in equililuiiim with a licjuid

and a vajiour which both have the same composition. This is tiie
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ca'^o it' ill the tciiiarv Msitm li(|iii(| -|- v;i|>(iiii-, ;i sinjiiilar |)oiiil,

•"'•Ills ami wliiMi lh«.' Naliiralioii curve of /' |)a--sc> liiroiif^li llii>

jHiini As ill liiis case .f = .c, ami // = //, it follows from (11), as

I! Iic'coincs iiiliiiilelv laryo, llial :

(I'D

^Vl• liav(> noticeil aliovc that if tlie straif^lit lino Z/''Z, passes through

[I'liiii A of tin-. 5, its conjiinated vapour curve must pass lliroiii^li

/> aijil /•' and llial with tlie li(iui(l A' a va|ioiir /•' is in e(piilibriiim.

Hence, wc have tor the point K ,i\ ^= a and //, = .i. As A' now
becomes — 1 it t'oUows from (11) that :

,IP B f D //. - »j

'l"hc alioxe foininia also determines the siihlimatioii line </ A' of tiie

com|ioiiiMl /•' III!. 4-i If. in llii'. 5 the slraifilit line ZFZ, passes

llll•oll^h the poiiil A'. Ilie corres|)onding /^7'.-curve in tig. 4 must

meet the suhlimatioii curve aK in the point K. We now give in lig.

I diHerenl |iositions to the straight line /.FZ^. to each position

appertains a deliiiile /', 7'-ciir\e in lig. 4 mi llial we can draw in

this tigiire an inliiiite iiiiiiiher of /'. 7'-ciir\es. From oiir previous

considcralions it now follows that nH these (! will refer later to a

single exception) meet the melting point line Fd of the compound
V ill till' [loiiit F and that mw i\\\\s meets the sublimationcurve aK
in the point K. The latter takes place when the straight line ZFZ^,
in lig. J passes through the point A'. .All other /', r-cnrves in lig. 4.

proceed above (he point A', or in other words: at the iip|)er subli-

mation temperature 7'/-: of the com|)Oniid F the vapour pressure of

each system: solid i<'+ •••piid -|- vapour is greater than the vapour

pressure of the solid substance /'.

Dili'erent P, T'-eurves, besides coming into contact in /•' with the

melting point curve Vil will also meet the three-phase line FK.
Although all this is evident from what has been said previously,

we will still consider a few of these |ioints in another manner.

On warming the solid compound F, this, as mentioned jirevioiisly.

proceeds along the suliliniation ciir\e </ A' of tig. 4 until the upper

sublimation point A' is attained; then the equilibrium: solid F -\-

liquid -|- vapour is formed which proceeds along the three-phase

line K F of tig. 4 until the melting point line /v/ has been obtaineil.

We have alr(^ady noticed previously that the liipiid and vapour

coiiliniially alter their composition therewith and we iiiav now ask

what curves they proceed along in lig. I.
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At the temperature 7\ of fig. 4, therefore at the upper sublimation

point of the compound /•'. tlie vapour has the cotiiposiiioii /•' and

the li(|uid wliioh can l)e in ecpiilihrium with that vapour tlie eom-

position A of fig. 1. .At the temperature 7/ of lig. 4. tlierefore at

the minimum melting point, the vapour has the composition D and

tlie liipiid the composition F of lig. 1. Wlu-reas the compound F
proceeds in the /^ '/'-diagram of fig. 4 along the three-phase lino

I'K the li(piid in fig. 1 proceeds along a curve from A' towards F
and the vapour along a curve from /' towards I), we will call

these curves the curves KF and FD.

We now imagine drawn in fig. J some moi"e lioiliiig point lines

of the solutions saturated with F among whii^h also those passing

through the point A; on each of these a maximum and a minimum
temperature occurs. The curve KF now intersects each of the boiling

point lines situated between A' and F in the point with the maxiiuum

temperature, or in other words the curve KF is the geometrical

place of the points wiili a ma.vimum temperature on the boiling

point lines situated between A and F.

The lK]uid and vapour of the three-phase line A'A' of lig. 4 being

formed from the solid sid)Stance /•", the three points F, L, and fr in

fig. 1 must always lie on a straight line.

This means that the temperature along the boiling point line of

fuch a liquid is a maximum or a minimum one.

From a consiileration of lig. I il follows that here the temperature

HI this case is a maxinnim. tVoni which follows at once u lial lias

been said above as to the course of the curve A7'^.

In the .same manner we lind that the curve FD also intersects

each of the vapour lines conjugated with the boiling jtoint lines in

the point with the maximum temperature.

In lig. 1 we might also have drawn instead of the boiling point

lines the saturation lines of /• under their own vapour |)ressure.

We then shoidd luive found that the curve KF intersects each of

these lines in the point with the minimum vapour pressure.

We now turn the line ZF/^ of fig. I until it intersects the curve

KF oi this ligiire: the corre.s|)onding /', 7'-L"urve in fig. 4 must then

meet the three-phase curve FK in a point. For in the point of intersection

of the line XFZ^ and the curve A7' in tig. 1 the pressure and tem-

perature for both cur\es is naniel\ the same: a,-, howeser, ilie curve

KF passes through the poinis with maximum temperature of the

boilinjr point lines in lig. J and as this is not the case with the

line ZI'Z^ a higher tem|)erature ithe pressure being erpial, is found

on curve KF than on the line ZFZ^. The /'. 7-curve of the line
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Z/''Z, tlierefore {•oincs into coiitact uiih ihc (lwoo|iliaso lino A7' of

fi^;;. 4 ainl is siluaici! I'mllicr .-iliovo mikI to ihc left of thjs three-

j)liiiso line

III order to (k'diicc somelliiiiLi riioro from the /', '/'-ciirvos, we lake

a leiiiperafiiiT 7'/; lower than the niinimuni iiiclliiiir |)oiiit of

llie- coiiipouinl /•' I'lic satiiiaiMni liin' of /' iiiidcr its own vapour

pressure lias ;il tiiis lemporalui-e Tu a form as in lig. 7 (I) or 11(1);

the minimum \ apoiir pressure in tlie point ni of liiis saturation line under

its own [ii'essuie we eali /'',„. tiie maximum ju'essniv /'i/. Of all tlie

e(|'iilil»ria of /•' 4- li(piid -f- ^as appearinji' at the temperature

Ti: , the lii^hest vapour pressure is, therefore. I'm And the lowpsi

/',„ . If, in fif^. 4, we represent both pressures by the points .1/

and III. one I\T-i' \n-\ o passe? IhrouKh the |)oint ,1/ and one ihrongli

llie point /;/. whereas ail llie olliers must intersect the perpendicular

line placed in H betwei'ii .)/ and in. ( )iie olttains the I\ '/'-curve passing at

Tjs through the point .1/ when the moving line ZFZ., of fig. 1

coincides with the line /•.!/, and the one [lassing through the point

III when the line ZF/.^ coincides with the line /•'„, of tig. 7 (I) or

II \\). In tig. 4 two /^7'-curves must pass through each point

between M and ;//. For if we choose a pressure /'between /'j/ and

/*„, we notice from tig. 7 (li an<l 11 fl: that at the temperature

Tji two different systems: solid F -\- \\^\\\\^\ -\- gas have a vapour

pressure /*, fnun which it follows at once, that in fig. 4 two /', 7-

curves must pass through each jioint between .1/ and ///.

If on the curve Mamh of fig. 7 (II or 11 (I) we imagine two

points of e(pial pressure connected by a straight line, we notice

that there must lie a definite pressure /'-, at which this conjugation

line passes through the point /•'. If now, the straight line /f/'^/f of fig. 1

passes through this conjugation line, the corresponding /, 7'-curveat

the temperature 7'/; and the pre.-isure Pi must exhibit a double point. This

curve is represented in fig. 4 by ZliFliZ^. .All the other 7-", 7'-ciirves

as a rule intersect the line Mm in two points of which one is

situated above and the other below the point h.

If the temperature 7V>' is changed, then in fig. 7 (I) or 11 (I) the

saturation line under its own vapour pressure changes its position

and form, while /'.i/. /',„ and Pi. also change. The points J/,

III and li in tig. 4 then proceed along a curve; the curve through

which the points M and m go, is represented by J/. I/,.l/j.l/,/'//;,^ A'w;

we will call this curve the boundary cm\e of the system: solid

I' -(- liipiid -\- gas.

'I'lie ei|iulilM iiim bef'veiMi >nlid /•'. Ii(pii(l, and gas is determined by

(6j 11 a;id 7 Jl,. To the po:nt .1/ and n) also applies the relation:
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.'/-i?

A',—A- .V,— .V

From tlii^ follows for the liniiii(iarv cmve:

dP_ (.1-, - x)B~{ic—a)D

d7'
~~

^,-.v)A—{:v—a)C

so that lliis liouiidai'v ciiinc imist come into i-oiilaci wiili the sulili-

iiialion line of llie coniponnd in the maximum sniilimutioii point A'

and with the melting line in the minimum melting point F. Further

it is evident that the thi'ee-])hase line J\F of the eompound F is a

part of the boundary enrve.

Hence, ail the /•. 7 -curves in tig. 4 are situated in tiie region

eii'-ompassed bv the boundary curve : through each point of this

region pass two /\7'-curves and througii each point of the boundary

line passes a l\T-cnv\e whicii meets this boundary line in that point.

The boundary curve itself is, therefore, no /', 7-curve in that sense

that it coriespouds with i straight line passing through F. this,

however, is the case if only one of the three components of F
occurs in the vapour.

The double |i(unt // [)as>es in tig. 4 through a curve terminating in the

point F. When the saturation curves under their own vapour pressure

possess, in the vicinity of the mininuim melting point 7/.\ a form

as in tig. 12 ill no double point of a /'.7-curve appears above

Tj.'. The double [)oini ciirve in tig. 4 then proceeds from F towards

lower temperatures.

If, however, the saturation line at ^V' under its own vapour

pressure has a form such as the curve nF/j in tig. 2 (II) the double

points are still possible above 7V and at each temperature more

than one n)ay apjiear.

From [lid: it appears that li can become nil only for .( = <( and

(/ = ,i, therefore, in the point F. R, however, may becoi.ie inlinitely

great and change its sign in other points of the component triangle,

'lliis will be the case when the denoiuinator becomes 0, hence:

!(.»:,—.r)r + (i/ , - ;/) x
\
cos rf f- |(.r,- .r).-* + (i/.-ti) t\ sin <f = . (10)

Let us call the solution for whicli thi> is the case, the solution 7

;

(Ifi) then means thai the line F(j comes into contact in (j with the

liipiidum line passing through the point 7, of the heterogeneous

region L -\- (i. We may express this also as follows: A' becomes

intiuitely great when the conjugation lines li(iuid-soli<l and li(|uid-gas

are conjugated diagonals of tiie indicalrix in the iiquiduiu point.

As A' = a, (ilj is converted into:

I
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.//' J)

<1T='C
<^')

in whicli D and (' liavp anotlior value tlian in ('14).

Kqnalion (Ki) is, of cuiM'se, also salistied / ^ ,r, and y ^=i y^,

hence by a singular point oC the system li(jni(l -|- r.^^- I" this case,

'"'

I) and ''
' and cons('i|iicnliy ,; obtain the same value as in (14).

\Vi' now imagine also the /', 7'-cufve of llie singuhir |ioinl diawnin
dP

(ig. 4; we inav then easilv demonstiate tlnit - is deterndned for" dT
this curve by (14).

If now, on one (d" the straight lines ZFZ^ of tig. J a singular

[)oint occurs, so that in the e(jnilii)i'ium of solid F -{- li(juid -)- vapoui- the

two lattei' ones ha\e tlie same com|)ositioii, its y-*, 7-cnrve must meet

the P.T-Q\n\'<i of the singular point in fig. 4.

Such a case occurs when ;it a definite P and T a siiigular j)oint

appears oi' (iisap|)ears on the saturation line of F, so (hat the satu-

ration line and the correlated va|)our line meet each other in that point.

With the aid of the previous formulae we might be able to inves-

tigate more accurately the course of the /V/'-lines if wi- expressed

the (piantities /, s, t etc. by means of the ecpiation of state of

V.\N DKU Waai.s, in which a and h must then be considered as

functions of .r and //.

{To 111' continued).

Chemistry. — "Ecjiulibrln in ternary t-ystenis." \ . By Prof. F. A. H.

SCHREINEMAKERS.

(Communicated in lliy meeting ot February 22, 1913).

In the previous communication we have (lisregarded the case

wiien the straight line ZFZ^ of fig. I (IV) coincides with tlie line

A7-')' of this figure. If a liqnid moves from the point /' of this

figure towards A' or towards V then, as follows from (ll"j {\\)

both the numerator and denominator of A' are = ().

dP
The value ot --_ from ill) (l\; then becomes indefinite so that

ill'

\\Q will consider this case separately. In order to simplify the cal-

culations we again limit ourselves to the case when the \apoiu'

contains one cnmpuni'nt onl_\ so ih.-il we ma\ put ,/ , and //, r= (I.

Oui' contlitions of (Mpiilibriuni are gi\eu in this case bv (18) (II)

(,19) (II). We now write these;
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dZ i)/.

ox oy

dZ dZ
(.V—«)-, +0/-i5)v -Z ^;=ii

Ox 01/

It' uc develop these with lojiani to ./. //. /' and '/' and call

,L- z= It and 1/ = i^ we lind. it' we kee|i lo tlie same notation a-- in

coninmnicalion (lie

ndx 4- f^d.i^ + ict/.c' f dJ.rd;/ {- h'dij- f- . . . .

— _ CdP + DdT 4- ....... (L')

iw'.r' + sdxdij 4- ydii' + . . . = AdP—BdT - (:{)

In equalion i-J- are wanlinL; (he lerni> <l.iill\ <li/i/P, (l./il'/'awA

•hlilT. A. li, ('. and I) have herein the same siiiiiilieanee as in

eomninniealion 11; ihcirin, Imw ('\er we mnst now call .i=tt.i/^=^i,

,j;, = a\id //, = 0.

We now allow the li(|niil, satuialcd with /' and in e(|nililM-iiim

with \a|Kiiii'. to proceed alony ihc line /] Z, in tig. 1 iH ). For

thi.^ we call tlij^tti'i .i/.r: from i2 and .'.i) now follows:

(a f btfff/) d.c + ^(o -f 2dt,,<f 4- etg^<f)dx^ -{-

— _ CdP + DdT + (4)

\(r -L 2^ tail 4 tt<f<i) d.v'- -4- . = AdP-BdT + . . . . (.">)

We now allow the slraiglil line Zl/.^ in fig. 1 (iV) to cuincide

with the line Xl'Y of this fignre. As XI- Y is the tangent in the

|ioini /' at the lii|uiduni line nf ilie heterogeneons regi<in passing

tlirongh /'. this is determined I i_v :

{av 4- |j.<)(/.i; 4 {m + ^/y )</.!/ = ("/.'• H- hdy = 0.

Henee, if in fig. 1 (TVj the line ZFZ^ eoineides with the line

Xm\ a + l>t<j<i =0.
If \se snhstitnte this \alne of /y </ in (4i and (5) we get:

Q .ly- ^-
. .. — — CdP + DdT -\-.. . .

2b'
(^')

2h'
S.d.r' 4- . .

— AdP—BdT (7)

Jn thi> (I and ,S have the same valne a- in conininnicatinn (11-,

namely :

Q = -l<.d>d-a\' -l.U

S z= aH + Irr-'labx = (rt-s-) («'/• 4- -J^,*? 4- |J'/)

At first, we may lindt oufselves to terms recorded in (6)..and

(7); from this we find

:
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(^)dT A Q-kS
ill wliicli (I and /. Ii;i\x' llie same .signilioaiice as in loniiiinnicalidii

JI), luuiieiv

C
,

D
^ ^ - and (!i ^ —

A B
and fnrtlu'r

2h' BC-.W 2t>' BC—AD ^ '

wherein, as in the previous occasion, we take BC— AD'^0.
Let us lirst take a 7^, ,c-diagrain such as in fig. 2 (IV^) and 3 (IV).

As B =1 H— »j is always positive, dP has the same sign as (2— l^S.

In communication \\V\ we have seen that Q — ^iS is negative when
the boiling point line, of the solutions saturated with /' passing

tiirongh /" is curved in the point I-' towards (>. Tiie point (J here

represents the coinponeut occurring in the vapour. The boiling point

line then has a form like the curve (il-'b in lig. 1 fll). (//-• now
being negative, ilie /', r-cnivc must have a form like '/•''(/ in

fig. 2 (IV).

If the boiling point line of tiie solutions saturated with /•' is

curved in the jioiiit /" awav from the point <> so that it presents

a form hke curve al-'h in fig. 2 (II), Q — iiN will be positive. From
the \alue of dP from (9) it now follows thai the /', .c-curve must

lia\e a form like curve cF'd of fig. 3 (lA'}.

In order to tiud the 7',.i'-curve in the vicinity of the point J' we
must distinguish two cases.

r^r or .1>0. If Q—).S is negative, the saturation curve of/'

under its own vapour pressure is curved in the vicinity of i-' towards

U and, therefore, has a form like cur\e aFh in fig. 1(11); dT is

now negative and the j'.i-curve has a form like curve cF'd in

fig. 2 (IV). If Q—XS is positive the saturation line of /•' under its

own vapour pressure will have a form like aFb in lig. 2(^11); dT
from (9) is now positive and the 7>-curve has a form like cF'diu
fig. 3 (IV).

!'•<; or .4 <; 0. If Q—a,S is negative the saturation curve of
/•' under its own vapour pressure will have a form like curve <iFl>

111 tig. 4 ,Ilj ; iFT fiom (9i is now positive and the 7Vi'-curve, has

consequently a form like curve cF'd in fig. 3 (IV). If Q—}.S is

positive the saturation curve of /•' under its own vapour pressure

will have a form like curve aF/> in fig. 3(11); dT from (9; is now
negative so that ihe 7',.'-«"ur\e has a form like curve (/'''(/of tig. 2 (IV).

7y
Proceedings Royal Acad. Amsterdam. Vol. XV
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dP
From (lie value ot - troni >8i i( follows tli;\l lliis is not equal to

— ; the 7\7-eiirve eorrespoiidiiiii wiiii the straight line X F ) of
A
(ig. 1 (IV- will, liierefore. not meet, in tig. 4 (IV), the melting point

line /•'(/ in /•'. Whereas, as we have slated previously, all the /', 7-

eurves in fig. 4 (IV) meet the melting point line of /' in the point /•'

this is no longer tiie ease when the straight line ZF/.^ m lig. IIV)

coineides with Xl^Y.

In order to determine this /VAeurve in the vieinity of /•' more

closely we eliminate dd" from (6) and (7); we then get:

a^dx^^-...=z{ACt~CS)dP—{Bq—I)S)dV\h^dxdL'^c^dxdT-\- (10)

In this equation, as dP and dT are according to (9) of theonler

(/.r', d.rdP, and <lvdT arc of the order d.v^ \ the terms omitted are

ail (if the order dr* and higher. We now sulislitutc in 10 Ilu-

value of d.v which we can deduce from (7) namely:

dx + ... — a, y\\dP~^Bd7^ + (11)

so that (10) is converted into

a, (AdP-ndlfk = {AQ - CS) dr - (BQ~VS) dT +
+ a„ {Adp—BdTy!:(h. dP -f t\ dT) . . . (12)

in which the terms omitted are of an order iiigher than dv'. For

(12) we write:

(^AQ—CS) dP--(BQ-DS) dT — (/.., dP -f- c, dT) {A dP -B dT)"^ . (13)

or

:

(a^ Y-^b, Xy = (6,
}'

f-
c-, A)^ {A Y^BX) . . .(14)

In ordi'r to investigate (14) we take a straight line r?< )'— A^ A= d,

in whicii rf is infinitely small so that this line is situated parallel to,

and in tli(> immediate \icinity of. the laugenl in I he point /'. Its

points (if intersection with (14) are given by:

a^ Y - h, X — (f and (l>, Y + c. A')' {A Y—BX) — (P.

This is satistied by ;

Y=za,.(Yh and X = h^ d'

^

.(lo)

hence . a^a^ —
/>J>.,

= and (6.//^ + cJ)J- {Aa^ — Bb^) = 1

or :

^-l(Ab,-Ba,)(bJ,, + c,a,y = ] (IG)

"^^JAb,-B<,J{b,b, \-c.,a,y =r.l (17)

As A' and }' do not change their sign when tf does so, it follows
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llial llic /', 7'-('iir\e lias in |iiiini /'a (•ii>|i x) lliat we find al lioili

sides of tlic tunj^t-nl in /' a luaiich of lliis cnivc. Now ^^^ := ,1 (^^— /,*>'

Al>, — Ba, = (BC — AD) S

so liial A/i, — Jill, is |)Osili\o. Fnun (JtJi ami ITi il miw follows

Ihal /», and .1(^,2

—

^>'^^ li:i\ (' liie same siju;n. and llie same applies

to (t^ and />' v(^
— fiS).

Ill connection with (15; follows:

(IT o^ X has the same sign as /I (^^ — A.S'j . . (18)

'//'
,. y „ ; „ „ „ B(,Q-iiS) . . (19)

what agrees with (9).

We will now consider some cases.

r> r hence J > and / > ; Q — ;i ,S <
From

dP

dT

A

B
Q-tiS

0-).s

A

B
1 + . . . (20)

it follows that smallcf than
B

(From onr assumption

,/,
/•</

dP

dT A
BC —ADyO follows namely P— f*>0). If in fig. J llie lint

represents the tangent at the point /•' of the not drawn melting point

line, the /', 7'-cnrve .V/-')' will, in its (nrning point 7'^, have a tangent

like the dotted line in tig. 1 passing through l\ F^'om (18) and i' 19)

and also tVoni i9i il follows llial (//'and f/Tare negative, so that the

curve A/')" in tiu. I nnisl proceed from F towards lower temperatures

Id

P

T
Kig. 1.

and pressures. The latter may be

found also by other means. F"or

this we take the minimum
melting point of the compound

F, therefore the temperature

Tf of fig. 1 ; as Q— hS< 0,

the saturation line of F under

its own vapour pressure has at

this temperature a form like

curve aFh in tig. 1 (II) in which

we must also imagine the tangent

XFY to be drawn. As this tangent has only one point in common
with the saturation curve, namely the point of contact /', a vertical

line pas.sing in tig. 1 through the point F may intersect the curve

XFY in the point F only.

We now take a temperature 2'' somewhat lower than Ty; if

79*
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iK)\v ill tij;. J 11) we also iiiuigiiie to l>e drawn tlio saturalioii line

under ils nw n \a|iipm- pressure of lids lemperatnre 7", we iiolice

lliat tliis intersecls llie line A/'}' in two points. In iig. 1, tlierefore,

a vertical line corresponding wilii ilic lemperatnre 7" nuist intersect

the curve XFV in two points.

If wc lake a teniperalnre T" somewhat higher than 7'/- we (ind

that the vertical line corresponding \\itli lids teniiieratnre does not

intersect the curve A7'^)' in tig. 1.

We now take the boiling point line of the coiiipound /' of the

pressure Pj-- . that of a soniewlial iouer pressure P' and that of a

somewhat higher pressure /'". As Q — ;<'^'<C*' '' follows that that

of the pressure P/- has a fonn like curve a FO of Iig. 1 (II) in which,

however, we must imagine the arrows to point in the oi)posile

direction. From a consideralioii of these lioiling point lines it follows

llial in Iig. 1 ciiixt' A/-')' is inlersecled Iw a lidri/.onlal line corre-

sponding with the pressure /'/. in /' only, and in Iwo points Iw a

horizontal line con-esponding wilh ihe somewhat lower i)ressnre P'

.

r> r iherefore .1 > o and ;. > ; Q - ;..S< 0; Q - m'^'> 0.

dP
l-'rom 8) il follows that ^; is negative, from (M; and also from

d'J'

{'18) and ^l-*) ••'''^' '^/' ''^ negalive and iW positive. In Iig. 2 (/,/•"(/

again represents Ihe tangeni al llie point /' of iIkmioI drawn iiiellinu

point line; the (lotted line passini; ihroui^h llie point /-'is the tangent

in the cusp F of curve XF)'.

The fad that the curve XF) proceeds t'roni /•' towards lower

lem|>eraturcs ami higher pressures may lie deduced also in the following

manner. I^'roin a consideration of Ihe saturation lines under their own

j
\apoiir pressure of the lemperatnre

Ty , the somewhat lower tempe-

cl rature 7". and the soniewlial higher

lem|ieralure T", it follows that curve

.\7-')' in fig. 2 is intersected hy the

\ertical line correspondinu- with the

temperature J']- in /' only and in

Iwo points liy Ihe \ertical line

_ correspondiiiu with the somewhat

lower lem|peraliire 7'.

'j: |i(iinl line of the solutions saluraled

wilii /•' has. at the pressm-c /'/ a I'onn like curve n Ff> of Iig. '2 (111

in which, howe\er, the arrows must he imaiiiiii'd to point in the

opposite direction. If we imagine in Ihis figure the langent XFT,

^ X y

]<'i-

As Q — M'^'>*'- ''"' ''"'''"



I -i I

D

\yr notice that the liiller. besides the jtoiiit of coiituct /'', has aiiotlior

two |iniiits (if interspclioii in coninion with ciirxc ii/-7i. which liolli

a|i|)crl;iin to a hiwcr lcni|iiTalni'(' lli.in 7'/.. The hiiri/.oiilal line in tit;. 2

correspondint;' with llie pressure I'/.- must theielore iiitorseel the cnrNc

A7')', liesidos in /•', also in two otiier points to the left of point

/•'; llie one point of intersection ninst lie on tlie hrancii .\/\ the

oilier on the Inanch )'/'.

If now we lake ihe iioiiini:' jioiiil line of a somewhat imver pi'es-

snre /", llii^ will lie intersecled in tij;-. 2 Jli in two points l)\ the

line A/'')'. Hence, the hori/.ontal line in lit corres|)oni[infi; with

this pressure /'' niu>t inleisecl curve A/') in two [toiiits.

The lioilini,' point line of a somewhat higher |»ressnre I'" is inter-

sected l)y the line A/'")' in four points, of which two lie on the

part A/'' and two on the pail )'/' of this line. The horizontal line

corresponding- with this pressure /' in fig. 2 intersects therefore

each ol' llie branches A/" and )7' in Iwo points.

if in tig. 2 (II) we lake a straight line /J-Z, whose direction

ditfers but little from the tangent A/'')' this will intersect the boiling

point line of ilie pressure Pjr not onlv in F but also in three other

|)oints nainelv Iwo on /-'/f, and auolher on FZ. The hoi'i/.onlal line

in lig. 2 corresponding with the pressure I*/.-, therefore, intersects

Ihe curve ZFZ^ in F and further the branch ZF in one and Ihe

branch Z^F in two points. Hence, on liranch Z^F must occur a

point wiih a maximum and another with a minimum \a|iour pressure

r> r therefore J >0 and ;.>0; ^^—;.,s>(); Q—,,^'>0.

Prom 20) follows: positive and greater lliaii ; from (ij) and

also from (18) and (19) follows dP and r/7' positive. The curve .\7-T

must therefore have a form as drawn in tig. 3 wherein 7,F(/ again

represents the tangent in the point F at t'le omitted melting point

line ; the dotted line passing through F represents the tangent in the

cusp /•' at curve XFY.
The fact that curve A7-'}' in

tig. 3 must proceed from /-^towards

higher temperatures and pressures

is again evident from a considera-

tion of the saturation line of Ihe tem-

]iciatiire Ty under its own vapour

[)ressiire. and of ihe boiling |»oint

line of llie solutions saturated with

F of the pressure Py. For both

curves have in this case a form
Fig. 3.
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like in fig. 2(11) ?o that llie (aiifteiii A7')' liesiiles iiipetiiig llie curve

///•V) ill iho |)(iiiit /% also iiiloi'secis iliis in iwo other poiiils. In liar-

niony with W'j;. li we tliul iliat the verlieul line coiTespondiiiir witii the

temperature 7'/" niiisi intersect the eiirve A)'/' in two points aliove

/•', and the horizontal line corresponding with the pressnre /'/ must

intersect this curve in two points at the left of F.

From a consideration of the straight lines wiiose direction dilVei'S

lint liiile from tiic tangent A7')' il follow- lliai tlicir /'.'/'-curves

in tig. 3 must exhibit on the one branch proceeding from /', a point

with a maximum temperature and one with a maximum pressnre.

and on the other branch, besides two similar points, also one wi'h

a miiiimnm temperature and a minimum pressure.

The deduction and fiiitlier consideration of the other cases 1 must

leave to the reader.

We can also determine the course of the saturation lines under

tlieii' own \'a|iour pressure and of the boiling |)oiiit lines of the

solutions saturated with solid matter, whicli has been (bscussed in

liie previous communications, in a different manner.

For the stability requires that if we convert a system, at a constant

temperature, into another having a smaller volume the pressnre

must increase ; if converted into one witii a greater \olume I he

pressure must decrease.

We may also perceive this in the following maiiuer. .\t the pressnre

P exists the system .S which is convei'led at the pressui-e P-\-(lI*

into the system -S'. We represent the ^ of the system N, at the

pressures P and P-\-dP by Cp and ipj-,'p, that of the system S'

by ?'p and ?'p-|-rfP-

As at tiie pressnre /' the system N is the stable one, it follows

that ?p< fe'p-

As at the pressure /'-\-</P S' is the stable one it follows that

^'p^,l/j<^?P^ip. If we re[)rcsent tlio \iijiimes of .S and .S" at the

pressnre /' by T and T' the latter coiKUiion can also be e.\|wcssed by :

Cp + r'-/P<*i:/' -L- VdP.

i'"roni this now follows in connection witii the tirst condition :

r ',//'< V,IJ'

hence, V <| T if </P is positive and F' > T if dP is negative.

The volume T" of the system S' , is. at the pressnre P-\-dP,
dV dV

like I 'A (IP. ill which is negative; tioin this now follows :

' dP dP *^

V'<^ r if lip is positi\e and \""^V if dP is negative.
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HiMico, if we (•(Hii|iai(^ Iwo sysfeins .S' aii<l >' \\ liicli aii' cnincriiil

iiiln cacli othiT. at a coiislaiit kMiiperaturi', liy a small altciaiidii in

|)rc!ssiire. it follows IVoiii the I'orofioinjj; that :

If S exists at a higher pressure than <S'', the voliiiiie of .S is siiuiller,

if N exists at a lower pressure than 5', the volume of -S' is greater

than that df S' . And rc\ iMsall\ :

if .S' has a smaller volume than S' it exists at a lii,i;;her, if it has

a gtvaior xolume than S' it exists at a lower i)ressui'e than .S'.

We mav exjiress this also a follows:

a system .S' is cOKverted liy inci'ease in |)i'essure into a system

with a smaller and on reduction in pressui-e into a system with a

gi'eater xoltime. And reversally ;

if a system N is converted into another with a smallci- volume,

the pressure must increase, and if converted into one with a greater

volume the pressure must decrease. We may then compare the volu-

mina of the two systems either both under their own pressure or

both under the pressure of the system .S', or both under the pressure

of the system S'

.

It is evident that a similar consideration applies to two systems

.V and .S" which, at a con.^tant pressure, are converted into each

other by a small change in temperature. For the case in (juestion,

the equilibrium: solid -[- li'l'''^^ ~f~ S'^''
'^^^ ""\^' tvlso deduce the above

rules in a different mannei'. For this, we take at the temperatui'e 7'

and the pressure /'' a com|ilex consisting of // (piantilies F -\- ui

cpiantities L, -\- q quantities (i. We now allow a reaction to take

place between these phases at a constant T and I' wherein :

{n -\- dn) quantity F -\- (m -|- '/'/') <puuitily L -|- 17 -\- di/) quantity G'

is formed and in which // and G' ditTer but intinitesimally from £and G.

The increase in volume A in this i-eaction is then determined by :

dV dV dV, <^^, '

vd7i -f V(hn f TjC^o + »( ;^" d.v -\- m -— di/ + </
-— (Z.c, -f '/ ^— ^'/r

o.r 0// 0.(;, O'/j

As the total (|uaiility of each of the three conqHiiicnfs remains

unchanged in this reaction we have:

ttdn -f- xdin 4- <i\dq -\- md.v -\- (/d.e, =
[idn -\- ydm -\- y-^dq -{- mdy + 'jdj/^ =:

dn -\- dm ^- dq= 0.

After elimination of dn, dm. and dq we find:

m \(y,-ii) A +{^-y) {A + C')j dx -m \{x-a) A + [u-.v
)
{A + C)\ dy

-q\(y-,^) .4,+ ((i-y) {A, + C\)\ d.'n.-t '?!(•'' -«1 ^4 + («-..,) {A, + C,)] dy,

=\{.v-a) {y -/i) - (.,—a) (y,-,i)] A
which foi- the sake of brevity we write :

mAyda — niAxdy — qAif^dx,^ -f" qAx^dy^ = £ . A
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We will t'lioo>e llic new system F -\- />' + '^" in such ;i manner

tliat it is ill e(|iiiiluiiim ai tiio tem|iei'aliiii' T ami lli(> |)iessiire

I'-\-il/'. 'llien, a^ inllow— tVoiii mir previuiis <'(Miiininiicaliiiiis,

(l.r, (///, (/.(', and (/y, me determined In-

:

[(.r - a) r + (y -,^) s] dx + [(.v - «) . + (;/
— ,i) <] dy = AdP

l(.r,-«) r + (y~(i) s] d.v + [(..:—«) s + (,v, ;i) t] dy = {A f C) dP

ami (wo correspond iiifT eqnations wliicli lii'teriiiiiio (/,;•, and (///,.

I-'iimi tliis we find:

E {rt -.s') d.v = — {sA^ ^tAy) dP E (r<—^•) dy = {rAx+ fA,,] dl'

E{r,t,-s,')d.v,= {s,Ar, ^hA,j^)dP E{r,t—,^^)dy— - Ovl,, -f ... .4,J,/P.

After substitution we find :

rA\ + 2sA^Ay + tA'y r,A\^ + 2s,.4^, .1,^, + ^/l',„ _ L
m ?

r:; t\ = — a
rt— s' r,<, — «,' riP

so that L and f//' must liavc the opposite sign.

In tiie above relation L represents the change in volume if bdth

sNsteins are compared at the same pressure P; if, when the new

svslcm is taken at the pressure P -\- dP, the change in volume is

represented by L', we get

:

dVf

in which Vi ivpresenis the total volume of the now Mstem at the

pressure /'. From this follows that L' and L have always the same

sign and L' and dP always the opposite one.

Let us now consider the system /'-j- /. -|- (1 at a constant tem-

perature, namely the saturation line of /' under its own vapour

pressure and its conjugated vapour line. These are respresented in

lig. 7 (I), 11 (I), 12 (1} and 13 (I) by the curves .!/«»;// and . I/, r/, //(,/*,.

We now take the system S^ I-' -\- L -{- (r which is stable at

the pressure P and the system S' = F -\- L' -)- (r' whicli is stable

at the juessiire P' . If now the volume of S' is smaller than that

of 5. /" \\ill be greater than P, if the volume of ,S'' is greater

than that of 5, /•" will be smaller.

Rovcrsally, if /-" is greater lljan P the volume of S is smaller

than (hat of S; if P' is smaller than P the volume of S' will

be greater.

.\11 this applies, as we have noticed previously, if ,S' and S' can

be converted into each other and when /' and /-" differ but little.

We now omit from the system N the va|)onr so that we retain

/•'-|- Ij only. We now can distinguish two chief cases, depending

(in whether a ]duvse reaction is possible, <ir iinpossilde, between the

three phases of the system F -\- L -{- (J.



.1. Xn |iliase rcaclioii is pdssilile. 'I'lic tliriH' pliuso runn the apexes

ol ;i tliree piiase triangle siieli as, for iiisfance, /'V',, in lij^. 4 (I).

We may liirllier (iisliiiiini>ii three oilier cases, namely

1. F ~\- L is converted liy a chani^e of [n-essiire in the one direclioii

into /'-f- L' -\- (!' and hy a cliaiige of pressure in tlie other dirce-

lioii, iiiln /'-I- I". Hence on change of pressure in the (jne direction

\apoiir is t'oiined, Inil mil when in ihe other direction.

2. / -|- L is converted liy a change of pressure in the one direc-

tion into F -\- T/ -\- (t' . and by a change of pressure in the other

direction into F -\- L" -{- (r". Hence, vapour is formed on increase

as well as on (ieci'ease of j)ressure.

3. F -\- L is converted by a change of pressure in the one direc-

tion into F -\- L' and by a change in the other direction into

F -\- L". Hence, no vapour is formeii eitiier on increase oi' on reduction

of pressure. The case cited in 1 i> the one generally occurring;

those mentioned in 2 and 3 only occur e.xceptionally.

7>. A phase reaction is possible. The three phases are now repre-

sented by llirce jioinls situated on a straight line. Tiie system /'-(- L
can then be converted by a change in volume unaccompanied by a

change of pressure, into the system /'-(- L -\- <i. So long as these

three phases are adjacent, neiiher the |)rcssnre nor the composition

of licpiid or vapour is altered by a chan,ge in volume; all that lia[)-

pens is a reaction between the three phases. As regards this reaction,

we can now distinguish three cases:

1. F:^L-\- a.

In the graphic representation, the point F is situated between the

points L and G. On a change in volume in the one direction solid

matter is deposited; when in the other tlirection this disappears.

2. /•'+ f.:;lO.

In the grai^hic representation the poiiii (J is now situated between

the points F and L. On change in volume in the one direction, gas

is formed; when a change takes place in the other direction the gas

disappears.

3. 'F+ (r:^L.

In the graphic representation the |)oint L is now situated between

the points /•' and (r. On change in volume in the one direction,

liquid is formed, when in the other direction thio disappears. If, in

one of the reactions sub .1 and /^ vapour is formed, the volume

will as a rule become larger and if vapour disappears it will become

smaller. The ro\erse. however, may also occur as will be jierceived

in the following manner. In order to convert i-^-j-L into /•'-)- Z-'-f-^r"

we first of all form from /. a little of the vapour G' ; the licpiid F
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is lierel>_v convorteil into a soniewliat (lilVoreiit iiijiiid A". Now, so as

lo oimverl />" into />' eitiicr solid F must dissolve in A" or crvstalliso

from the same. It' now lliis solution or i'r\stallisatioii of /" is accom-

panied bv a great decrease in volnme, this may exceed the increase

of volnme occnrrins in the generation of the vapour; tiie system

F -\- L is then converted witli decrease in volume into /'"-[- 7^'+ 6r'.

Such a conversion may lie particularly exjjected in points of the

saturation line under its dwn vapour pressure which are adjacent

to the point F. The liqiud then differs but little in composition from

the solid substance / so that in order to slightly alter the compo-

>.ition iif the litpiid large quantities of solid substance must either

dissolve or else crystallise out. Moreovei-. if in this case the solid

substance /•' melts with increase in volume, tlie latter will increase on

addition of /•' and decrease on the separation of the same. If F
melts with decrease in volnme, the volume will decrease on addi-

tion of /' and increase when this substance is deposited.

Hence, in tlie case of points of the saturation line of F under its

own vapour pressure situated in the vicinity of F, the system F+

L

can be converted with decrease in volume into F -\-
L'

-\- G'

:

1. if in tliat conversion solid matter separates and if this melt.s

w'ith increase of volume [V^v).
2. if in that conversion solid matter dissolves and if this melts

with decrease of volnme \ V <^i)-

We nia\ now a|i|iiy the above considerations in dilferent ways.

If, for instance, we take the change in volume along the saturation

line under its own vapour |)ressure as known, we may deternune

the change in pressure ; if the value of the latter is known we may

determine tiie clianiit^ in volnuie. We now merely wish lo demon-

strate that these views snpfiort our previous considerations. We
first take the case when all the jioinls of the saturation line under

its own \aponi' pi-essure are removed couiparati\ ely far fre)m the

point /'. so that ilie iwo-piiase complex F -\- L is converted with

increase in volnme iiilo the ihree-pliase eipuiibriuni F -\- L' ~\-<i'.

We represent tlie eqiiilil)rium !•' -\- ]^ -\- (t by the three-phase

triangle Faa^ of tig. 3 (li or 4 (1 : the two-phase coni|)lex F -\-

L

is then represented by a point of the line ///.

.\s, according to our assumption the system /'
-(- L w iiich exists

at the j)ressure P. is converted witii increase in volume into the

three-phase eipiilibriuni F -\- L' -{- (!' exisiint; at the ])rcssure /", the

new pressure P' nuist be snuiller liian /'.

From a consideration of fig. 3(1) or 4(1) ii follows at once that

the new linnid /,' must lie situated in such a wa\ that the new
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CdiiinjialiiMi liiii' /•'/,' i> siliialcd al lln' oIImt ^idc of /•</ lliaii llic |)i)iiit u ^.

From all llii> il I'lillnus llwil, on icdnclidn in pi-i-ssiire, tli(M'(mjii^;Uioii

line S(ili(l-li(|iiiil turns away iVoni tlio \a|i(iiir |ioinl, and ll:al on

iiicicaso in |n'cssnrt' il luiiis lowivrds llic same.

Wo notice at once tlial lliis is in confonnity with llio cliange in

|ii'essiii'e aioni;' the saturation line under its own vapour |)re.sf!nre in

li-!,-. 7 (I) and I 1 (I).

For if we allow the conjugation line solid-li(|nid to turn away

from )» towards ,1/ or along muM or along vihM, it always turns

towards the vapoui' |>oint wiiile the pressure increases. We now lakft

the case when tin' saturation line ol" /•' u]ider its own \apour pressure

is situated, in part, adjacent lo the point /''. We now distingui.sli

two cases (U'pending lui whether the substance /''melts witiiincrease

01- decrease in vohime.

V^v. Tiic substance melts with increase in volume. For these

points of the saturation line under its own \a|iour-'pressure which are

removed far from the point /•',
/'M- /- will be con\erted into F-\-L' -\-(t'

with increase of \olume; tor points in the \icinity of /", F -\-

L

may pass into /' + L' -\- (J' with decrease in volume, provided

that, as stated abo\e. much solid mailer is deposited in this conversion.

We have already seen above in what direction the conjugation

line solid-liquid turns wlien F -\- L is converted with increase in

volume into F -\- L' -\- (r' , we may now readily deduce that this

conjugation line will liiru in the o|i|H)site direction if that cou\ ersion

takes place with decrease in volume. Hence, we find the following:

we take from the three-phase equilibrium F -\- L -\- (_! the two-phase

conq)le.\ F -\- L\ if F -[- L is converted into F -\- L' -\- G' with

increase of volume the conjugation line solid-li<pii(i on reductioii of

pressure turns away from the vapour point; al an increased pressure

it turns towards the vapour point.

If /•'-!- L is convei'ted into /'-I- L' -{-(!' with decrease in volume

the conjugation line solid-li(piid turns in the opposite dii'ectjon.

Let us now consider the saturation line of fig. 12 (I) under its own
vapour pressure of which a part is adjacent lo Ihe point /-'and which,

as we have seen before, ap[)lies to the case when the sid)stance /'

expnnds on nielliiig ( I' ^ r). We draw through /' two tangents at

this curve .!/»; ; we will call these points of contact R and R'

.

As seen from the figure, the conjugation line solid-licpiid now
moves, on increase in pressure, on the branch RM R' towaids the

\'apour point; on Ihe liraiudi RinW, however, il mo\es a\va\ from

the vapour point. In connection with the above, it now follows

that the conversion of /•'-(- L into F -\- L' -\- (1' is accompauied



nil tlie brarifli R}fll' witli :iii incioa-^o and on hrancli lint I!' wilh

a decrease in volnme.

In (lie points of contact liiemselve^ wlicre liotli liiancli'^> amalga-

mate, the CASe suli A 3 now occurs. Let iis lake the tuo-pliase com-

plex /'-f- liipud U. We now see that, on increa.se as well as on

reduction in pressure, the conjugation liiu' /-'-liquid R gets out-

side the new three-phase triangle so that no vapour can he tbrnied.

Let us now see wiial happens in a similar point of conlact // if

the pressure changes hut infiiiilesimaliv. \\ this intiuilesimal change

of pressure, the li(|iiid then moves a( an inllnitesimal rate along

the tangent FR either towards or away from F. The only thing

what happens is that in the li(iuid a little /•' is dissolved, or else

crystallised from the same, without any va[)our being formed.

If now a substance F melts with increase in volume and, there-

fore, in this case also dissolves with increase in volume, it will

crystallise out on i;icrease in pressure and gel dissolved on reduction

of ihe same. This also is in haiinony wilh the change in pressure

along the saturation line under its own \a|)our |)ressure in the |)oinl

li of tig. i2 (1): t»n elevation of the |>ressnre the iiipiid moves, starting

from R, from the i)oiiit /•'; this signifies that solid matter is being

deposited. On reduction of pressure liie li(|uid moves from A' towaids

tiie point /•'; this means that so'iil mailer is being dissolved.

The fact tiiat in a [)bint of contact A' no vapour takes [)ari in

the reaction may be also demonstrated in the following manner.

We again take at tlie pressure /' a system S consisting of;

n quantities F -\- m (|uantities A -j-
'/

quantities ;

al the |iressui'e P-\-ilI' is formed thereof Ihe system S' consisting

of:

{n-\-(ln) (|uanliiies F-\^{iit-\-dm) quantilies A'-f-^^-f-f^/) (pianlilies G'

From tlie three relations already employed for this and which

indicate thai the (pumtity of each of Ihe three components remains

the same in Ihis conversion we can deduce:

Edn = — m \{y,
— >l)d.v — {x^—x)Jy\ — q {(if^—y)d.r, — {x^—.v)d;i^\

Edq = III j(,?— _!/)(/.r — (« .v)dy\ + q \{d~ii)dx^ — {n— x)dy^\

Edm= in \(y^
— (i)d.i- - (.«,— «)rf»/! + q {(>/, — ^?)(/.c, —(.)•,— «)cA/,j

in which all the letters have again the same meaning as before.

If now v.e lu'oceed at th(> prcssuie /* from the >y stem /'-f- /^ "'O

must call (j =z ; we then obtain:

Edn =r — ''i|0/i— ,'/)''•«•' — (•'^i~''^)*^.'/)

Edq =z III \{S—y)dx — {a— x)dy\

Edm = m \{y^—^)dx — {.c^— ct)dy\.



i22l

ileiu'o, as a riilo dn, iliit. .iiiil dif aw iini 0; if, linwevcr, \vc can

(liiiw llii-dii^li llii' |)(pinl ./,// <ir lln' saliii;iti(>Ji ciirxc iiihIci- its (jwii

Viipoiir iirrssiire !i hiiiiiL'iil passing lliruiiji'li llic [loiiil /' we liml :

d.e n— X

heiu'G dq = 0, whereas dn and ihn diHei' t'roiii nil. It niearis lliat

no \a|)onr lakes pari in liie reaelion so that tlie system l'-\-L is

c'onverteil into another system F -\- // deyoiii of yapour.

We iia\(' noliced |ii'eyionsly Ihal Ihe salnralioii line ol' the snh-

stanee /*' iindei' its (i\yn xaponr pi-essiire wiiieh passes Ihrotigii the

point /•' can haye a t'oi'ni iilve llie enrye /'//; of lig. 2 (II). At a

somewiiat h)\yer tenipei-atni-e this enrye sliil possesses abont this

form hul it becomes ciirnnipha-ed. In lig. 4 a jiail

of this cniye has been drawn. So long as the point f
is silnatcd snlViciently close to this cnr\e we can draw

ihrongh /' fonr tangents al this enrye with the points

(if conlacl It. II', A and A', l.et ns now imagine in

lig. 4 ihe salni-alion line ninlei' ils own \aponr pressnre

-' lo be shifted further towards tlie left and also its

correlaled \'a|)our line to be drawn.

We now allow a conjugation line solid-liquid to

^ ^.^ turn liiim itt in such a direction thai ilie pressure

• increases. Lei us now proceed from )n towards '/. ( >ii

'°'
the branch inlu Ihe conjugation line /''-liipiid turns

towards the \apour point, frtnn l\ to A" a\ya\ \'\\m\ ihe yaponr

point and from A" to a and further on it again turns towards the

vapour point. The same applies to the branch iiiXX'h on which, in

the points A' and .V, the direction of the rotation of the conjugation

line gels reyersed. The conversion of F -\- L into F -\- L' -\- G' then

takes place on branch Dill and tvX (ind;/; A ) with increase in yolume, on

branch A'A" (and A'A'I with decrease in volume and on branch

IV a (and \'}>\ again with increase in volume. In the point of contact

A* now appears the ca.se sub A 2 and in ilie point of contact IV

the case cited sub .1 3. Let ns take for instance the two-pha.se

complex /•'-(- liipiid II. We now uoiice lliat on increase as well as

on decrease in pressure the conjugalion line /'-li(piid /.' gels situated

within the new three-i)hase triangle so thai /''-|- liquid /i" is converted

into /•'+ A' + (r.

()u au iurniilc>iuial cliauLic in pressure, uolhiug takes place in ihe

poinis /.'and /" luii a solulion, (U' a cv\ >lallisalion of solid matter.

As /' mells wiili nicrM-,' in \ol i;n:' ;>il in ihi-; c.ijo also dissolve
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witli increase in vdluiiie. crvslallisation will oociir at an increased

and solulion at a iv(Imco<I pressnre. This is. moreover, in conforniilv

with tlie chanjje in pressure in Ihe points R and A" aitnii; the

saturation line under its own vajiour ])ressnre.

The same considerations as the abox e-cited niav he also appiietl

to the case when tlie substance /' melts with decrease in volume.

{To he coniiuueit).

Chemistry. — " 7'//»' dijunmic Allotropi/ of su/p/iur." [Fifth couiniu-

iiicaliou.) ') Bv Dr. H. K. Kulvt. v^'oiuniunicated b_v Prof.

V. VAN ROMBIKGH.)

(Communicated in the meeting of January 25, 1913).

As point 5 of the resume of mv third paper on tlie above subject

I wrote in 1909:

"Es wnrden neue Untersueliungen iU)er den Eintluss des S„ auf

den Umw aiulliiniispnnt !^,ii^S,n„n in Aussicht gestellt".

In connection therewith I wrote') in .luly ll'll :

•'Dr. v.\N Ki.oosTEK of (jroniniien has this year started that investi-

gation and altlKMigii the provisional result is only of a (pialitalive

character as yet it may lie laUen for granted . . .
."

Nevertheless. Messrs. Smits and dk Lkki'w pnblished, in these

Proceedings (XIV. p. 461), an investigation concerninir this cpiestion.

In the Zeitschr. f. HIectrochemie ') 1 communicated, in connection

with some other (piestions regarding snlphnr, that the above investi-

gation iiad been continued and brought to a close, also to what

conclnsions it had led .and tiiat a detailed communication woidd soon

appear: recently it ap[)eared as the fourth couimuuication in this

series.

Meanwhile, Dr. dk Leelw (Proc. XV p. 584) has contradicted the

above cited conclusions and condemned the still unpublished investi-

gations in advance.

Although I should have every reason not to take any notice of tliat

jiaper, two reasons in particular have induced me to repeat and extend

') For the previous coinniiniications see Zeitschr. !'. pliysik. Clhem. viz. 1 : 64,

513 (1908); II: 65, 486 (1909); 111: 67, 8-21 (IHO!)) and IV; 81, 726 (1913).

2) Gliem. Weekbl. 8, 048 (19111.

») Z. I'. i:iektroclieinic 18, 581 (1912).
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llu' iiivpsiij;;ili()iis nf 1 )r. ni: I.Ki'i » uiid In (•(iiiiniiinicale li(;r(' the rcsiills.

Fir.sl of iill, llic criliciMii dul ikiI coiii'mi mv wnrk oiilv, Inil ulso

lluil (if Messrs. van Ki.oostkk mid Smit who CtirricMl lliis mil ;it mi\

request ;ui(l wlioso work I wish lo defend and in the secDiid plaee,

owing lo a |ia|)ei' liv Messrs. Kohnstamm and Oknstkin 'j, (lie (jiiestion

as to liie ('hanjj;e of (he li-ansilion poini of siil|iliiir ha? hcen iiili-()-

duced into the disenssion of liic heat tlieoreni of A'kknst. I>ooking

at the enunent iinportaiu-e of (he prohleni whether (he fac(s conlirm,

or do not confirm the conclusions from the heat tlieoreni. each ex-

perimental fact siipportinj; the theorem must bo as miicli as possible

elucidated.

Therefore, 1 will di.scuss the said treatise of m; Lkww, hut oiiI\

in so far as required liy the considerations just mentioned.

I have lirst of all verilicd whether tiio result of dk Lkklw's e.\-

perimenl is correct namely, (hat a dilatometer, which contains a

sul|)hur uii.xtiire rich in S„. after it has been placed for some iiours

in a thermostat at 70'—80° ('., exhibits- a rise of the liquid in the

capillary wlii<-h is followed iiy a fall. Tiiis indeed proved to be the

case. This veriticaiion appeared to me necessary because the state-

ments in DK l.KKiw's table only contain ob.ser\ations of changes

which sometimes amount to only 1'/, nini. and .seldom more than

2 mm. For no one wiio has e.'(|)crience with (he dilatometer these

observations w ill have any dcliiiilc value. And allhoimh the fact lirst

investigated proveil correct, the conclusions arrived al bv di'. Lkkiw

are not proof against a more elaborate investigation.

The rise observed is attributed in all the treatises cited to the

change in \olume in the conversion S,|, ^ S,„„„, because the con-

versions S,„,)n ^ S,.|| , 8., —»S,i, and b., -^ S,,,,,,, take place with con-

traction of volume. Owing to (he reaction S,/ —*• S;, taking place

meanwhile, (he S,, concentration is altained at which the conversion

Sih —» S,„j„ at the temperature of experiiuent ceases; hence the rise

in liie capillary cea.ses also and a fall is exhibited there as a con-

sequence of the still proceeding reaction S,,—^S,. On elevation of

the temperature the phenomenon ought to re[)eat it.self each time.

Such are the views of Dr. m. I.ekiu. In Hg. 1 the thin line with tlic

arrows indicates the changes of condition which the >ul|iliiir in the

dilatometer ought to pass through.

In my experiments, however, it appeared thai the belia\iour of

the dilatometer is absolutely conlrary to llio e\peclatioii> raised bv

liiis diaj;ram.

ij These Procfudiiigs XlV |i. 802.
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(hviiig to tilt' periiliar method

followed hv I)i'. 1)1, Li-.i'.i w to obsorvi'

lor a few miiiiilehi only wliellier the

(lilatoiuotor exhihits a ri^^e or a fall,

one gets from his eomniunication

the inapression as if each time, with

the different (rising) experiment-tem-

peratures, a similar phenomenon

repeats itself. Now, such is by no

means the case. Only once or twice,

the said niaximnm ofcurs. 1 have

observed repeatedly i/iaf it then

returned no more. The slight increase,

or decrease observed by him at the

subsequent temperatures have no

siguiticance, moreover, such trifling

''^' values never have a definite meaning;

the dilatometer is not an iustrumeiil of precision not even when

the best acting thermoslai is used.

In order to obtain really trustworlhy results the ex|)erimenls

should be so arranged that the reaclion studied exhibits a suitable

rise or fall ; this should then surely exceed a few ni.m.

Below are given some of my investigations.

As, for these experiments, glacial acetic acid is a mucli uioro

appropriate liquid than turpentine-carbon disulphide (sec couiuiuni-

calioii IV), these experiments have been carried out \vith thai iiipiid.

The thermostat has been described in communicalion 111 . The

sulphur was treated exactly as ilirectcd In i)r. dk, Lkeiw.

Table 1 contains the result of a series of experiments represented

graphically in fig. 2. We notice that, when we wish to attribute

the great rises at 76'.2 and 83°.() to conversions according to the

scheme of tig. I it becomes inexplicable why at the temperatures

86°.7 and 91°,9 ihc phenomenon does not appear, but returns at

97°.8. Moreover, the conversion at the latter temperature exhibits

the plain character of a conversion abo\e the transition temperature.

From this series 1 already gained the iin|)ression that the maximum
occurring al 7(5°. 2 and 83^.0 has nothing to do with the conversion

^ .

—* s

One might Imagine tlial, during the time coriesi)ondiiig with the

falling branches in A and U lig. 2, so much S, has been regeiie-

rateil ihal at liic sul)se(|ueMt i-ises oi' the leuqieralure one does not

arrive any loi.ger above the line AC in tig. 1. True, that dillicully
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raiises llio i-isinj;; lirancli lo iiiainlain itsoll" liero so iniicli Ioniser tlian

in tlio oxpeiMineiit (lescTil)e»l |)rc-\ iuiislv. We niav, iiieaiiwlule, ciiiirlinle

that imiw iili>ian(liiig (Jie acetic acid present, S„ present in large con-

centration, rapidly reverts to S;, a conclusion that liad already been

drawn in my fourth communication : for the explanation of the

experiments it is not to be neglected because it is thus sliown that

the S„ concentration has already considerably receded at the moment
that the rise observed liy de Lkkiw commenced. Secondly, the rise

in this experiment appeared to occur only once, and not to repeat

itself either at 84°.8 or at 93°.().

Much more important are the following conclusions : The rise lias

no connection with the conversion S,!, ^S,„„„ . If. at llic lower

tcmi)eratures, monoclinic sulphur had formed it would have been

im|)ossible to realise a retardation of the said conversion above the

highest transition temperature. The tables II G and H, however,

clearly prove the possibility thereof. Even at 98°.(i, 40 minutes after

this temperature had been attained, the conversion had yet to start;

once stai-ted it was, of course, \ery evident, also still at a tempera-

ture of 96°.4 (Table 11 J) Avhereas when uniiitroduced it had not

appeared at 96^2 (Table II G).

The fourth conclusion is derived from Table II K, namely, that

at 95°.8, the reaction Siii^S„„jii stops in the presence of some

percent of S.,. just as was shown Ity the inxestigatious communi-

cated in my fourth [)aper, cigain in conHicl with the communications

criticised here.

If one should opine that the |ihcnoniena are fuudauienlally ilitl'erent

owing to the use of acetic acid as dilatonieter liipiid, it may be

coniiuunicated here that I have also carried out the experiments

with iiu-pcntine-carbon disidpiiide. There it appeared, as might have

been expected, that llic lir>t maximum appears in a less pronounced

manner and also thai, on using that liipiid, subsc(|iient lisings at

iiigher tein])eratures do not take place ; in fact no fundamental dif-

ference occurs.

The above investigations had therefore demonstrated that the

explanation of tiie dilatonieter behaviour at tem[)eratures of 70°—80°

by the conversion 8,i, f^S,,,,,,, failed utterly. Also as regards the con-

version S„ —» S,. 1 had my doubts as to whether this sulTiciently

explains the fall after the maximum has been attained. This was

corrol)orated by the following experiment. Sulphur was heated to

boiling in a dilalonu'lei- vessel, gaseous ammonia was passed for a

few mi)iu(es. Iheii it was chilled and not niilil alter three days

acetic acid was introduced.



I'tililc III i('|pi'cMMil> llic iHoyressive chiiiigi' uilli llii^ iliialomeler.

T A B L H III.

Day Hiiiir Tciiip. DilatoinetiT

1(5 Nov. II .30 a.m. 8(').() placed

11.51 86.6 451

12.14 p.m. 86.4 462

1.41 86.3 470

3.18 86.4 469

6.35 86.

4

450

18 Nov. 9.24 a.m. 86.6 386

4.17 p.m. I 86.3 364

19 Nov. 9.32 a.m. 86.6 352

20 Nov. 9.24 86.5 328

21 Nov. 10.30 86.5 328

A (jtiito >iinilarl.v ireatpil siii|)[iiir mass was analysed (also three

days after its preparation) and coiilaiiied ().(i °/„ of S,,.

Altliougli this e.\periinent has been carried out witli a not irre-

|)roachabi\ acting lliernioslat the resnlt cannot be open to doubt.

After a small rise a great fall takes place, whereas according to the

theory opposed the essential conditions are wanting: hence this expe-

riment also shows ihat the fact stated by Messrs. Smits and de Lkkuw

is absolutely unexplained by their inter|)retation, and Ihat here quite

new ex[)lanatory [)rinciples must be found. As to the question in

what direction these should be looked for, I will not go into this

although my research indicated some possible explanations; Dr. de

l.EEiw seems to occupy himself with it just now and I feel conq)elled

not to conununicale any investigations of which it is known to me
that ihey relate to a subject on which somebody else is engaged.

The above investigation has, therefore, led to the conclusion:

(I. that the change in volume of strongly supercooled sulphur, in

the temperature range of 70°—95°, i.s different from that observed

by Dr. de Leeuw
;
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h. tliat llie |)liL'ii()iiieiia oocumiig have no roiuitTtioii wiili ilie

conversion S,h ^ ^^mui.

;

c. ilial the cDiu-liisions from my |iro\ imi> papers remain nnatlefted

(are contirmedi, I'oi- in-lance that ihe iraiit^ilion point is elevated l\v

added S,„.

Utrecht, .lannary l!4:i Van t iioii-Laboraton/.

(May 30, 1913).
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Geology. — " Leucite-rocks of the Ring^it {East-Java) and their con-

tact-metainorphosis" . By H. A. Brouwer. (Communicated t\v

Prof. MolengraaFF).

^Communicated in the meeting of December 28, 1913).

The following pages will afford new proofs of tlie intermediary

place which the contact-metamorphosis of the basic leucite-rocks

occupies between that of the traehyiic and the basaltic rock.

The Gunnong Ringgit (a corruption of the Madurese word reng-

gik^=saw-shapedj forms a steep mountain-range with the pointed

tops on the northcoast of Java between Besuki and Panarukan;

according to Verbeek ') the wliole mountain-range with the old crater-

wall of the Gunong Besar south of it consists of lava-cakes and

loose blocks of leucite-rocks. During a trip to Madura I visited the

noi'th-foot of the Ringgit; along the great postal-road at the north-

foot lava is in several places found in situ. Near the 15''' mi-

lestone from Besuki, we see to the North of the road in the flat

country one hillock consisting of leucite-lava forming a cape pro-

jecting into the sea (marked I on the annexed map). The rock is

a leucitite with phenocrysts of biotite which are much resorbed

T H E M A D U R A S T R A 1 T S

i

Scale i'200.ooo

to Besuki

to Panarukan

whilst it is characterized by a great number of enclosures, measuring

from a few centimeters to a few decimeters, and consisting, as far

as they have been e.vamincd, of a leddish andesite. It is in these

enclosures that the contact metamorphosis of the leucitites can be

studied.

') R. D. M. Vehueek I'll R. Fennema. Java en Madoera I. page 71,
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Contact metamorphisni caused by effusive rocks is eo ipso insigni-

(Icaiil, ixilli on account of (lie low temperature at wliicli (lie uiota-

UKirpliisiu talies place, and on account of (lie escape of liie pnou-

nuitolylic gases during tiie eruption. It can however be studied in

the enclosures of older rocks on wliicli the magma whilst still under

pressure, could react in the .same way as if it were a deep-seated

rock. Lacroix ') had divided the effusive rocks into two groups, accord-

ing (o the character of their contact metamoi'phosis : the basaltic and

the trachytic rocks, differing from each other in either containing

or not containing orthoclasc and acid ])lagiociase. The metamor-

phosis caused by rocks of the former group is chiefly restricted to

the influence of heat confined to a narrow contactzone, whereas

the rocks of the latter group, in consequence of tiieir greater visco-

sity during the effusion, and in consequence of the pneumatoiytic

gases dissolved in these viscous magmas, are in less intimate contact

with the inclosures, but, impregnating these inclosures by pneumato-

iytic substances can cause intensive chemical changes, which are

not restricted to the contactzone, but can affect the entire enclosure.

IVte hmcitite containing tlie L'nch^'iircs tnldch ivill be now de-

scribed, shows besides many piienocrysts of augite, numerous strongly

resorbed phenocrysts of biotite. Macroscopically we see both the

minerals the augite of a green, the biotite of a brownish red colour

contrasting against a greyish-black or brownish-red ground-mass.

The augitephenocrysts are under the microscope colourless or

greenish; traverse-twins occur, and also twins according to (100)

sometimes with polysynthetic lamels. Greenish and colourless por-

tions alternate without regularity or in zones in the same crystal;

sometimes there is a green core surrounded by an uncoloured mar-

gin ; occasionally one sees a green band between a colourless core

and a marginal zone, both of which extinguish sinmltaneously, but

not together with the green transition-zone. Similar zones with

varying optical properties occur likewise without observable diffe-

rences of colour. As a rule the augite is poor in enclosures, only

a few little prisms of apatite and flakes of biotite are enclosed.

The biotitecrystals are for the greater part strongly resorbed

;

some are entirely altered into a black ore which can be proved to

represent altered biotite by comparison with crystals, in which still

remains of the strongly pleochroitic biotite can be distinguished dimly

between the specks of tlie ore. There is likewise a younger gene-

ration of biotite, just as has been described by me from a mica-

1) A. Lacroix Etude sur le Metamorphisme de contact des roche- volcaniques.

Memoires presentes par divers Savants a I'Academie des Sciences. Tome XXXI. 1S'J4.

81'
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leucite basalt of East-Borneo, discovered In- I'rof. Moi.enqraaff ').

This last-mentioned biotife is not resorbed, and is often deposited in

the rock of the Riufrtrit round the older resorbed crystals, however

with diJlerent o|)tical orientation of the optical gronndmass. These little

brownish-red crystals which also occur dispersed through the rock,

and as a rule do not show any definite shape, enclose particles of

the gronndmass. The gronndmass consists of leucite, augite and

ore. Sometimes the leucite attains soniewliat larger dimensions

than the majority of the crystals of the gronndmass, without forming

real phenocrysts, the augites are column-shaped and colourless or

light-green, the ore is plentiful in the rock.

Macroscopically one sees already locally in little cavities neogenic

minerals of very small dimensions, many of which show the shapes

of crystals of leucite or sodalite, or also of feldspar. Under the

microscope one sees in these little cavities isotropic crystals,

together with neogenic feldspar and sometimes some biotite. whilst

the dark background against which the prisms of augite set olY be-

tween crossed nicols, is often interrupted by anisotropic portions,

wliicli for some distance have the same optical orientation, and poi-

diticaliy surround the particles of the gronndmass. These anisotro-

pic portions sometimes consist of kaiit'eldspar, twinned according to

the Carlsbad-law
;
|)olysynthethic twins have not been observed, but

the zonal structure wliicli is often distinguishable, points also to the

presence of piagioclates. These minerals have been formed after

the erystallisatiun of the gronndmass of the rock and point to pneu-

matolytic elements in the magma, which have been set free after the

linal crystallisation ; consequent I \ lliey are no normal constituents

but products of the autopneuniatoiysis in the rock. Locally they

may occur in considerable (|uantities.

The enclosures of this leucite are coloured light-red or brownish,

and contain little phenocrysts of plagioclase where they have not

been altered into a hypo- or cryptocrystalline gronndmass.

In some of the enclosures examined the plagioclases show micros-

copically a well developed zonal structui-e, in others they are

only slightly so, or sometimes not at all. Major twins according to

the Carlsbad-law of the polysyntlielically twinned feldspars occur.

The basicity of the feldspars sometimes decreases regularly from the

centre to the margin, in which case transitions were observed from

labrador or bytownite to oligoclase or andesine, but alternations of

') H. A. Brouwek. Oil micaieucite basalt from Eastern-Borneo. These Proceedings,

June -26, iOO'J p. US.
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inorc basic aiifl nioro acid lamellae aie very rre(|Heiit, ami somelimerf

are fbiiii(i repealed several liiiics in one and llie same crystal.

Phenocrysts of the dark minerals are not met with as such, Inil

sometimes we find s|)ecl<s consisling- of opaipie secondary minerals

|»roving by tiieir shape tliat such |>lH'n()crysls may originally have

been present. The grcnndmass is likewise strongly weathered and

contains laths of plagioclaso, Hakes of chlorite and opaque products

of disintegration of the ore which is not found in laige quantity
;

moreover often an isotropic substance is found in large (jiiantities,

which is considered as glass; in this case the rock must be called

an andesite.

Metamorpliosis.

The metamorphosis of the eiclosnres examined encludes in the first

place the alterations caused by the nuTgma itself, appearing only at

the immediate contact, and consisting, at tlie utmost, of remelting

and recrystallisation after chemical exchange ; in the second place

the alterations caused by imbibition of volatile substances which

penetrate well into the interior of the enclosures. From this the

intermediary place becomes apparent, which this contactmetamorphosis

occupies between that of the basaltic and that of the trachytic rocks.

Especially the intensity of the pneuniatolytic influences varies greatly

in the different enclosures ; sometimes the chemical exchange's in the

contactzone can be explained without pneumatolysis. In the examined

rocks it is most frequently the case that in part of the enclosures

a porous structure has been developed even to a great distance from

the contact, whilst in the cavities neogenic minerals have been formed

showing great analogy to the autopneumatolytic minerals of the

enclosing leucitite. whilst in the contact zone the combined effect of

remelting and pneumatolysis can be observed. The formation of a

gold-yellow aegirine-augite is characteristic.

As an example may serve an enclosure of a few centimeters in

diameter in which to a great distance from the contact a neogenic

yellow pyroxene is formed in very small columns, sometimes accu-

mulating locally and then accompanied by an isotropic mineral with

low index of refraction and by neogenic feldspar. The angles of

extinction of this yellow |)yroxene point to aegiriue-augites of varying

composition. The ore is strongly disintegrated, here and there a

reddish substance has been formed pointing to an oxydation to hae-

matite. A small quantity of the yellow pyroxene is also found in

the phenocrysts of plagioclase. The transition-zone with the leucitites
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is characterised by the occurrence of a very great number of little

coiiiinns of gold-coloured aegirine-augile and of a few larger crystals

with yellow margin which are mixed with feldspar, consisting partly

of kalifeldspar, partly of plagioclase.

Ill this transition-zone we find only a very little quantity of ore,

whereas the larger augite crystals with yellow margin have after all

originated from |)iienocrysts of the leucilite. Very near to the contact

we find the original plagioclases of the enclosure as an opaque central

portion in the neogenic feldspars ; whereas at a short distance the

original plagioclases have been conserved as such, and the neogenic

minerals have been crystallized in small cavities of the rock. The

appearance of the ore points to chemical interchanging of elements

between the lava and enclosures ; the gold colour and the modified

optical properties of the augite and likewise the crystallization of

neogenic minerals to a great distance from the contactzone of the

enclosure which has become partly porous, indicate the influence of

pneumatolytic gases. Leucite-tephrites of the .Somma metamorphosed

by fumaroles show very similar modifications.

That in the contact-zone really melting has taken place is in such-

like enclosures often proved by the fact, that the transition-zone

•penetrates tongue-siiaped into the magma which has been crystallized

as leucitite. Macroscopically the line of demarcation bc'veen the

transition-zone which is only a few millimeters wide, and the leucitite

can often easily be followed by the rapidly decreasing of the percentage

of ore, and by tlie colour which for this reason becomes lighter.

Among the smaller enclosures there are numerous ones, which

have entirely been altered into a very porous rock, have obtained

a yellowish colour, and contain besides the colourless neogenic

minerals and the yellow pyroxene also a few crystals of haematite

which macroscopically are perceptible as little black specks.

In a larger enclosure with a diameter of about 20 centimeters

the transition-zone was hardly brighter in colour than the leucitite,

and this fact appeared to be accompanied l)y a much more gradual

(liiiiiiuition of the percentage of ore. Moreover the augite shows no

change of colour, and ueithei' do we find the gold-yellow augite in

the enclosure at some distance from the contact, notwithstanding

the porous structure and the crystallization of pneumatolytic minerals.

In the transition-zone little, hut likewise much larizor crystals of

neogenic kalifehlspar and zonular plagioclase can lie observed, enclosing

the ore and the little columns and larger crystals of unmodified

augite. In this contact-zone again borders of neogenic feldspar appear

around the opacjiie plagioclases of the enclosure.
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The melaiiiorplioses de.scril)ctl al)ove, which are comiecled It}' all

sorts of traiisilion.s show great resoini)laiice to (hose found in blocks

of leucite-tephrite of the Fosso di Caucherone (Vesuvius)') which

have been altered by the action of fuiiiaroles. The niicndithes ainl

plienocr^sts of augite have become jellow, and the extinction-angles

agree with those of an aegirine-angite, sometimes with those of

aegirine. Haematite is abundant with the exclusion of magnetite.

The biotite and amphibole show modifications of colour.

In the "sperone" of Latiuin, likewise a metamorpliic rock which

by transitions is connected with a normal black leucitite, the normal

green augite has been altered into a gold-coloured one, whose angle

c:c varies between 65° and 85° whilst likewise (he original magnetite

has more or less completely disappeared. Moreover there is often

formed a yellow melanite').

Finally a green-yellow aegirine-augite occurs in varieties of the

shonkinite of the Katzenbuckel (Odenwald) which has been modifiec'

by pneumatolytic processes'). The iron-ore has here been altered

into pseudobrookile, the feldspars are more or less zeolitised. Analyses

made by Lattermann indicate that in the rock modified by pneuma-

tolysis, the percentage of Fe^O, had increased from 5,867o to 8,51 %,
whilst in the variety with yellow augite the FeO of 3,23°/„ which

had been found in the original rock, had entirely disappeared. Like-

wise in the analyses of sperone the Fe^Oj ') dominates sti'ongly over

the FeO; evidently the metamorphosing agencies had an oxydizing

influence. The modification of the optical properties of the gold-

coloured pyroxene tends to prove that the Na,^0 percentage has

also been increased, which could not be concluded from the different

analyses.

In connection with what has been said a second locality of rocks

with gold-coloured pyroxene may be mentioned (II of the annexed

map) situated directly South of the road from Panarukan to Besuki

at mile-post 18. At the northern foot of a bare hill a porous light-grey

rock that microscopically proves to be rich in gold-coloured pyroxene,

appears between rocks of dark-grey biotite-leucite-tephrite.

') A. Lacroix. Etude mineralogique des produils silicates de I'eruption du Vesuve

(avril 1906). Nouv. Archives du Museum. 4e Serie. Tome IX, 1907, pp. 73, 94.

2) A. Lacroix, 1. c. p. 95.

^) W. Freudenberg. Geologic und Petrogiaphie des Katzenbuckels. Mitt, Groszh.

Badische Geol. Landesanstalt V. I. Teil, 1906, p. 81.

*) V. Sabatini. I Vulcani dell' Italia centrale. I. Vulcano laziale. Mem. Carta geol,

d'ltalia, X, 1900, pp. 150, 163.
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III llie dark-gre\ leucite-leplirile one sees, macrosc'opit'all>
,
plienocnsts

of plagioclase aiui dark iiiiiiorals few millimolor.s in diameter, the

furnier oonlrasling little against the gioiMuiinass. ruder tlie niicro-

^eope it appears liiat the |)lagio<da.ses have a well marked zonal

structnre, the angile crystals are light-green and often include numerous

specks of ore. The little phenociysis of biotite are sometimes strongly

resorbed; the angle of the optical axes is very small, the |tleochroisni

is strong from brown-black to light -yellow. Tlie groundniass is

composed of [)lagioclase with zonal structure, leucite (and some

uepheline), green augite, a little biotite and much iron-ore. The

latter mineral often obtains somewhat larger dimensions, without

forming real phenocrysts. The leucite has likewise somewhat larger

dimensions than the majority of the crystals in the groundmass.

The porous light-grey rocks witii gold-coloured pyroxene show

numerous phenocrysts of white plagioclase (some as long as 0.75 cm.,

but usually smaller) and smaller phenocrysts of the dark minerals in a

groundmass which is either dense or micro-crystalline; in the cavities

neogeiiic minerals ha\e been formed. Under the microscope we see

pori)hyric crystals of strongly zonal plagioclase and gold-coloured or

partly still green |)yro.xene, in agroundmass of strongly zonal plagioclase,

gold-coloured pyroxene iron-ore, an isotropic, sometimes light-brownish

substance, and a few little columns of apatite. Further a few rather

large broad prisms hexagonal in cross section of an oj)ticaIly negative

mineral with one optical axis, with a high refraction index, have

been observed, which are slightly pleochroitical with f>0; they

are almost colourless or tinged very lightly brownish, and include

sometimes jtarlicles of a black or vermilion-ied substance. A cleavage

parallel with the axis of the |n-isnis is indistinctly deveU)ped. in case

originally some leucite has been present in' this rock, the mineral is

now altered into pseudomorphoses, on account of its feeble resistance

against pneumatolytic agents.

Without entering into details about the metamor})hosic and preneo-

genic minerals found in these rocks, it can be mentioned that the

aegirine-angites belong to different chemical combinations; we observed

e.g. in sections parallel to (OJO) made across columns twinned accord-

ing to (100), symmetrical extinctions of 14°, whilst several lath-

shaped sections extinguish with angles of 20° to 30°; very small angles

of extinction were ecpially observed. Black iron-ore, blue-black in

reflected light, is found in great abundance in the rock, sometimes

it surrounds as a border the aegirine-augites, which likewise can

include the ore in great (juantity.

Moreover one sees elongated sections consisting entirely of tilack
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ore. aroiiiui wliicli a mi.\tmv of oi-o and prisms of [jolfl-cnioiirod

ai'gii'iiic-uiiyilc c'oliiiiiiis is foriiied.

The inetainorphoses described above by vvliich gold-coloured pyroxe-

nes with the optical ])roperties of aegirine-aiigites are formed, appear

to be connected with pnenmatolytic processes in magmas rich in alkali.

Finally it may be mentioned liei'e, that to the Sonlh of the road

Panarnkan Hesnki, (piite near to mile-post 13, a loose piece of a

lencitite was found with |)henocrysts of leucites as large as 4 m.ni..

wliicli certainly had come down from the northern slope of the Ringgit

and consequently may be expected there in greater quantities; hitherto

such types of rocks were not recorded from the Ringgit-mountain.

Mathematics. — "Expansion of a function in series of Abel's

functions (fui^v)". By Prof. W. K,\i>tetn.

(Gommunlcateit in the meeting of February 22, 1913).

1. In the Oeuvres completes of Abel') may be found the follow-

ing ex|)ansion

an

1 |_y 00

e =2 cp„{x)v"
I— I'

where

Y„(,.) = l-C,',. + C^ __.... + (-1)" _

Cl representing the binomial coelVicients.

These polynomia form the object of the dissertation of Dr. A. A.

NiJLAXD (Utrecht 1896) and have been treated afterwards by E. Le

Roy in his memoir "Sur les series divergentes" (Annates de Toulouse

1899).

In this paper I wish to examine when a given function of a real

variable may he expanded in a series of this form

/'(•') = «o + «//•,('•) 1- «//,(•') + (1)

2. In this article we collect those properties of the polynomia

ffj.v) which we want for our investigation and which we take from

Nuland's dissertation.

Ill the first place we have the important relations

M Oeuvres Gorapleles II p. 281.
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/ (")

e~^(fn^{a;)dx = 1

In tlio second place '(„{«) satisfies the dilTerential equation

•v'fn"{i-) + (1

—

.v}ipn(-v) + nrf,.{.r) =
which also inay be written

d— [.te-=^<p,:(a:)] + ne~^ff„{x) = (3)
ax

In the iliini place we have the following properties, wliicii may

be easily obtained

y„(^) = Y„'(.r)-y'„+i(.r) (4)

~ff„'{.v) = fp„(x)-<rn-\(-r) (5)
11

(n .1-
1 )

y„+,(.r)—(2n + 1 -.v)r„{x) + «7„_,(.r) = . . . (6)

00

\e-'.v"ff,„{.r)d.t=(-iy'>Cln:(m<n) .... (7)

J =0 (m>«)

3. If the expansion (1) is possible. I lie coefficients ii„ may he

expressed by means of the equations (2)

OD

a„= ie-y'{n)if„(ft)d((.

With the.se values the second member of (1) reduces to

5=1 (f,{x) Ce 'f(a)<pu{a)da (8)

in oi-diT to doterinine this sum we introduce <fn{.r) in the form

of a delinite inleuial. This definite integial, which has been given

by Lk 1\()Y. may be foiiinl in ihe following way.

Denoting by ,/,;/) the Besselian function of order zero, M.\claurin's

expansion gives easily

erJ,{2[/^) = 2 — rf,„(n) (0)
m!

e~^a' da
Hence, multiplving both members by and integrating

ti!

between the limits and oo
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1 ^x'"i>^ r 1 •» X'" r—
j e-'a<<J,{:Z\/ax)da = - 2'— \e 'a",f„, {a)da

n.'J n! m!J

where the second member may be reduced by means of (7) to

:>:{-\rcl'-~=.(„{x).
(I »'•

Therefore we have

fp„{x) — '~ le-^a''J,{2\/^)da (1 0)

illKl

^ _ ^ V'X^) i\.'^\f{<Adnj^:^ ,P ./„ (2 l/«iij d^

Now, from the ecination (9) we obtain

n

thus

00 cc

S = if (a) dajj„ (2 l/«|?) J„ (2 J//^) ti<?,

or. putting ji" instead of jJ

00 00

S=2p(«)r/«r^„(2(Jl/«)J„(2^l/:^)iJrfiJ . . . (11)

3. Tills double integral maj- be determined by a theorem of

Hankei. (Matli. Ann. Bd. 8 p. 481), who proved that

cc CO

Jy Y (V) dyjj, (fy) J„ (fJg) iW= V(i)

(I

wliere § represents a positive value and (f {i) a function whicli

satisfies the conditions of Dirichlet for all values between and x.

Putting

y = 2 l/«, § = 2 I/.7, r {-^ ^^) = f {'^)

this theorem gives immediately

S=2Jf{n)da^J,{:l^V/a)JAW\/^)?d?= f{x) . . (12)
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Thus we have established the resvilt, that every function /{x)

which satisfies the conditions of Dirichi.kt for all values between

and X may be expanded in a series of the form

/(.r) = «, + «, 'f, (r) + a, y, (a,) + . . . g .r < oo . (1)

where

daa„=
I

e—^/{fi)rf„(a)

It is to be remarked that the values /(c -f- 0) and /{c— Oj being

different, the second member reduces to i [/(c + 0) -|-/(c -f-0)J.

•4. We now proceed to give two interesting examples of this

expansion and to show the value of this expansion for the problem

of the momenta.

1

As a first exam[)le suppose it is required to express f{x) =
in a series of Abei-'s functions fp,, ('')•

Evidently this function satisfies the conditions of Dirichlet from

,r = to ,t = 00, thus

1 = «o + «i 7i i-') + «s '/> {'') + • •
•

l+.r

where

'e—' <f„ («) da

Now the following relation holds between successive functions rf :

(n + 1) ipn+\ {a) z= (2n + I — a) (f,, (a) — n rf„ ,
(o) . . (6)

Multiplying this by da, and integrating between and oo

we obtain

oo

-—-- If,, (n) da

Hut, as

" 1- •

1+rt \\-a

we have

QD 00

1
7-— Vn («) <^«=

I
e "="

<fn («) dn — a„
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where tlic latter iiilcjjjral, wliicli may he written

vanishes according to (2) if n "> 0.

Therefore three successive coeflicients of this expansion are related

in the following way

(n 4 1) tt„^i = 2 (n f 1) a„ — n «„_i (n > 0)

SO that all the coellicients niaj be expressed in d^ and (f, .

Now

7 1 («) — 1 - «

hence

^-(l-^O, fV'[2-(l + «)J , ,, - ,
a.

==J
-y-^^^ ./"

=J ^;r^ "« - 2«,-l

which proves that all tlu' coeflicients are dependent (mi tiie thst

rl-'dn f 1 A
rt„ — = — eli\

\

— 0,596347 ...

These coeilticieiits may also be obtained in another way.

From Abel's expansion

1

1 -i3;
e =2,f„{.r)r-

l — v

which iiolds where

iitvd (' <^ 1

we see, by putting

t'

1—1>

that

1 t t'

e-^' = 1 7, (.e) H (f, (a;) + ...

i+t (i+O"-' (1 +

if

t .

mod <C 1

Multiplying this equation by e' (it and integrating between the

limits and x, we obtain

1—— = a„ + a, qp, (x) f a, 7 ,
(.c) + ...

1 -j-.v

where
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e~t —dt (13)
(1 + 0"+' ^

u

Compariiiii- this result, with the former, we obtain llie interesting

tbrnnila

e-> r-'^'= —~~dt (14)
(1+0"+' J \+t

u

which is evident if we put n = 0.

From (13) we see also that

OS 00

J l+< \l+tj J

wliich shows, tliat the expansion

1 = ^ a„ (( „ (.c)

holds for X = 0.

5. As a second example we will expand a discontinuous funclion.

Su|)posing /(x) = 1 from .r = to ,t' = 1 and /[.r] = U for .c^ J

we liavc

/(•^•)= «„ + «, y, (-f) + «, '/, (•'•) + •••

where
1

rt« — I e—'-" If,, {(t) da .

This coefficient may be determined in the following waj. From

the dilferential cijuation

d
-—[x e-^ (f,; («)] + « ^ ^ y„ («) = (3)
dx

it appears that

X

X e~^ (fn (.r) + n I e^-^ 711 (.r) dx =

therefore, putting a'=:l, we have

a„ = V.'(l) (">U)
ne

or, according to (5)

1

a„ — -[y„_,(l)- y„ (1)1 («>0)
e
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The two first coefficients may be obtained directly, for

I

/• 1

a„= I e ^<i«^l— —
J «

and

«, = -['^„(l)-'^(l)l = -•
e e

The remainin|fi' t'ooflicients are dependent on these, i^'nr |pultinji-

X =z [ ill tlie recurrent rolation

(" + 1) V.+i (•'-•) — (2« + 1 - .!) '/"« (-i') + « '/n+i (.'•) = . (0)

we get

(n + 1) ^A,+i (1) - 2« r/„ (1) 4- n <,„_i (1) =
and, changing ii into ?< -(- 1

(n + 2)Y,.+ l(l)-'2(« + !)*/>„+, (!) + (« ^- 1)7,. (])r=0.

thus, subtracting the former from tlie latter equation

(w -|- 2) a„-|-o — (2« 4- 1) «„_j_i f na„ = .

6. The expansion iiolding for tlie value ,t' ^ 0, we must liave

2 an = \

and remarking that x = 1 is a point of discontinuity

^ a„ ,,„ (1) = 4 .

To prove these equations directly we may remark that

V „ ^ _1 [,^.1 (1) _ ,f (1)J = - |1 - ,/„ (1)1
1 « 1 c

so

11.^ a^, = L»« c/ „ ( 1
) .

I ^ ^ ri^ Qo

Now. the number n being Very large, we ha\e

ipn {x)=\ — 71.V + -— -— + ..=J, {Vn.v)

d

Lim <f„ (x) = LimJ^ (y n.r) = Lim \/ —--^ cos I V nx —
n =a II ==00 n = oo'^ 7(V n.r \

71
'. =

4

therefore

-i a„ =: —
1 «

and finally



>.->•->
J i.l

^ 1 1

a„ + y:a, = i + -= 1 .

1 e e

Tlie second equation may be obtained as follows.

From the dill'erential equation

d
[xe~^ fff,' (.«)] + pe-^ ((^ (.r) = .

dx
(3)

we may conclude
1

I

«-"" '/,.' (•'•) d.v = - ^ i ,,,, (.r) (/ \xe-^
<f ,! (, '^)]

1

1

so

JV- [..'
r

dx
pe

'//. (1)'//.' (!) = «,.'// (1|

Now, tlie eqiiaiidiis (4) and (5) give

X

lience

and

<p','{x)=:f,;{.r)[,,^.(.r)^,,^,_,{x)\

</i' (•'•)
'/V (•'•) = '//.-I ('0 7/'' (-^O — V/' (a-) '/'/.+i l-*^^

— r, (•') Yi' (•'•) - 'fn («) 7'»+i ('•)•

This shows that

1

je-' [7. (•'•) 7/ ('^) - 7-. (•'•) 7'. + i
(•'•)! '/*• =r ^ a,,Y,, (1)

u

where

1 1

je-^(f„(x)i/,'{x)dx=— je-

To obtain the second integi-al, tiie value of n being very large,

we observe tiiat according to equation

y„ (.,.•) = 7,/ (,,)- 7',,+, (.r) (4)

the functions

\e-^d.K = — 1 4
•
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'f,,' {'•) and '/'„4-i (.v)

tend to llic saiiK' liuiil.

ir. Ilu'iclnre ii is very lai'^e, I lie second integral, lends to

1 I

and we obtain

2a,,q,,{l} = -l + -+ I

Tiuis, adding tu lliis equation

«o To (1) = 1 - -
e

we get finally the required relation

7. In tliis article we wish to give a second verification of the

former expansion hccause this leads to a \ery interestinii- integral

containing I'.ksskl's functions. This verification is obtained by direct

summation of

where

1

e
"o = 1 i^nd a„ = i [</>„_, (1) - <f„ (1)].

It ai)|)ears from the equation (10) that

00

</„_, (1) = -- I e - - «"-!
./„ (2l/«) da

u

</„ (I) = ~ Ce-' a" J, (2l/«) da

therefore

fu- 1 (1) - <f„ (1) = '^^ p„ (2k«) ^ {e--^a'>)

or, after partial inti'uration

Proceedings Royal Acad. Amsteidam. Vol. X.V.

82
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00

.-=<«"J,(2l/«)-S.

If /i r= 0, the first member has no iiu'aniiig-. as '/_! (1) lias not

been determined. The second member however rednces lo

00 X

! Ce—-' J, (2l/«) —^= 2e ( e--'- J, (2 ft) da =e

= e J/.T Jj ( —
j
e ' 4 = g — 1 = «„e

[NiKLSEN, Handbucli der Theorie der Cylindert'unctionen p. 185
(7)J.

By applying again the equation (10), we have

00 CO

e-f+1 r ^ da r , ,—

{n.'fJ [/((J
u

and by summation from 7i = to ?? = oo, as

(«•')'

«. r - da r -^ _
e^a,//„(,i')=«-+' e- V,(2l/«)-^ e-fiJ, (2(j/«^i) J„ (2 p/f?.i-) d^.

^ i/aJ

I'litling i" instead of ji in the latter integral, this reduces to

00

2
P"--

J„ (2i/V«) ./„(2iV.r")i3c//i = e-^+ =' 7„ (2l/f;:;0

(Nielsen p. 184); thus

!«,//„ i.v) = i ./„ (2^/«,^•) J, (21/;;)
'
"

.7 l/«

or, changing « into
4

00

-2'a„</^„ (.r) =
I

J„ {al/.x) J, («) da.

Tlie second member of tiiis ciiuation has different values according

to the value of x, for
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/ 1 0<.B<1

J./„
(u[/.v) J. (« da) = p a- = 1

jo ,» >
(NiKLSEN p. 200), and for .r =:

Jj„
(ayJ-) J, (n) da

=J./,
(a) da = 1

.

8. Now we will apply our expansion to tiie problem of llie

moinenla. In tlii.s probioni the qnestion is to (lefenninc llie function

/(//) from the integral e(|uation

f{y)y"dt/.

where a„ is a function which is given for all positive integral

values of ?«.

Putting

/{y)= e-?>0{y)

we ohlain

00

=
j
e~" y" ^ iy) dy.

Supposing ^ (//) to be a function which satisfies the conditions ot

DiKicHLKT, we have

^(y) = h,+b,ff,{y) + b,.fjy)i....
SO

ft,, ^ S bA e-y y" (fp (y) dy.

u

Now, this integral has the value zero, when /> > n, therefore

a„ = :Sbi.je->/y»r^l,{y)dy

Moreover, according to the equation (7)

«„=:«/l(-.l)/.6^, (7/

so, with (10)

GO

fiy) = e-V 1 i, v„ 0/) = 1 -^' (e-^ .vr /„ (2 \/.^) d.,:.

pj
82*
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If now we expand llio function

00 .VI'

q (.r) = e-^ 2 bp — = e-' X
p-'

in a i)Ovver series, we liave, dilferentialing 71 times, and putting

d

dx

gi"^ (.i) = D' {€-' X) = p--^ {D + 1) ") X

— e-^ 2(-\)>' (7," i)('-/') X

where
ICP

Dis) X = 2 bs+,, -
p'

wliioli, for tiie value ,v = 0, gives

Introducing tliis value, we obtain

Z>„W X = bs.

«n
gi") (0) = 2 (-1)" i,,-^ c; = (-1)' 2 (-])" b, c;, = (-1)" -

n!

CO f(..

and liiiallv

as

f{y) = (iaW^) 1^ (-
1
)" -^ x<'da

J ("')

This solution agrees with tiiat of Lk Rov. In his memoir the

discussion of this formula for different values of <(,, niav 1h> found.

Mathematics. — "Some remarks on tlie coherence type ?/." ^^y

Prof. L. E. J. Broiwkr.

in order to introduce the notion of a "coherence type" we shall

say that a set M is norinalh/ connected, if to some setpiences / of

elements of M arc adjoined certain elements of .1A as their "limiting

elements", the following conditions i)cing satisfietl :

1^'. each liuuting element of / is at the same time a limiting

element of each end segment of /.

2'"'. for each limiting element of /' a partial sequence of / can

be found of which it is the o«/y limiting element.

3''. cacii limiting element of a partial sequence of/ is at the

same time a limiting element of/'.

4'''. if (/( is the oidy liuuting eleuienl of the sequence \m,\ and
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vi„ lof n coiislanl llic only liiiiiliiig olciiiciil (if llic .siNiiieuce \ii>„,\,

then ciU'li of the hilter seciiiences conlaiiis siioli an end segment }/«„>{,

tli;il au arliili'ary seqiu-iire of eleiiiciils iii„, for uliicli /t eoiiliiiiially

increases, possesses m as its only limiting element.

Tiie sets of points of an ?j-(limensional space form a special case

of normally connected sets.

Another special case we got in the following way : In an n-/)/;/

ordered set ') we nndersland by an interval the partial set formed

by the elements ii satisfying for <> < n dilferent valnes of i a relation

of the form

i i i i

i>i <C " <C '-'> 0'' ''* <C " *^'' " <C *'

;

we fnrther define an element /// to be a liini(in(/ element of a sequem-e

f, if each interval containing m, contains elements of /not identical

to //;, and the given set to be everywJiere dense, if none of its inter-

\als reduces to zero. Then the everyivhere dense, countable, n-ply

ordered sets which will be considered more closely in tliis paper,

likewise belong to the class of noi'inally comiected sets.

A representation of a normally ciinnected set [)reserving (lie limiting

element relations, will be called a continuous representation.

If of a normally connected sot there exists a continnons one-one

representation on an other noi-mally connected set, the two sets will

be said to possess the same coherence type.

One of the simplest coherence types is the type ij already intro-

dnced by Hantok ). From a proof of Cantou f(jllows namely :

Thkorem 1. All countable sets of points iyiny ererywhere den.se on

the open straight line, possess the same coherence type ->].

The proof is fonnded on the following constrnction of a one-one corre-

spondence preserving the relations 0/ o/y/c;-, between two sets of points

31 = {(?;,, »t,; . . .} and R = {/•,, r^, . . .j of the class considered : To

r, C.\NTOK makes to correspond the point m^, to ?•, the point nii,

with the smallest index, having with respect to /Hj the same sitnation

(determined by a relation of order), as /„ has with respect to r, ; to

r, the point mi, with the smallest index, havijig with respect to /«,

and nii^ the same sitnation (determined by two relations of order),

as ?•, has with respect to r^ and r.^; and so on. That in this way

not only all points of R, but also all points of M have their turn,

i.o.w. that if among ?n,, m/^, . .

.

/>(,, appear ;«,, /h.^, . . . /».,, but not

7«.,-|_i, there exists i\ nnmber a with the property that »?v-|-i = »U ,_,

1) Uomp. F. RiESZ, Matbem. Annaleu 61, p. 406.

-) Mathera. Annalen 46, p. 504.
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is evident bv choosing for r,^^ tlio |)oint of R willi llic smallest

index, having wiili respect lo i\, i\, . . . r, I he same situation, as ///„-^i

has with respect to »(,, /H,-,, ... 7JH.- The coiTes]>ondeiice coustructed in

this way, is at the same time continuous ; foi', the limiting point

rchxtions depend exclusively on tlie relations of order, as a point m
is tlien and only then a limiting point of a sequence /', if each

interval containing ni contains an infinite number of points of /.

The above proof shows at the same time the independence of the

coherence type »j of the linear conlinnum. For, after C.\ntor it leads

also to the following more general result

:

Theorem 2. ^4// everywhere dense, countable, simply ordered sets

possess the coherence type »/. ')

Theorem 1 may be extended as follows

:

Theorem 3. 1/ on the open straight line be given iwo connttible,

ereryiohere dense sets of points M and R, a continuous one-one

transformation of the open straight line in itself can be constructed,

by which M passes into R.

In order to define such a tiansformation, we fust by C.\ntor's

method construct a continuous one-one representation of j\J on R.

Then the order of succession of the points of 31 is the same as the

order of succession of the corresponding points of A'. We further

make to correspond to each point ym of the straight line not be-

longing to jy, the point yr having to the points of R the same

relations of order, as g)n has to the corresponding points of M. In

this way we get a one-one transformation of the straight line in

itself, preserving tlie relations of order. On the grounds indicated in

the proof of theorem 1 this transformation must also be a continu-

ous one.

Analogously to theorem 3 is proved

:

Theorem 4. If within a finite line segment be given tioo countable,

everywhere dense sets of points M and R,- a continuous one-one trans-

formation of the line segment, the endpoints included, in itself

can be constructed, by which M passes into R.

We shall now treat the question, to what extent the theorems

J, 2, 3, and 4 may be generalized to polydimensional sets of points

1) The possibility of a definition founded exclusively on relations of order, shewn

by Castor not only for the coherence type v, but likewise for the coherence type

5 of the complete linear continuum, holds also for the coherence type Z of the

perfect, punctual sets of points in B,, (comp tliese Proceedings XII, p. 790). As

is easily proved, this coherence type belongs to nil perfect, nowhere dense, simply

ordered sets of which the set of intervals is countable (an "interval" is formed

here by each pair of elements between which no I'urtiier elements lie).
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on one hand, and (o Mndlii)ly onlL-rcd sets on tlic oilier hand. In

tlie tirst |)laec the following theorem holds here:

Theorkm 5. All countahlt' sets of points li/iiuj everyivhere dense

in a Ciivtesinn K,„ jmssi'ss the smne coherence Ujpe ti". ')

For, to an arbitrary oonntable set. of points, lying evei-ywhere

dense in A^,, we can constrnct a cartesian system of coordinates C',„

with the |)ro|teily that no li„ i parallel to a coordinate space con-

tains more than one point of the set. If now two such sets, M and

R, ai-e given, (hen in the special case that 6',,, and C'r are identical,

a one-one representation of lU on R preserving the n-fold relations

of order as determined liy C,„^C,. can he constrncted by Cantor's

method cited above, only modiliod in as far as the "sitnation"

of the points with respect to each other is determined here not by

simple, bnt by n-fo\d relations of order. As on the grounds indicated

in the proof of theorem 1 thi.s represenlation must also be a conti-

nuous one, theorem 5 has been established m the special case that

Cm and C'r are identical. P'rom this the general case of the theorem

ensues immediately.

If on the other hand w-e have an arbitrary everyivhere dense,

countdble, n-ply ordered set Z, then its n. simple projectio7is '), being

everywhere dense, countable, and simply ordcrcil, admit of one-one

representations preserving the relations of order, on n countable sets

of points lying everywhere dense on the ii axes of a cartesian system

of coordinates successively; these n representations determine togeiher

a one-one representation preserving the relations of order, thus a

continuous one-one representation of Z on a countable set of [joiuts,

everywhere dense in R,,. From this we conclude on account of

theorem 5 :

Theorem 6. All everywiiere dense, countable, n-ply ordered sets

possess the coherence type if.

x\s the ;i-dimen.sional analogon of theorem 3 the following extension

of theorem 5 holds

:

Theorem 7. If in a cartesian R„ be yiven two coiintahle, everywhere

dense sets of points M and R, a continuous one-one transformation

of R,i in itself can be constructed, by ivldch M passes into R.

In the special case that 6w und C^ are identical, we can namely first

construct a continuous one-one cori-espondence betw^een J/ and R
in the manner indicated in the proof of theorem 5, and then make
to correspond to each point (jm not belonging to M, the point gr

having to the points of /i the same r«-fold) relations of order, as (/7«, has

1) This theorem and its proof have been c(Miiiiuiiucatcd to me by Prof. Borel.

2) Gomp. F. RiESZ, I.e. p. 409.
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to tlie correspoiKlirif;- puiiils t)t .1/. In tliis wav wo j;et a one-one transfor-

mation of li,i ill '\{i^('\l' pre-iei-tHiii/ tJu- relations of order as detenu iiied

hij C, = C'. As on llie gToniuis indioafotl in tlio proof of theorem 1

tliis transformation is also a contiinious one, llieorem 7 lias been

establislied in tlie special ca;^e that C',„ and Cr are identical. From

this the general case of the theorem ensnes immediately.

The n-dimensional extension of theorem 4 runs as follows :

Theohem 8. If within an n-dimensional cube be (jiven two coun-

table, everywhere dense sets of points M and R, a continuous one-one

transfoiination of the cube, the boundarij included, in itself

can be constructed, by rohich M passes into R.

The proof of this theorem is somewhat more complicated than

those of the |)receding ones. We choose in A'„ such a rectangular

system of coordinates that the coordinates .r,, a\, .... .v„ of the

cube vertices are all either -j- 1 or — J, and for p^1,'2. . . .n

successively we try to form a continuous transition between the

{n—l)-dimensional spaces .v^ ^ — 1 and.r,,^ + 1 by means of a

imedimensional continuum .y,,,,, of iihuie {n—l)-diraensioiial s|)aces

meeting each olhcr neither in the interior nor on the boundary of

the cube, and containing each at most one point of .17. In this

we succeed as follows : Let /S"E= -S «/> •«/) = '" l^'e a i)lane [n—l)-dimen-

sional space containing no straight line parallel to a line / ,„ joining

two points of M, and through each point {.i\ = .c, ^ . . . . ;= Xp—i =^ 0,

d',, =^ a, a',,+] = .r,j-f5= . . . . = .r„ ^ 0) let us lay an {n—J)-dimensi-

onal space : .t^. -\- e {1 — a") ,S= a + eapa (1 — a') ; in this way we

get a continuous series o^ of plane (n—l)-dimensional spaces, and

we can choose a magnitude e^ with the property that for(;<[e,two

arbitrary spaces of o^ meet each other neither in the interior nor on

the boundary of the cube. As further an {n—l)-dimensional space

belongs to at most one a^, thus a line / ,„ i§ contained in an {n—1)-

dimensional space belonging to a^ for at most one value of t?, and the

lines r,„ exist in countable number only, it is possible to choose a

suitable value for e<C.'^i "'ith the property that no space of a,, con-

tains a line f,,, , i.o.w. that <Jc satislies the conditions imposed to .•.„,,•.

If for each value of p we choose out of s,„^, an arbitrary sjjace.

then these n spaces possess one single point, lying in the interior of

the cube, in common. For, by projecting an arbitrary space of s,„\

together with the sections determined in it by a',,,2, s,i,s, S/m, into

the space .i\ =0. we reduce this [)roperty of (he //-dimensional cube

to the analogous property of the (//—l)-dimensional cube. So if we

introduce as the coordinate .r,„^ of an arbitrary point H lying in the
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iiilerioi' iir on llic lioimilaiN ol' llio ciilic, (he \alne of .fj, in llial

poiiil of llic A/,-a.\is wiiicli lies; witli // in one ami tlit' tsainc space

of s,nf„ tlieii (0 each system of values > — 1 and ^ 1 for .i',„i, x,„-i, . . . .r,„„

corresponds one and only one point of flie interior or of the boundary

of tlie cube, which point is a liiuniforin, continuous function of ,/„,,,

Xini, .r,,,,!- I.o.w. the trarisformation Iv'p = a;„pl, to be represented

by T,n , is a continuous one-one transformation of the cube vvitli its

boundary in itself, by which Af passes into a countable, everywhere

dense set of points J/, of which no {n—l)-diniensional space parallel

to a. coordinate space contains more than one point.

In the same way we can define a continuous one-one transfor-

mation T, of the cube with its boundary in itself, by which Ji passes

into a countable, everywhere dense set of points /^, of which no

(n—lydiniensional space parallel to a coordinate space contains more

than one point.

Further after tiie proof of theorem 7 a continuous one-one trans-

formation T of the cube with its boundary in itself exists, by which

Ml passes into 7i?,, so that the transformation

7'— I T T

possesses the properties required by theorem 8.

We now come to a property which at first sight seems lo clash

with the conception of dimension :

Theoreji 9. The coherence types if and t] are identical.

To prove this property, in an ?i-dimensional cube for which the

rectangular coordinates of the vertices are all either or I , we con-

sider the set M„ of coherence type if consisting of those points

whose coordinates when developed into a series of negative powers

of 3, from a certain moment produce exclusively the n"umberJ,and

togetiier with tins we consider the set M of coherence type j/ con-

sisting of those real numbers between and 1 which when developed

into a series of negative powers of 3", from a certain moment pro-

s'— 1

duce exclusively the number . The continuous Peano represen-

talion ') of the real numbers between and 1 on the «-dimensional

cube with edge J, then dclermines a continuous one-one represen-

tation of JJ on J/„ establishing the exactness of theorem 9.

That in reality theorem 9 does not clash with the conception of

dimension, is elucidated l)y the remark that not every continuous

one-one correspondence between two countable sets of points M and R,

1) Gomp. Math. Annalen 36, p. 59, and Schoekfi.ies, Bcricht iibcr die Mengen-

lelire I, p. 125.



Jijing evert/ivhere dense in R,,, admits of ari extension to a contimious

one-one transformation of R„ in itself. If e.g. (he set of tlie rational

points of the open straight line is submitted (o the continuous one-

one transformation .(•' =
, this transformation does not admit of

an extension to a continuous one-one transformation of the open

straight line in itself.

A more characteristic example, presenting the pioperty moreover

that in no partial region an extension is possil)le, we get as follows -.

Let /, denote the set of those real numbers between and J of

which the development in the nonal system from a certain moment
produces exclusively the digit 4, t, the set of the finite ternal fractions

between and 1. Let T denote a continuous one-one transformation

of the set of tiie real numbers between and 1 in itself, by which

/, passes into t^ + /,, thus a ])art ^5 of /j into /,, and a part /^of/,

into ;,. By a Fk.\no representation 7", the sets <,, t^, /,, t^ successively

pass into countable sets of points s^,s^,s^,s^, lying eveiTwhere dense

within a square with side unity, and, so far as are concerned, a^i, .b',, and

.s„, containing no points of the boundary of this square. The continuous

one-one representation T of ?, on /, now determines a continuous one-

one representation 1\^ 1\T1\-^ of s^ on s^, not capable of an

extension to a continuous one-one representation of the interior of the

square in itself. For, if such an extension would exist, it would be,

for each set of points in the interior of the square, the only possible

conliiiuous extension of 'I\. For s^, however, 7\T'J\~''' furnishes

itself such a continuous extension, which we know to be »oKa one-

one representation.

The conception of dimension can now be saved, at least for the

everywhere dense, countable sets of points, by replacing the notion

of coherence type by the notion of geometric type '). Two sets of

points will namely be said to possess (he same geometric type, if a

uniformly continuous one-one correpondence exist-s between them.

And it is for uniformly continuous representations that the following

property holds

:

Thkokem 10. Every uniformly continuous one-one correspondence

between two countable sets of points M and R, lying everywhere dense

in an n-dimensional cube, admits of an extension to a continuous

one-one transformation of the cube with its boundary in itself.

1) For closed sets the two notions are equivalent. For these they were intro-

duced forraeiiy under the name of geometric type of order, these Proceedings XII,

p. 786.



For, on iU'cdiiril (if the uiiiriirm (•(iiiliniiil v iif the correspondeiit'e

between M and A', to a sequcM<'e of poinls of M |)0sse.s8iny- only

one liinilinii; |ioint, a seqncnce of points of A' likewise possessing

only one liini(iny point, nuisl conespond, and reci|irocaily. On this

groniid the given correspondence already admits of an extension to

a one-one Iransfornuitiou of the cube wilh ils l)Oiindary in ilself of

which we have still to pi'ove the continuity in the pi'operty liiat a

sequence j_(/„,vj of limiting points of M converging to a single limiting

point g„„„, the sequence {/y,vj of the corresponding limiting points of

A* ''onverges likewise to a single limiting point. F'or this pni'pose we
adjoin lo each point //„,., a point ?Hv of M possessing a distance

<^ fv from i/„r„ the disiance between y,., and the point /•„ corres|)onding

to in.j likewise being <^fv, and for r indefinitely increasing we make

6v lo coiixcrge lo zero. Tluis {;/;,j con\'crging exclusively to_f/,„,,j,
j r,

j

likewise possesses a single limiting point g,,,,, and also \(/,A 'i^i"^t

converge exclusively to ^,,„.

On account of the invariance of the nundter of dimensions ') we
can enunciate as a corollary of theorem 10:

TiiEOREJi Jl. For in<^n tJte geometric types i]'" (in(hi" are dijj'erent.

As, however, for normally connected sets in general the notion

of uuiforui coutinuity is senseless, \\\q iudeterininateness of the number

of (limensioiis of everywiiere dense, countnhle, multiphj ordered sets,

as expressed in iheoreui 9, must be considered as irreparable.

Mathematics. — "An involution of associated points." By Prof. Jan

DK Vkies.

(Gominunicatcd in the meeting of February 22, 1913).

§ 1. We consider three pencils of (juadric surfaces {a'), (6'), (c'),

the base curves of which may be indicated by (i\ p'', y\ By the

intersection of any surface a'- with any surface b' and any surface

c'' an irivohition of associated points, /*, consisting of oc" groups, is

generated. Any point outside «\ ji\ y' determines one group.

Through any point .1 of a' passes one surface />' and one surface

c" : these (puulrics have a twisted (puvrtic (.i)Mn common, intersected

by the surfaces of pencil {a'-) in oo' groups of seven points A'

completed by A to groups of the /". The points of the three base

curves are sim/ii/ai-.

1) Comp. Math. Annalen 70, p. 161.



Tlie locus of I lie (|iiarti(' (.1)^ coiTesponding to tlie (litlerciit points

J of tt' is a surface which uiav lie indicated \>\ A. The cui\es

ii* = (Jr, c") passing through a given point B of ,i' lie on a c'

meeting «' in eight points ^1 ; so B lies on eigiit curves {Ay, i. e.

^* is an eightfold curve of A and the same result holds for y'. A

quadric i' meets «' in eight points ^4 and contains therefore eight

curves (*4)^ ; moreover it has with A the eightfold curve ,:{' in common.

We conclude from this that A is a surface of order 32.

^ 2. The lines joining two points P, P' belonging to the tiame

group of /' form a complex T; we are going to determine its order.

The curves q* = [b', c") generate a bilinear congruence '). Any

line is chord of one 9^; the points Q, Q' determined on the lines m
through M by the <>' with m as cliord lie on a surface {Qy wiih

M as threefold |iniiil ; the tangential cone in J/ projects the q>'' passing

though .^1/.

The two surfaces a" passing through Q and Q' cut m in two

otiier points R. W . The locus {R) of the points R, R' has in J/ a

sevenfold point, any plane ;« through M cutting {Qy in a curve fx'

with threefold point M and the surface a- through M in a conic ;i';

so the seven points Q common to ft'' and ;.t* and diiiering from M
bring seven points R in M. So {R) is a surface of order nine wiih

sevenfold point ^f.

The curve o' common to {R) ami ,u cuts ft' in 9 X ^ — 7x3::= 24

|)oints N ditlering from M, which can be arrangetl into two groups.

In any ])oint of the tirst group MS is touched by an a'-. So these

points lie on the polar surface AP of ;!/ with respect to the pencil

(a-)'). Consequently the first group counts 3X5 — 3 = 12 points.

In any point S of the second group a point R coincides with a

point Q' ; then the point Q coincides with R' in a second point S
and bolli points S lie on the same a'; so these points are associated

and belong to tlie same group of /'. So tlie plane n contains six

pairs P, P' collinear with M, in other woids : the [xiirs 0/ points

of the invohition Z" lie on the rays of a complex of order six.

§ 3. The complex cone of J/ contains the seven rays joining M
to the points J/' belonging with M to the same group of /'. So

1) We have ti-ealed this congruence in a iiapcr "A bilinear congruence of iivisted

quartics of the first species", These Pi-oceedings, vol. XIV, p. 255.

-) The polar surface of (y) with respect to a-^. + Aa'-,. =^ is generated by

means of this pencil and the pencil of planes a,^a_^ + ;a',^ a',. == 0; so it is repre-

sented by a'l^a'x "', — c,; a., "'"r •
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M is scveiilbld on llio locus of (lie |)iiii-s /', /" coniiicMr willi M,
and tliis locus is ;i hvislcd curve (/•)" passing seven (imcs tiiroiigli J/.

Tiie curve [Py is counnou lo llie surfaces [Q)'' and (A')", inter-

secting eacli oilier moreover in the curve of order 15 common lo

{Qy and the polar surface M'; so the residual intersection consists

of 11 lines. The lines are singular chords of the bilinear congruence')

of the curves ()^ = (i', c""), i.e. any of these lines contains oo' pairs

{Q, Q'); these lines are not singular for /^ as these quadratic invo-

lutions -liave only one pair in common.

Amongst these 11 lines we find two chords of (i* and two chords

of V''. So the complex r" contains three congruences (2, 6) and three

congruences (7,3) the rays of wliich are singular chords of a i)ilinear

congruence i,^").

There are 120 lines </ each of which contains a' pairs of the /",

i.e. the common bisecants of the base curves a\ /5^ y' taken two
by two. A common bisecant of a" and ^* forms, in combination

with a twisted cubic, the intersection of an if and a h' ; evidently

any pair of the involution determined on it by the pencil (c") is a

pair of i". So this involution admits 120 singular chords.

The curve (P)^" cuts each of the base curves in 20 poiiifs, as

the surface {QY corresponding to M has 20 points (I in common
with «^ ; the surface n" containing the corresponding point Q' also

contains Q, i.e. Q, Q' is a pair of the /*.

The three polar surfaces of M with respect to the pencils {(f),

(6^), ((•') intersect each other in M and 26 points more; in any of

these points R the line MR is touched hy three surfaces a^,b'',c'.

So R is a coincidence P^P' of the /", the bearing line passing

through M. So the twisted curve {Py^ admits the particularil\ that

26 of its tangents concur in 'the sevenfold point 3J.

§ 4. If M describes a plane A, the three polar surfaces generate

three projective nets. The locus of the points of intersection consists

of the plane A and a surface A containing all the coincidcncies of

the I\
We deduce from

A'
X

X

A' A"'
X X

B* B''
X X

C C C"'

that this surface is of oidcr eight.")

=

') ioc cit.

-) Tills result is in accordaiRc with u tlieuiem of Mr. C!. AgugLia ^Sulla super-
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in four points associated to A ; so '/»" |iasses foiii' limes lliron^iii

liic 'lase ciirvt's «',ji'.-/'. Tiiis is in accoi'dance wilii llic tai-l, liiat

eaoli trace of a base cnrve is llireofold on '/ " and onefold on <!".

The curve d' contains 18 coincideiicics the Itearing' lines of whicii

lie in (he plane, for the curve ri" (§ 4) corresponding to a line /

of '/ meets / eight times. These 18 coincidencies lie on f/'^; so '/''

and (f touch one another in 18 points. Moreover they have 36

points in common in (he 12 traces of tlie base curves; each of the

remaining 48 common |)oints belongs as coincidence to a group of

the f containing still one more point of <(^\

§ 7. The plane '/' contains a finite number of associated triplets.

As these triplets have to lie on '/''' we determine the order of the

locus of the sextnples of points 7^" associated to (he pairs P,/" of v"-
The surface A"'^ passes eight times through ^\ y* and one time

through a\ As ff" has threefold points in the 12 (races of the base

curves it meets A" elsewhere in 15X32—4X3— 2X4x3X8=: 276

points forming 138 pairs P, P' corresponding to 138 points P" of

(x\ A surface a'' cuts if^'" in the four threefold points A and in 9

pairs P, P' more, each pair of which determines six points P" on

a°. So the loeus under discussion has 138
-f- 6 X 9 = 192 points

with d'' in common and is tlieret"ore a curve f/"^ Of its points of

intersection with <( a nundier of 48 lie in the points common to </'*

and f)** indicated above. E\idently the remaining 48 traces of y" are

formed by 16 triplets of the /'. So any phoie contains sixteen triplc/.'i

of associated points.

§ 8. If the bases of the pencils [a''), [Irj, (c^) have the line (/ in

common, three surfaces a% i% c" intersect each oilier in four asso-

ciated points ; so we then get an involution P of associated points.

Any point A of the curve «•' completing g to the base of {a'-)

belongs to oo' quadruples. These (juadruples lie on the twisted cubic

{Ay common to the surfaces b'', c" passing through A and (hey are

determined on {Ay by the [jencil (a").

In the same way any point B of the base curve ji" and <iny

point C of (he base cnrve y" belongs to x' quadruples.

We determine the order of the locus A of the curves {Ay. By

means of the points .1 the surfaces of (//"') and (c') are arranged in

a correspondence (4,4), any surface //' or c' containing four jioints

.1 ; so the surface A is of oider 16.

In any plane through </ (he pencils {/)'), {c') determine two pencils
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in (4, 4)-POiTespoiu1ence witli the Inices B aiul C of .i' and yMying

outside </ as vertices. So A" is vni according lo // and to a cnrve

of order eight witii lonrfold points in li and (,'.

So, the triplets of itoints lusociated to the points of one of the base

curves lie on a surface of order sixteen, passing eight times through

g and four times through each of the other two base curves.

§ 9. Anv point G of g also belongs to a' quadruples. If G is

to be a point common to three cubic curves (a^b-), (b'c'-), (aV") the

surfaces a', b^, c" must admit in G the same tangential plane.

We now consider in the first place the locus <I>^ of the curve

(a'6'), intersection of surfaces a', b" touching one another in (t.

Anj' plane 'f through g cuts these projective pencils (a'), (^>^) accord-

ing to two projective pencils, the vertices of which are the traces

A and B of «' and ji' outside (/. These pencils of lines generate a

conic passing through G, the lines AG and BG determining with g
two surfaces a^, 6' touchin*;- y in G. So g is double line and G is

threefold point of *'.

In the same way the pencils («') and (c') determine a second

monoid if''. The monoids <P' and i)'' iiave the base curve a^ and

the line g to be counted four times in common ; the residual inter-

section, locus of the three points associated to G, is of order nine.

The cubic cones (ouching the monoids in G inter.sect in g and in

five other edges ; so G is fivefold point of the curve [Gy. Any plane

through g cuts *^ and \]j* according to two conies passing through

G and a point A ; in each of the two other points of intersection

three homologous rays of three projective pencils with vertices /I, ^. 6'

concur. So g is cut, besides in G. in two more points G*, each of

whicii forms with G a pair of associated points. So the pairs of

the /' lying on g are arranged in an involutory correspondence

(2, 2), i. e. g bears four coincidencies. This proves moreover that

g is a sevenfold line of the locus G of the curves {Gy ; for in the

first place any point G is fivefold on the corresponding (6^)" and it

lies furthermore on two suchlike curves corresponding to other

points of g.

The curve {a''b-) meeting y' in a point C rests in two points G
on g; so C lies on two curves {Gy, i.e. y" is double curve of G.

The curve (rt'6') contains the two triplets of points associated to the

points of intersection G with g. Moreover it has in common with

the surface G in each of these two points G seven points and two

points in each of ilic eight points in whicli it rests on «' and ji\

So we liiid liiai G is of order 12. So, the points associated to the
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points of g lie on a imrface of order tinelve, pasnivij seven times

throiujii <j and tinice throuyh each of t/te hase curves.

It" tlie iKiiiil (1 of _(/ lies oil ((', ilic surfaces (i' adiiiil in (J a

{(miinoii (iuigeiitiiil plane, the i)liuie tlaougli ij and tlie tangent / in

(i to /(" ; so these surfaces determine nn the curve (/>V'') touching t

in (j an /' of associated points. The cone k" [irojecting «' out of

(i cuts any cur\e {Ij'c') tlirough G in a lri|)let of associated points;

therefore these |)oints lie on the intersection of /' with the monoid

X'' containing all these curves. So, for any of the six points common
to g and a base curve, (fV)" l)reaks up into a twisted cubic and a

twisted sextic.

Any common transversal (/ of //. u\ p" and •/' forms with g the

partial intersection of three surfaces a'', //', r" with two more points

in common; these two points form a group of tiie /' with any pair

of points of (/.

The lrans\ersals of g. ((', and p' generate a scroll of order six

with g as livefold line; for the cubic cones projecting a^ and jJ" out

of any |)oint (t of g admit g as double edge and intersect each

other in li\e lines of this scroll. On g this scroll has 10 points in

common with y'', so it cuts y" outside g in 8 points. So, tlie base

lines g, «', p", y'' admit eight common transversals and therefore eight

pairs of points belonging to oo' groups of the /'.

Evidently the eight lines d lie in the surface A" of the coinci-

dencies; of this surface g is a frefold line.

§ 10. The pencils [a''), (/>') determine a bilinear congruence of

twisted cubics o". In general any ray )n of a pencil (.17, ft) is bisecant

of one u'' ; the locus of the points Q, Q' common to m and this ^'

is a curve [Qy with a double point in Af. In the manner of ^ 2

we introduce as auxiliary curve the locus of the points R, R' still

common to m and the- surfaces t° through Q and Q' . The surface

c'' through M cuts {QY in .1/ and in siv points Q; so M is a six-

fold point of the curve (A') and this curve is of order eight.

The polar curve of J7 with respect to the pencil of intersection

of ((•') and (I intersects {Q)* in .17 and 4> 3— 2 =: 10 other points,

lying also on (A')". So 4 ;, 8— 2 a 6—10^ 10 points are arranged

in associated pairs. So, the pairs of points of the involution I* lie

on the rays of a complex of order five.

Any point G of // is associated to two points of g, the points

common to g and to the curve {(rY corresponding to (r. So g is a

singular line of the /\ the paiis of pnint^ lying on il generate an

iiivniutory (2,2).

83
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Also the 27 coininon bisecants of «', ^', y' taken two by two

are siuijnldr bnes of tlie /'. A cominori cliord of fr', (i' bears oo'

pairs of points determined on it by the pencil {c'').

§ 11. We now consider the locns X of the points P' associated

to ihe points P of a line /. To the points common to / and each of

the surfaces A^', G" correspond respectively i6 puints of <t' and 12

points of (/. Any surface a' contains these 28 points /* and moreover

the two triplets corresponding to Ihe points common to (t^ and /.

So the locus A is a curre of order 17.

As / contains eight coincidencies PzizP' it is an eiglitfold secant

of the curve /." ; so any plane
(f

through / contains 9 points P
associated to points of /. So, the pairs of associated points lying in

a plane generate a curve of order nine.

The curve {Gy corresponding to the trace G of // meets <i in

four points; so (r is a fourfold point of the curve </^'. In an analo-

gous way the nine tiaces Ah Ih-, Ck of the base curves are doid)le

points of </'.

The intersection d' of (( and the surface of coincidencies has a

fivefold point in G. So 7," and d' intersect each other in 9x8 —
— 4 >, 5 — 9 X 2 = 34 points differing from the traces of the bases.

To these points belong the points of contact of the curves, corre-

sponding to coincidencies of tlie [* the bearing lines of which are

contained in <i

.

In order to determine tlieir luimbci' we consider the three pencils

of conies common to 7 and {a^), (//^), (c"). The polar curves of these

pencils with respect to a point P depcribing a line / generate three

projective pencils (a'), (/>'), (f"). The first and tlie second generate a

curve f" with G as node and passing through the three base points

Ak of «' and (he double points of the three pairs of lines. The curve

h* generated by the pencils [a*) and (c') a'so contains these points.

So 6* and c' admit 25 — 4 — 3 — 3^15 points of contact of three

corresponding conies forming therefore coincidencies of the /^ with

a bearing line lying in <i

.

So 7' and f^ have four coincidencies in common the bearing lines

of which intersect the plane 7.
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Physics. — ••The diffraction of /'^/fcl-oiinii/iicfif lonn's /x/ n cr;/slii/."

1>V Dr. 1j. S. Oknstkin. (Coiimmiiicatcd In' I'lof. II. A. LoUKNTZ).

(Communicatfd in lliu meeling of Fobr. :2"j, 1913;.

Ill (lie "Sitzmijisbericlik' dor KiMiigl. Bayerischen Akadcmie der

VVisseiiscliaCteM" ') M. Lm k. has piililislied a tlicory — and logetlicr

witli Messrs. Kkii'.dkkkii and Kmppini; e.xperimcnis also — abon( lliis

Iiiglily reiriarkablo phenomenon. W. L. BRAfio, in a paper entitled

"Tlie diflVaclion of slioi-t elect roniagnctic waves by a ciystal" ")

doubts of llie e.Npiioation of this experiments given by IjAI'k being-

sat isl act oiy. lie proposes an elementary theory, in which he points

out that we can describe the phenomenon of Ij.\ue by regarding all

as if the Rontgkn rays weie rellecled on the sets of planes that can

be bronght through the niolecnlcs of the crystal. In the following

lines I will develop the theoi'y proposed by Bk.agg, and at the same

time 1 will give a provisory discussion of some experiments made

ill the riiysical Lalioialory of the Uiii\ersity of Groningen which

Prof. H.\GA has been so kiiiil as to put al my dis[)osaI, for which

I may cordially thank liim here.

I will confine myself to a regular crystal, the extension to crystals

with (jiher Buavais or Sohnkk iioiul-systems being possible without

any difficulty.

1. Let us suppose a plane beam of Rontgen rays (direction of

ray: .c-axis) to strike a regular crystal, of which one of the cubical

a.xes (if the jioint system is set parallel to the incident beam. The

origin of coordinates is chosen in a molecule lying within the crystal

in the middle of the part through which the rays are propagated.

The // and ;-axes are oriented parallel to the other cubic axis. Be the

length of the side of the cubes a. The coordinates of a molecule

of the crystal then are

,v = k^ a y =
.(-J

a 5 = i, o . . . . (1)

ill which l\, k^ and l\ are positive or negative whole nuiubers.

We shall e.xamiiie the influence of the rays in a point with

coordinates g, j^, i;, at a distance ; from the origin.

Now whatever may be the constitution of primary RoNTGiiX rays,

we can always imagine the disturbance of equilibrium being dissolved,

according to the theorem of Fockiku. into perioilical movements. In

1) Loc.cit. June 8 & July 6 1912. hiterferenzerscheinun^en bei Rontgenstrahlen.

^1 Proc. Cambridge I'liil. Sor. '.oi. X\ll, l\iil 1. Tiie dilViai-tion of short eleclro-

niiiuneiic w liy a crystal.

83-
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the same wav, the movement ami radiation of moleiniles can be

described. Tlius knowing the efiect ot^ the radiation from the mole-

cules when a periodical radiation strikes them, we can from this cal-

culate for each case the intluence of a crystal on Rontgen rays. I

will therefore consider the problem of a radiation of the wavelength

X strildng the crystal. Under the inlluence of this radiation the

molecules will emit spherical waves. I will indicate the vector of

radiation for the radiation emitted bv a molecule situated at the

bv

A ^ /" t r
- cos 2.-T

r \T X
(2),

this formula representing the vector of radiation in the point ^^jS,

while ^1 depends on the direction. The radiation of a point (1)

in the point § »/ § is now represented by

-cos2:t\-
Q \T

denotes the distance of 5 Jj 5 from (1). This distance iswhere q

given by

r r r

Substituting in the amplittido q by r (which is allowed since k^a

is small compared with /• etc.) then we get for the vector of light

considered

A— cos 2ji
r

r
1 ^•,-=^*.-^<.|-

2r/l \r r r
(3^

And in order to tind the total vector of radiation we have to

sura up the expression (3) over all molecules struck (or rather put

into vibration) by the primary radiation. In doing so we obtain

the formula given by I.aik and with that, his cones of maximal

intensity.

However, we can show that there are other maxima still, besides

the cones of L.\i'k. I will suppose r to be so great that we can

neglect the fourth term.

The maxima that do not appear in L.\uk"s theory can be made

to appear by first taking into account the interference of the points

for which

\ r J r r
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Fiirtlier I wil siihstiliilo =/, \>y a, '},. by (?, '/r hy y, llicii

«' -j- (?' -f y':= 1, thus ill lliis iiotalioii wc Iiave to fix our altenlion

upon tlie iiitcrferenco of the raiiiatioii from tiiose points for which the

numbers k satisfy the equation

k, (1—«) — ii k—^ k, = 0.

Now if liiis equation determines a great number of points, the

pnlses originating from the molecules will interfere without differ-

ence of phase.

This will be the case when the plane

X (1—rt) — y ^—z y =
passes through the molecules of the crystal. Now, a plane Ihioiigh

molecules may in general lie represented by

a ,f + b y + C - rr: 6 (4)

where ti b c are whole numbers, that we constantly suppose to be

reduced to their smallest values [lossible. The values of «,?y, where

maximal intensity is thus to be found on account of the cooperation

of the points of a plane, we can find b}' putting

1—

«

_ /j_ y

a b c

while «' + (J^ + y' must be 1. From this we find (J^ 0, y = 0,

r< = 1 (i. e. the light transmitted directly, a point of interference

that is not observable) and

I' + c' - a»

^= . , ,.. , 7^ (5)

a'
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The set of values (5) satisfies (6).

Ill t\m wav we have sliown the niaxiimim to lie really in the

direction of rellection. We can see this without calculation, and I

principally gave the above calculation to show the connection between

I.aue's considerations and mine.

For if P the oriiiin of rays, and L the point of observation, both

are situated at a distance tVom the molecules of a plane which is

infinite with respect to the dimensions of the plane of which .1 and

B are arl)ilrary molecules, then the way PAL = PBL, and there

is interfeience of the light emitted by the molecules, if the angles of PA
and AL with the normal of the plane are equal. Thus there is

interference in L, if the point lies in the direction of the ray

reflected in the plane. For the rest the disturbance of equilibrium,

if A' is the nnmber of panicles of the plane, will be A' times as

great as the disturbance caused by one particle, and therefore the

intensity will be A^' times as great.

The intensity of the maximum is of the order of the number of

molecules in a plane, i. e therefore, of the order of the "two-cone"

maxima of Laue. As we may now presume, all pulses will interfere

in the same direction which originate from planes in the crystal

parallel to the one considered. The equation of similar planes is

ax -\- by -j- cs :=: ± sa

where I must be a whole number, .vf/z being whole multiples of the

side a, the coefficients a, i\ and c also being whole numbers.

Expressed in ri,-i)' the equation takes the foi'm

.v{\-a)-yi}~2y = <l.

We therefore have

a b c «a .

which gives for <(,?•/ the same values as in the preceding formula,

whereas we have

2 a

or

a\/c,(\^n)

a' + b* -I- c'

-K-A
is a a.

It is

a' + b' + c'

easv to iniioduce into this formula the smallest distance of

the planes under consideration. It amounts to

l^a' -1- b' + c'

For if
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<\.r -\- i\i/ -^ (z = (I is a piano, \vc pass (o unodicr jtlaiit' of iIkj .-aiiio

kind l\v putting:

ii,f -f ('// + cz ^= d + («,(! 4- /J,l) -f y,c)a

where «, ,'^, y, arc whole munbors. Now tlic distance of the two

phmes considered is

a
(«,-^ + i?it^ + r.c)

|/n' -f b' + c'

wluc'ii, >! b c |)oing given, must be a niininmni. 'I'liis luiniiiiiiin is

reached if '<i,(?i,y,, are sucli that

">i + i-?.l^ + y.«: = l-

a, b and c being given, this equaiion can always be satisfied in oc'

ways. The niininiuin distance of the planes 1 will represent by /,„. We
may still observe that in applying the above results we have the means of

easily comparing the number of molecules lying in the different planes.

The number of molecules that each plane contains will be greater,

the greater the distance of the planes of a given kind is. If the number

of molecules pro unit of volume is r, then a plane with parameters

V
a h c, contains — molecules pro unit of surface.

i/a' + b' + c'

The plane of the kind considered, denoted by the parameter .t.

contains iVs molecules. The contribution to the vector of radiation,

originating from this plane, thus amounts to

NsA ft T 2s I /m
COS 2.T

I ;i/,,« + b» -f- c=

Taking the sum with respect to s over all possible values, then

we obtain the total vector of radiation originating from the emission

of molecules. Generally, however, the contributions to the vector of

radiation here considered and originating from parallel planes, are

incoherent, unless, which may exceptionallv occur, ). and

—

—

are mutually measurable. If we have to do with several wave-

lengths, this will certainly cause incoherence.

Now, the intensity of the maxima observed can easily be found

if for a moment we imagine an equal number of points getting into

vibration in all planes considered. Then, if u is the number of planes

considered, the intensity is

nN\
where nN"^ is therefore substituted for
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tlie molecules struck by radiation ^1, then we see that the intensity

of the maxima is j)roportional to

so lliai tlie spots are the more intense according as they are

caused l)y |)laiies in whicli liu' nunrner of molecules pro unit of

plane is greater. ') We can even to some degree extend what was

observed above, so as to come to a conclusion which perhaps can

be controlled by experiments. Take an .r-axis in the direi-tion of

the noimal of the planes, then .v will pass through the values

± /„ ifc 2/,„ db kl,n etc., in wliich the same positive and negative

value ought to be taken for v, when the origin is chosen in the

centre of the plate. For each value of x the part cut off IVom the

plane by the incident beam can be calculated. Be this part S,, the

number of molecules pro unit of plane is r/„„ tlie contribution to

the intensity of the plane S,., therefore

and the total intensity is therefore r' /,„' ^S,.'', for which we may
approximately write

r'/,« |S' diX.

By applying this formula in different cases, we may come to a

further trial of the theory : however, we do not yet possess the necessary

l)liotometrical experimental measurements. The intensity of the maxima

now under consideration is greater than that of the ''two-cone"

maxima of Laue (of the order 10' times as great), it is, however, of

the order 10" times as small as that of the 3 cone maxima of Ij.me.

However, the experiment forces us to such a degree to accept the

explication by reflection, that probably in no other way than in the

one described above the photograms may be explained, as I will

show below.

We may still observe, liiat in the consideration as given above,

the molecules are assumed to contain only one electron. We can,

however, easily get rid of this supjtosition by multiplying X and

V by .s', where .»> is the number of electrons pro molecule. Perhaps,

by taking this into account, we may derive an estimation of the

proportion of the numbers of electrons pro molecule in different crys-

tallised matter.

') We may here observe, that by Hiis we have the means of comparing the

number.s N, in matter with given density, for planes that are struck by equal

radiation under similar circumstances.
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We limy also observe, tli.il in llic (liio<'lioii of |Im> iifopagiitioii of

llie |irimar\ radiation loo an inlerferenee can l)e noticed between

tlic secondary pnlses emilled and tlie primary radiation. At this

interference a dilTerence of piiase sliows itself, wliidi to such a degree

diininislies the primary radiation as is necessary to deliver the energy

of secondary pnlses emitlcii in tiie directions of reflection.

We can still somewhat nearer consider the influence of a single

plane. Be (he reflecting |)lane cliosen as y-"-p'''"^> ^''^ ^''^ .n/-plane

the plane of incidence, and « the angle of incidence. Let us now
consider the vector of radiatio)i in a point

X =z r cos a, y =z r ain a + ij, z '= C.

The vector of radiation is given by

-2. ^ cos 2.T - —— + ^- Ij + -— U.
r /•, *., V-' ^- ^'^ ^-^ J

which, when summed up with respect to {\ and k,, will give

cosa.Tl tcosN— rrco.siv — .T«t«(iVfl)—- jr«iw(/V-|-l) :

r \T X J 2A 2A 2A 2A

sin —— sin —-—

For
»i
= ? =: we obtain the ma.ximnm found abo\e (diflVaction

maximum of the order zero) with the intensity (here given.

A second maximum (first maximum of dififraction) could appear if

»ja a? 2;. 2;i

^ =1, or ^^1, or thus it j- =r — or ijnr — . Now r is about 4
2A 2^ a a

in the experiments, and a is of the order 10^**; should / be much
smaller than a, then this second maximum would be observable. In

the photograms we do not find diffraction-rings of this kind. Thus if

the wavelength is very small with respect to lO"* then such images

do not 0CCU1-, Init if A is of the order of a or not much smaller,

then we can neither observe such images, the latest estimation

giving for / a quantity of the order 10"''. This might well thought

to be consistent with the result that circular fri)iges do not appear

on the pla(es.

Bragg has explained tlie form of the spocs, — ellipses whose long

axis has the direction of the line perpendicular (o the plane ofiuci-

dence which belongs to the plane observed — by obser\ ing tha( (he

different layers are struck liy waves not wholly parallel. Howe\er,

he does not take into account that in each point the radiation of

molecules pf all the planes interferes. The form might rather

be explained by observing that the intensity in the said direcdou
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approaches less rapidly to zero llian lliat in tlie direction pcrpeiulioular

to it, whereas we have also to take into account that the distance

between the source of radiation and tlio |)oint of observation is not

infinitely great with respect to the dimensions of tlie plane struck

by radiation. Trying to explain the form of the spots by assuming

a rectilinear propagation we do not come to the right result. E. g.,

if we have to do with a reflecting plane lying oblique to the beam,

then the photographic plate would cut the reflected cylindre just in

an ellipse, whose longest axis is perpendicular to the direction in

the plane already considered, whereas on the photograms we observe

just the contrary.

In the pencil the beams are not wholly parallel. What is the

inlluciice of this on the ditlVaction imager If the beams forming a small

angle will have to give ilie same reflected beam then the reflecting

planes must form a small angle too, and otherwise. Now if o,r -|-

-{- by -|- ^"- = is the plane rich in molecules, then a plane very

little differing from it as to its direction will be

where j), q, r are large whole numbers ; or,

gr (pa + 1) + (t? + l)pz-\' (-•<? + 1) P'7 = .

This plane however will be very poor since /„, here becomes

1

. , -, which is verv small. The forming of the patterns
[/fr*(p^+ \r+ ...'

' ^ '

is thus exclusively ruled by the planes very rich in molecules. Of course,

each of tlie pencils in the incident beam gives a reflected pencil to

a plane rich in molecules, but since the incident beams differ but

a little, the reflected ones will not do so either. Always, when among

the planes considered one is lich in molecules the spot will be formed

by the influence of one of the pencils.

When we want to consider directly very thin ]iulses, we come

to a problem which agrees in some way with the one treated by

Prof. liORKNTZ '). However, we can now directly consider the pulses

reflected liy the molecules, wliich were ilealt with in this treatise,

to be combined to pulses formed by the planes rich in molecules,

since in this case each of such planes gives only one piil.se. This fact

hinders the coinciding of the pulses considered in the publication mentio-

ned. Take e.g. pulses originating from a definite set of planes, be the

dimension in the direction of the normal /, then we have — pulses.

i)VerslagenKon.Akad.v.\Vet.XXl 1912 '13p.911., Over den aardderRontgenstralen",
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dl' |Mil-(' iliickiiess L, togetlier liaviiif^' a lliifkness /' = - L or

/' A
— ^ —

• , wliifli is i\ Hiiiall (juaiilitv so loii^- as A is small with respect

to /,„, as is generally tlio case. Wlicii the pulses do coincide, which

again will be tiie case when we take into account the primary dis-

turbances of equilibrium emitted successively by the anticathode, then

the cousi(l(Matioiis developed by I'rof. FjOuentz must be applied. Thus

also wlieu opcrati/ig with the hyiH)iiiesis that the Rontgiw rays

exist ui pulses, the incoherence of the pulses originating from

the different parallel [)lanes is a matter of fact, and therefore akso

on this assiiniptioii the intensity ()f the s|)ols in tiie photogram

will be proportional to ihe number of molecules pro unity of sur-

face of the corresponding plane. We may suppose that in this

direction also the solution is to be found of the (piestion why the

effect of the motion of heat which causes the molecules to vibrate

around the corners of the net, is so small.

Now we may still with a single word discuss the pliotograms

which were at our disposal.

The way in which they were taken agrees in many points with

that of Laue, only it has been somewhat less complicated. In order to

shorten the time of exposition, a fluorescent screen was used. The

spots occurring on the plates may be arranged very conveniently into

ellipses, hyperbolas, straight lines and sometimes parabolas ; as Br.\gg

has already e.Kplained, points of such a conical section originate

from the reflection on planes rich in molecules, which have a line

rich in molecules in common. The conic section then will be the

inter-section of the photographic [)late and a cone, produced by letting

the incident beam turn about the said line rich in molecules.

The pliotograms at my disposal were

:

1. Rock-salt. The direction of incidence was lying along a cubical

a.xis. The diagram produced agrees wilii tlie one for zinc-blende. The

distance of Ihe crystal from the photographic plate was 4 cm.,

while 3.56 in Laue's experiment. By magnifying Laue's pattern in

the corresponding proportion I got one per/ectli/ congruent with

that of Prof. Haga. Only a few olli[)ses were 'missing or were re-

|)resented less intense, which may be attributed to the fact that

with NaCl the net is centric cubical, whereas ZnS shows cubes

with centric cube faces. This agiees with the crystallogi'aphically

deducted cloavaliilily, which lies in the direction of the plane richest

in molecules. The fact that the palterns for matters of totally different

kinds are identical, is a strong proof for the above developed theory.



2. C'lF^ transinilliiig ilic rmliation along a triangular axis, gave

a pattern identical with ZnS.

8. Topaz, transmitting radiation in tlie direction of the bisectrix

of the acnte angle of the optical axes, gave a pattern which can

be explained by assuming the net of the molecules to be built up

from parallellograms with equal sides in the plane perpendicular to

the bisectrix, and bj points perpendicularly placed above the net

points obtained in this way.

From the photogram I calculated tlie angle of the pg. It

amounts to 66°10'. A trying of this angle with the angles of the

planes of the prism, known from crystallographic da|a, gives a

suitable agreement. I hope to have an opportunity to calculate the

proportion of sides etc. for more types of Brav.xis nets. We may
suppose that in this way we shall obtain the possibility of deciding

between the different structure tlieories, and of coming to a rational

description of crystals.

4. The experiment of reflecting Roxtcen rays on the cleavage

plane published by Bragg in "Nature" of 23 of Dec, was repeated with

mica. Because of the plate being longer exposed this time, there

appeared on the plate, besides the reflected spot upon the planes

parallel to the cleavage plane already found by Bragg, also a number

of other jjoints of which by far the greater part were lying upon

an ellipse rather changed into a circle. For jjlanc of incidence the

principal cross-section had been chosen, the photographic plate was

placed perpendicular to the plane of incidence. The circle was lying

asymmetrically, although the plane of incidence had been chosen

in a principal cross-section.

Supposing the monoclinic net for mica to exist in a rectangle (in

the cleavage-plane) and a side inclining with respect to this rectangle,

lying in a plane perpendicular to the cleavage plane, then in order

to explain the patterns we must take for the proportion of the sides

of the rectangle and the inclining side 8 : 13 : 100, and besides we

must suppose the angle of the cleavage plane and the inclining side

to amount to 85°. The pattern obtained can still better be explained

by using the second net of the monoclinic system. The basis then

is a pi/ with very long and almost equal sides, and an angle of

about 85° between the short diagonal and one of the sides. The

third side is pei'pendicular to the pg considered, the rectangle through

the short diagoiuvl of the basis is centric. The cleavage plane then

is // to this rectangle. This structure shows for mica an approach

to the hexagonal type.

The same results were shown i)y the pattern obtained when
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mica was crossed hy ;v railialioii in a dircclioii pei'^ciidiculiU'

(n llic clt^a\age plane. Tlic iiiiolduiani so obtained was iiincli

weaker, allliongli liic lime ol' exjiosition was laUen equally long,

and allliongli llie inlensily of llie primary radialion was llie same.

This may he explained by observing that in llie reflcclion llic cleavage

jilane rich in molecules gives a spot, which does not a;»|iear with

the transmilled radiation. I>nt the other images are to be taken with

respect to coi'respoiiding planes. The explication therefore must I'lin

otherwise. In both cases a cylindrical pencil with cross-section of

about J mm. strikes the |)late. Consequently the |)irt struck by

radiation of the plane richest in molecules, the reflection taking

place under an angle <i near 90°, is a good deal greater,

I

nameh in the proportion , the number of working layers being
cos a

the same. In the most unfavourable case of the vector of radiation

lying in the plane of incidence, the working vector of radiation,

if (t = 90 — ji where (i is a small angle, is — Ssin2t-i.

The intensity of the image reflected thus will be proportional to

rsin''2^{oa,y
(where o is the diameter of the pencil, to the number

sin' ^
of particles pro unit of surface). For the case of the vector of

radiation lying in the plane of incidence, sin 2,i in the nnmerator

is to be substituted by the unity; then the intensity will be great.

As the incident pencil is not polarised, we have to expect a stronger

effect with the reflection than with the light being directly transmitted.

5. The reflection on rock-salt (perpendicular to a cubical axis)

again gave a set of rpots very clearly observable, situated on conical

sections through the central spot. The spots were lying close together

on the plate; as may be supposed they are partly to be assigned

to different not wholly parallel layers in the crystal.

Anatomy. — " N^erve-reijeneration after the joininy of a motor

nerve to a receptive nerve." By Frtif. .1. Bokke.

(Communicated in the meeting of t'ebniaiy 2'2, 1913).

After the primary discoveries of Fontan.v, Monko, Cruik-shank, at the

end of the 18''' century, no phenomenon of life has been more

closely studied than the process of nerve-regeneration. Attention

was drawn to the priniaiy degeneraliuii of the peripheral portion of

a cut nerve deprived of its trophic centre, the ganglion cells (W.m.i.kr),

and the' manner after which a new nervous union was established
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by the growing out of the fibers of the central end into tlio ol<l

piitli of tlie periplieial neive-portion became belter and better known.

It was seen liow the new nerve-fibers [growing out from the cut-end

may extend to the organs normally sn|){»lied by llie nerve in question,

form new end-organs anil how thus even a fiinclional regeneration

may take place, li was seen iiow regenerating ner\ e-tibers may even

grow into a nerve-palh belonging to anotiier (cut) nerve, and how
motor fibers from the cut-end of the nervus accessorins for example

may grow into the |)eriplieral degenerated |)ortion of a cut facialis

nerve and thus in the end provide with motor nerve-endings the

atrophying muscle-fibers of the mimic muscles.

This plienoMienon leads naliuaily ii|i lo (lie <pieslioii. \\ hetiier it

would be possible, after a nerve containing motor and recejitive

fibers has been severed in its course, that motor nerve-fibers from

the cut-end grow into degenerated receptive fibers of the peripheral

portion of llio nerve, and \ice-versa.

Tiiis i|ue^.tion, which was studied for the first lime by Biddek in

1849 and more closely by I'hiui'R.mx and Vii-pian in 18l}3 and

1873, and by ditterent authors in the course of the years, has been

answered almost univeisally in a negative sense. Even I.an(;i.ky and

Anukkson, who studied the (jueslion as late as 1904, denied the

functional and trophic regenerative union of motor and receptive

fibers, and Hkthe, who studied the question for (as far as I oould

gather) the last time in 1907 M, gives as the results of his investi-

gations the following statement : "dass audi unter den fiir die Ver-

einiging giinstigeren Bedingungen (nach Durchschncidung der molo-

rischeu W-.uv.eln) eine funclionellc oder audi nur tro[)liisclic Ver-

wachsuug zvvischen rezeptorischen und motorisehen Fassrn niclit

eintritt." (I. c. page 481).

And yet, notwithstanding these slateiuents, liie qiiesiion must be

answered in a positive sense.

To study the question, the same course was taken as that followed

by Phii.ipeaux and Vulpian making their classic experiments in ISii'S

and 1873 (Vl'I.pian). The nervus lingualis and the nervus hypoglossus

of the same side were both cut througii. Only I did not join the

central end of the lingualis lo the peripheral portion of the nervus

hypoglossus"), as was done by the investigators mentioned above,

but followed the example gi\eii by I'iktuk in 1903, and joined the

') PrLuyErt s Aiciiiv. lio Bd. iilOT.

-) In a second note 1 liope tj describe the results of tiiis line of experiments.
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central end of (lie n. Iiypo.^lossns (o the periplioral porliim of llie

iierviis liiifiiialis. Tlie two oilier nerve-ends were bulli cxstirpaled as

fai' as they could be readied.

The entire cycle of ex|>eriini'Mts was the following:

a. In a niindter of fnlifirowii hodi^e-iiogs (14 in all) the ritrlit nervns

hypoglossus was cut Ihrungh, and the ends joined together. After a

lapse of several days, weeks or months ilie animals were killed, the

bloodvessels wcmv rinsed by means of the ilnid of Ringek-Lockk, and

the tissues were jireservetl by means of an injection of a very slightly

alcaline solution of foi'malin into the aorta ; afterwards the nerves

and the nerve-endings inside the tongue were stained by liie

BiEi,S( iiowsKY-melhod, and cross-sections or sagittal sections of tlie

tongue examined under the microscope.

The phenomena of regeneration of the motor liliers after the reunion

of the severed ends of the n. hypoglossus I will not discuss here.

In this comieclion it oidy interests us to know, that in preparations

made of the tongue of animals killed 5 to 10 days after they were

operated upon, all the libers of the n. hypoglo.ssus of the right half

of the tongue were entirely degenerated, the (ibers of the nervus

lingualis ha\ ing of course remained entirely intact. In Ihis way I

obtained a very accurate insight into the topographical relations, the

course and distribution of both nerves throughout the tongue. These

relations are very systematic, so that when we only take care to

compare analogous cross-sections of dilferent tongues with each other

we are able to tell immediately in a given cross-section the places

where the nerve-fibers of the n. lingualis and those of the n. hvpo-

glossus (at least the lai'ger rami) are to be found. For a safe and

accurate judgment of the results of the following group of experi-

ments (o) these preliminary expeiiments are absolu'.ely necessary.

b. h\ another series of full-grown hedge-hogs at the right side

of the neck the nervus lingualis and the nervus hy[)oglossus were
cut through, great cai-e being taken to make as small a wound as was
possible and to injure no other elements. After this the central cut-

end of the n. hypoglossus was joined with the peripheral portion

of the n. lingualis, the two other ends were exstirpated as tiir as

possible, and the wound closed. After a lapse of some weeks or

months the animals were killed, and stained sections through the

tongue examined after the manner described above. To prevent

ulcerative [irocesses to occur in the lamed and anaesthetic half of

the tongue, before the operation all the teetii of the right side of the

mouth were stripped of their crowns. After that ulcerativL' processes

in the tongue did not occur any more.
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Exiimination ol' llie place <if socfioii of tlie nerves sliowed in llie

first place tliat in tiie n;reater half of the oases, viz. in 11 of the

20 aniinals of group l> which were operated upon, a complete union

of tiie heterogeneous nerves had taken jjlace. The central cnt-end

of tiie hypoglossus adhered iirmly to the peripheral portion of the

Jingualis, and ufler one or two niontiis the peri|)heral portion of the

joined nerve had turned white again, viz. had become myelinised.

After a due lapse of time even the place of union of the nerves,

the cicatrice itself, wa.s white. I however got the impression, that

the process of union of tiie cul-ends has a somewliut longer duration

tiian after llie dissection and joining of homogeneous nerve-portions.

The experiments of group n sliowed, thai already after tlie lapse

of one moiitli regenerating nerve-fihers wcie visiliie in the tongue,

and after one and a lialf luontli regeneraliiig motor endjilates were

visible on tlie muscle-fibers even at the lip of the tongue. In llie

experiments of group h it was only after 2 or 3 months, liiat I

was able to detect the regenerating libers inside Ihe tongue.

These results were confirme(i in all points by the microscopic

examination. The regenerating nerve-fibers of the hypoglossus had

grown through the cicatrice, had reached the peripheral portion of

the lingiialis and had grown into il just as in the regenerative union

of homogeneous nerve-ends. Sections through Ihe place of union tend

lo show the same intertwisting of the neurofibrillar bundles, the

regenerating axons, in the cicatrice, the slow forward movement,

and at the end tiie same picture of the regenerating axons penetrating

into the channel of Ihe degenerated perijiheral jiortion. in casu the

n. lingiialis. Nearly all the regenerating libers of the hypoglossus

penetrate into Ihe peripheral iiorve-end, in casu the n. lingualis. A
few fibers only pass alongside and are seen growing out into the

surrounding tissue, the perineural connective tissue.

The examination of the microscopic sections gave me however the

same impression as the macroscopic inspection, viz. that the process

of regeneration, especially of the penetrating of the regenerating

axons into the perijiheral nerveend (liiigualisl has a somewhat longer

duration and slower inovement than in the union of homogeneous

nerve-ends. The iiilcrtwisling of the axons is more dense, and a

greater number of the so-called spirals of Perroncito are formed.

As however the -lervus hypoglossus possesses a far greater number

of nerve-fibers than the nerviis lingualis, finally the peripheral nerve-

end (lingualisj becomes entirely lilled-up with the regenerating axons

of the hyjioglossus nerve.

The exaiuiiialion of the cross-sections through the tongue gives
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Corrcispondiiig results. Wlioii wo cxiUdine siicli ;i cross-sectioii in a

siioccssCiil cxporimcnl (iuid only llioso arc rotisidi-rcilj. wv fiiiil .ill (ln!

soclioiis of liio hninclios ol' ihc n. iinftiialis lillcd vvilli rcgeiieraliiig

iicrvc-liliors, whilst lliosc i\\' ilic ii, I lypoglossiis arc entirely (or nearly

so) devoid of llicin. sllO\villj^• only Hio so-crtlied bands of BiJNGNKR

of the degeneralcd ner\e-(id)es.

This is — and that S'i^'cs ns the answer lo Ihc (pieslion mentioned

above, \^hy no ji/ii/sid/ni/icd/ re<>('iieralion is lo lie lomid not only

the case with the larger branches, bnl also the sin.illcr and smallest

bi'anclics jiresenl die same asuecl. Wiicn the larger branches of the

hypot^lossns are devoid of reneneratinj;' axons, no li-ace of tiiese is

to be found even in Mic smallest branches of tlic hypog'lossns, w hiist

even the smallest branches ot the liufiiialis ai'e fnll of regenerating

axons, and a dense plexus of regenerated nerve-fibers is present in

tlie mucous mendirane of the tongue, in the i-onnective tissue of

the submucosa, but not a single motor nerve-plate is to he found

on any of the niiisclc-lib(^rs, in sharp coiitrasi lo w hat \v(> find after

the I'cgeneration of the ner\c'-til)ers of the hypoglossns into the

perij)lieral end of the hypoglossns itself (gi'oup a), where we find

everywhere the regenerating end-plates on the mnsele-fdiers.

When regeneratiun' ner\e-fib(Ms have penetrated into the old chainud

of a peripheral degent'raled uer\e. if clearly is impossifile lb)' them

to get out of it and they arc com|)elled to travel it to the end.

Nowhere is this rule demonstrated so cleai'ly as it is done here.

The lirauch(^s df the lingualis nerve wind their way towards the

linal station, the mucous mend);'ane, between the bundles ofmnscle-

(ibers, and often seem to come into close contact with them, as is

clearly shown by the examination of the sections in the experiments

of gronp a. And yet not a single nerve-fiber of the regenerating

hypoglossns ner\o leaves the channel of the lingimlis in group h

to form an endorgan on the muscde fibers as it is to be seen every-

where in the experiments of gi'onp a ').

Now the (jnestion ndglit be asked, whether these regenerating

nerve fibres growing into the peripheral end of the nervns lingualis

are in reality hypoglossns fibres, and whether it is not more jn-obable

that the ingrowing fibres are after all lingualis fibres, which grew

ont from the central end of the lingualis and have found their way
into the old nerve channel. To exclude this source of errors, in a

number of animals, in which 8 and 4 months ago the central end

of the 11. hypoglossns had been joined to the peripheral end of the

1) J. BoEKE, Ueber De- iinrl Rngcneraiioii iiidIiii isriuM- Endplattcn, etc in Voiiiamil.

(lor Anal. Gesollscli. Vursaniml. in Miinciit'n. Afiiil I'.H:2. S. 152
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n. lingualis (group I'), llie cicatrice was opened again, and after it had

been ascertained, that the nerve-ends liad grown together and that

the peripheral portion wa-; nivelinised already, the central cut-end

of the nervns lingnalis was [trepared again, and cut out with apart

of the surrounding connective tissue as far as it was possible to

reach it, the connective tissue being exstirpated because it niiglit be

possible that some nerve fibres from the central end of the lingnalis

had grown into the connective tissue and Worn there had reached

the point of joining of the two nerve-ends. Ten days were allowed

to the eventually cut nerve fibres to degenerate, and after Ilia! lime

ihi' animals were killed ami incparcd after the manner described

above. Ten days may be supposed to be entirely suHicient for the

degeneration of all the nerve fibres eventually supplie<l by the central

portion of the lingnalis nerve.

One of these experiraenis, which looked entirely successful, was

studied as accurately as possible, and gave the following results:

from the central portion of the lingnalis nerve not a single nei've

fibre entered the peripheral lingnalis, nor had any other nerve (a

small muscle nerve for e.xample) regenerated into the peripheral

lingnalis, excei>t the uervus hypoglossus. Vi-oni the cenlrai cut-end

of the hypoglossus, which was in full jirocess of i-egeueratiou, a

large number of regenerating nerve fibres had grown out and had

all penetrated into the peripheral end of the nervns lingnalis. Only

a very few libres had gi'owii iuio the i)criueural couuoclixe tissue

around the lingnalis nerve. Inside the tongue all the lingnalis

branches were full of regenerating libres, the hypoglossus branches

were entirely devoid of them.

The regenerating fibres, which here could have no oilier source

than the hypoglossus, had followed the course of the lingiuilis nerve

down to the smallest branches of the nerve plexus in the mucous

membrane of the tongue. Of so-called autogenic regeneration (A. Bkthk)

no trace was foimd (only full-grown animals were used for experiments).

The fibres of the hypoglossus nerve, having arrived at the end of the

terminal branches of the lingualis, begin to form nerve-endings of

dilferent patterns. It is here not the right [dace to describe elaborately

tiie differences in form ami in extcn'iou of llie n(>r\c'-en<liu.ij:s. 1 hope

lo (111 that in extenso elsewhere. Here 1 will (inly mention two or

three points.

It is certainly an iutercsling fact that the li\ |)Oglossus fibres after

having penetrated into and arrived al the cud of llie iiugiialis iract,

begin to form lerniinai iuanchings and different end-bnibs. But net

oul\ dial lliev form nerve-endings in the coinicctive tissue, but
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tliov fvoii [loiiclr'alo inlo llic ciiillicliiiiii. In most cases llio Ifrniiiial

lilirillai' (In ridl |icncliali' far iiiln llic c'ltiliicliimi, liiil remain

Ahf

©I
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s

Fig. 1
. Nerve endings of hypoglossus fibres in the epithe-

lium and the connective tissue of the mucous membrane
of the tongue.

«, 6, c. Ascending fibres, not penetrating into the epithe-

lium, but turning round and descending again towards the

connective tissue.

e = fibres penetrating into tlie epithelium.

in the basal layer.'^, wiiel'e they form small endiiets aronnd different

epithelial cells, hnt sometimes they p'^neti'aie into the npper layers

of the epilheliiim (llf>'. 1 f).

It seems ho\ve\er that the epitlieliinu oilers a certain resistance

against the ingrowing tibrillae, that makes it dillicidt for them to

penetrate into the epithelial momluan-. In the noiinal half of the

tongne at all points of the epiilielinm the neurolibrillae may be seen

84«
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(0 penetrale far iiilo tlie c|iillieliiiiii, soiiu'linies as far as the siiper-

ficial layers of cells. In the other half of the tongue, where the

fibres of the livpoglossns nerve are regenerating along the nerve patiis

of the lingnalis. one sees often strikingly how the nervous fihrillae

grow right up against the basal side of the epithelium, but then do

not |)enetrate it, but turn round and descend again, ending inside the

connective tissue with an endknob or endnet, or run for a shorter

or longer distance along the basal side of the epithelium i^s if seeking

entrance, and then turn round and end between the elements of the

connective tissue as described above (fig. 1 a, h, e).

In the second place it is an interesting fact, that the leruiiual

branches of I ho hypoglossus nerve fibres often show a striking

resemblance to ihc endplates formed on the muscle fibres during

regeneialioii after simple cutliug of the hypoglossus nerve ((?-group

of experiments). An example is given in ihe tius. 2 and 3. In tig. 2

is drawn a set of terminal branches formed by a liy|)Oglossus nerve

fibre against the basal inembraue of the epilholium, in tig. 3 is <lrawn

a regenerated motor eiKl-|)iate on a muscle tibre of the tongue after

Fig. 2 Terminal branches of a hypo-

glossus nervefibre in the connective

tissue of llio mucous membrane of ".he

tongue (group h).

I''ig. 3. Regenerated motor end-

plate on a muscle fibre of the

tongue (heilgeliog group a).
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the ciiltiiin (if llic li\ |i(ii;l(issiis iii'isc. Il is cciIaiiilN inlcrcstiiig, llial

even ill such atv|)ic .siirrouiuliiif^s tlii' li\ poglos.siis iiei'vu lilucs try

(() lMiil<l ii|> llicir |in)|)fr ly|iiciil t'lHironiialidns.

In llic lliird place tlic tnllowinj;- |K)iiil iiia_y l)e iiicmioiied. In tlic

course of Ilic liiaiiclas (if ilic liiigualis nerve are cli!<lril)iiled groiipK

of gaiiuliiin celis of sjinpallielic iialin", piolialilv belonging to the

cluinla-tviiipaiu pail of Ilic lingiialis nerve. Tlie lilires of llie lingiialis

(cliurda tyiiipani?) iurni a heaiiiil'iiily impregnated network with

meshes and interwoven liluiUac mi Ilic smlace of these cells. After the

cntling of llie lingnalis nerve liiis network of lilnillae disappears

eidirely, the cells Ihcniseh'es undergoing a|iparcnlly no alteration.

The fibers of the hypoglossns nerve appear to be unable to regenerate

this nclwoik of neni'oiibrillae, at least in all my preparations, even

there where the nerxo plexus in the inncosa and llie submiioosa was

very well regenerak'd. and all the branches of the lingnalis nerve

were full of regenerating libres, no trace of the above mentioned

network could be found.

To conclude, it appears from these fads that fusion of heterogenic

nerve-ends is not only possible, but may lead to distinct regenera-

tive processes which do not dill'er much from these following on

the fusion of honiogenic nerve-ends. A functional (pliysiological)

regeneration however does not take place, because the regenerating

fibres are not able to reach their proper destination, and no contact

with the muscle fibres is acquired.

And yet a certain amount of fiiuctional regeneration may be

obtained after all. Firstly some libres of ihe liypoglossus nerve will

grow out, not into the neural tubes of the lingnalis, but in the

connective tissue of the perineural sheath. These fibres after a time

will reach their destination, the tongue, and these fibres will have

no difficulty in coming into contact with Ihe adjoining muscle libres

and will form new motor en<l-plales on llieni. Secondly here and there

in the preparations a libre was found, which in forming terminal

branches in the connective tissue of Ihe mucous membrane of the

tongue, had come in contact with the end of a muscle fibre, and was

seen to run alongside it for a distance (towards Ihe centre of the

tongue) and then to form a small end plate on the surface of the

muscle fibre. This last mode of functional regeneration I met with

howe\er only in a few cases.

Leiden, 18 February 1813.



Physiology. — " 7Vte fffW-t offitttii ai-ith niid sotijts mi iihui/ociftosis" .^)

Bv Prof. IIambikuku and .1. l»i; Haan.

(Communicated in the meeting of February 2:2, 1913.)

Ill (iiif former paper') we drew tlie atleiitinii in ilie paiticularh'

noxious efleet ot laliv aeid-~ nn jiliagoevtosis.

Already at a eoneentration of J : lOOO.OOO the pernirioii:^ influenee

of propionie aeid became iiianifesl. Tlie law of division-eoellii'ieiils.

obeyed by all llie other fat-di'-^olviiiff sul)Slanees, examined by us,

did nol lead us to expect sueJi a poisonous elleet of projiionie aoid.

How could tliis abnormal action of pro|)ionic acid, ami likewise

of butyric acid, which was also exaiuineil by us, be explained r

/.•>• it caused bij a noxious effect of io)is of H, or perha^is also by

a specifically injurious cfict of (lie anion of /alt;/ acid?

At that time we failed to supply an answer to this question.

In order to determine to what extent the ions of II are resjion-

sible for the noxious effect of the fatty acids we exposed the

TABLE I.

Comparison of sulphuric acid- and propionic acid solutions with equal percen-

tages of ions of H. The solutions act upon the leucocytes during s^ hours

;

the leucocytes are brought into contact with carbon durin? 25 minutes'

NaCl-solution in which

has been dissolved

:

Number of Number of leuco- Percentage
leucocytes cytes having of

examined I taken up carbon phagocytosis

nothing
'

H2SO4 '100000
1

Proprionic acid '-5100.000

1 H2SO4 '500000
2

( Proprionic acid '5
s,,,,.,,,^,

IH2SO4 '2500000

(Propionic ac. 's
2500 000

349
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leiicooytos (o (lie ;u'lii)ii ol' I'allv ;ici<l ;iinl nf siil|iliiiric acid-xiliilioiis

contiuiiing the .iitin.c iti'ivenldijc of loiis (if II, and dclciiiiiiKMl siilisc-

(luoiitly ils |)li!ij,mc'Vlanaii power.

I'lic liilile oil |). 12!KI will need no rmllicr cxjilanalidn.

Il I'ollows IVoin this scM'ics of e.\|K'iiniiMil^ llial tlic noxious e/reft

of a(|ueons siil[)linric acid- and pi'opionic a(•id-^ol^lions manifests ilself

at tiie same coiicenlration of ions of //.

This renders it in k high decree pvobalde ihnl the no.vinus ejfect

of (I stnuKjhi diluted solution of projiionic-ncid itiiisl lie attrilmled

to the nrtion of ions of II.

If this \ iew was liie coriect one, if il was nut the anion of pro-

jiionic odd, Iml the ion of // winch had to he reckoned with, it

mitilit he e.xiiecled that llie |ii'n|iiunate of sodium, in the coiTesiiond-

ing ililntion, would ha\e no had effect.

This was indeed nut (lie case, us a|)[)eiirs from the Ibllovviiig tahle.

TABLE II.

Effect of Na-propionate on ptiagocytosis. The propionate acts upon the
leucocytes during half an hour^ The leucocytes are brought into contact

with carbon duiing half an hour at 37-.

NaCl-sol. 0.9",o in which Number of
j

Number of leuco- Perc.
leucocytes cytes having of

has been dissolved: examined i taken up carbon ^phagocytosis

nothing

Na-propionate 1 : 100

(i.e. 1 gr. propionate dis-

solved in 100 ccm. NaCl)

Na-propionate 1 : 250

1 : 1000

1 : 5000

1 : 25000

1 : 100.000

768

323

923

549

781

412

344

891

633

373

163

535

332

460

247

83

437

321

48.50,0

50.4.

57.9 »

60. 4»

58.6 »

59.9.

24.1 .?

49 .

50.7.
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A Imrlfiil eHecl of anions of //, cvt-u in nnu'li ;,Mealer concen-

tralions tlian those in wliirli rlie anion wa- wsvd in llif propionic

acid oxperinienis, is evidently oiil of (lie qnestion. Tlie propionate

J : 25000 and 1 : 100000 leave the pliagon tarian power intact
;

propionic aciil in this concentration destroys all tlie lencocytes.

But what is much more remnrkable tluin this result is the farour-

(ihle effect of still higher concentrations of propionate i^l:100;

1 : 250 ; 1 : 1000) on phaefoci/tosis.

By dissolving tor instance 1 gramme of propionate in 250 ccm.

of NaCl 0.9 7o 'lie phagocytosis is found to increase by 100 " „.

This increase, which was also caused by the Na-salts of butijric

acid and formic acid, was all the more remaikable, as the tluid

was made strongly liyperisotonic by the addition of these soaps, and

as was shown hyperisotony has nearly always a highly injurious

effect npon phagocytosis.

This is clearly confirmed by the following experiment in which

isosmotic NaCl-solutions, with and wiliiout propionate, are compared

with each other.

The comparison relates to the following isosmotic solutions:

NaCl 0,9",'„ and NaCl 0,9%
NaCl 1, % „ NaCl 0,9°

„ + Na-rropionale 0,1 tib"/,

NaCl l,17o „ NaCl 0,9'/, + „ „ 0,33 7o

NaCl 1,2% „ NaCl 0,9% + „ „ 0,5 7„

NaCl 1.37, >. NaCl 0,97„ + „ „ 0,66 7„

These fluids acteil for half an hour npon fresh leucocytes ; then

TABLE III.

Effect of isosmotic NaCl and NaCI-Propionate-solutions.

Solution
Percentage of

leucocytes having
taken up carbon

NaCi-solution 0.9%

+

Percentage of

leucocytes having
taken up carbon

NaCl 0.90/0 ^X 100 = 28.20/0

1.1 .

1.2.

113

457

62

400

£X100-13.1>

X 100 = 24.7.

X100= 15. 5»

1.3' 272^'^=^ ^•-*

nothing ^X 100 = 25.50/0

42
Na-Propionate 0. 165"o 325X '00 --^ 12.9 .

0.33 . gJgX100 = 35.9.

0.5

0.66

193

643

116

428

X 100 = 30 »

X 100 = 27.1 •
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llii' siis|)('iisinn-; were lii-(Hii;iil iiilo coiilucl willi Cdal for hiMir

;il ."57", iuid llic iHopaiiUiuiia vvl'I'o iiuidc.

I'liis result is indeed iiiterestiii<j;, for we liiid liiat wlieii liy the

appliciUioii itf a stnuiulv iiyperisotoiiie NaCI-sol. (1.1 7u) '''C pluij^o-

eylosis lias been ivdiiccd l.y 50 "/„ (from 28 7„ to 15,5 7.) a NaCI-

soiuiidii, isosiiiotii' willi llie Inriiier. in wideli. Iiowever, part o!" tlic

NaCi lias lieen replaced i>y pro[ti()iiate. pionioles plia<2;oc3'tosis to a

considerable extent (to 35.7 "/„).

A similar resnll was obtained with lencocyles which had been

left in serum containing citrate ot" Na during cue niglil, and which

had conseipienllj lost part of their phagocvtarian yiower.

After the results obtained with the pr<ipionate it niiiiiit be expected

that also the butyrate and the formate would tiixc the saiue I'esnlts.

This was indeed the case.

We subjoin a table, showing the results obtained with butyrate.

This table shows that Na-butyi'ate in a dilution of 1 : lOUO has

TABLE IV.

Effect of butyrate of Na on phagocytosis. Ttie

NaCl-soIutions containing butyrate have acted upon
the leucocytes for half an hour at room-temperature;
then they were brought into contact with carbon

for half an hour.

NaCI-soIution
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iiicTCrtsed plutgocylosis (from 28°/„ lo 387„), and that llii?; iiKTeaso

is still more obvious in a (Uliitioii of 1 : 25000.

As regards the fonniate, here too a dilution of 1 : J(»00 eau^ed

an important increase, which continued at 1 : 2000, and which was

still clearly visible at J : 10000.

An attempt (it (in e.i'itlanation of the /nets observed.

How nuisl the fuMiiuable effect of propionate and of other .-^oaps

on piiagocytosis be explained?

Is the cause the same as that which we adduced to explain the

effect of lijioid-dissolviug substances such as iodofoi'ui. cidoroforni,

chloral, etc.?

Also in the case of these soaps we might think that propionate

— for convenience sake we shall only mention |)ropionate when we

should also name the other two soaps which were experimented

upon — dissolves in the li|)oid surface of ilie piiagocytes, softens

tliem and facilitates in this way the amoeboid motion.

Numerous experir.ients, hoivever, slwived that propioriate is absolutely

insoluble in olive-oil.

We have then tried to tiud another explanation, and it occurred

lo us tiiat soaps have in a hitjk deyree the propertij of lessenin;/ the

surface tension of oil.

The reader knows Gad's experiment: if oil is brought into contact

with a soap solution, an extremely fine emulsion is formed.

As far as we know these experiments have oidy been carried out

with soaps of higher fatty acids (sapo medicatus or olive-oil

coutauiiug .some fatty acidj.

Therefore we luwe repeated iliem with soaps containing a smaller

number of C atoms in tlieir molecules.

It appeared indeed that the propionate, butyrate and formiate of

Na have an eniulgcnt effect on olive-oil.' The formiate of Na was

more active than tiie two others.

We may conceive that the soaps lay themselves ayainst the surface,

of the phagocytes, reduce the surface-tension, and in this loay facilitate

the amoeboid motion.

The following observations point in the same direction.

By way of an illustration we beg the reader to glance at Table III.

In this series of experiments the leucocyte suspensions, after having

been in contact with carbon for 7^ bours at 37^ were suddenly

cooled down by water at 13°. Then the phagocytes were fixed by

means of a drop of an osmium-solution.



Mici'osc(i|)iciil rxaiiiiiinlioii showed llial in llie NaCI-soliilinn nf

\,\"/„, l,"-^"„. iuul l,i}7„. nil llie loiicoc) Ics liiid roj^juiiied tlieir rdiiiid

sliiipe, wliile in llic isosinotic NaC'l-piopionate solulioii nearly all Ihc

cells still had psendopodia.

Even in llic NaCl-sohition f),!)"/,, relatively few leucocytes willi

psend()i)odia were found, and yet tlie pliaj^ocytosis had reached aliout

tlic same stage as in the latter lluid, which contained much |)ro[)ionate

(laj'/o and 157„ respeclively).

It follows from this Ihal propionate has the propei'ty of inlluencing

llic amoeboid nu)tion of the leucocytes in a favourable sense; one

might be inclined to say that they are made more resistant.

For what was observed to take place?

In the NaCI-soliition 0,J>" „ the leucocytes drew back theii' pi-olru-

sioiis owing to I ho lower tempei'atnre, but in the pro[)ioiiate-sol.

w illi the same tiegree of phagocytosis they remained, notwillistanding

I his low tem|)eralure.

Similar results wei'e arrived at in the experiments of Tabic 11:

in NaCI 0,97o "o pscudo|)odia, in NaCl combined with proi>ionate

J : 100, 1:250 and ] ; 1000 many pseudopodia, in [U'ojjionate J : 5000

fewer, ami in 1 ; 25(X)0 and 1000.000 none.

Now it would lie incorrect to look upon (he prouu)lion of phago-

cytosis and the capacity of icsislance of the pseudopodia as being

identical.

First there are a number of leucocytes which protrude |)seudo-

podia, but which show no phagocytosis, and secondly it appeared

from another series of experiments with propionate and CaCL^ where

both substances equally promo'cd phagocytosis, that after being cooled

down and fixed, the microsco[)ic j)ictures were entirely different. In

the CaClj-solulion namely the lower temperature had caused the

pseudopodia to disappear almost entirely, in the propionate-solution

on the other hand, this was not the case.

But since the formation of pseudopodia is one of the conditions

for i)hagocytosis, it may be concluded from the observation with

propionate that propionate by inlluencing the formation of pseudo-

podia in a favourable sense has contributed to the promotion of

phagocytosis.

That the effect of [)ropionate is due to a surface-action and not

to a direct action on the contents of the cells appears from volume-

trival detennindtions,

The volumes of two e(puil amounts of blood corpuscles, exposed to

the action of isosmotic solutions, are equal, as we know, but only

on coiidiliun that the .substances do not penetrate into the blood coi'ims-
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(7<'.s' mill l/i'it therejore the p/ieno.uenon n'niniiis restricted to nn inter-

change of water hetweeii the cells and liie siirrouiidiiig lliiid.')

Conversely it iiiav be coiieliided tlual if two isosmolic solutions

fjive the same vulnme to the hlood-coipnsi'les, llie latter are ini|iei-

meahle to these substances^).

Therefore we have investigated to what extent a certain amount

of blood-corpnsclos in a solution of KaCl 1,2 7o l'^^*^! tlic same volume

as a solution, isosmotic with the former and which conlaiiied 0,9 "/o

Na(,"l and 0.5 propionate of Na.

If the volumes were equal then it mip;ht be concluded that pro-

pionate did not penetrate or hardly into the cells.

The experiments shoived that only traces of propionate could hare

penetrated into the hlood-corpuscles.

Consequently Na-propionate acted upt)u the red blood cur|)uscles

like for instance NaBr and other anorganic Na-salts.

Now it might be objected that the permeability of the red and

the white blood-corpuscles need not be alike. As regards this we

may observe that none of the many researches carried out in this

direction, have established any difference.

The agreement goes even so far that the same hyperisotonic salt

solution causes the same relative decrease in volume in the red and

ill the white blood corpuscles'). And this also applies to the

hypisotonic one.

The analogy also appears from the way in which anisotonic salt-

solutions act upon phagocytosis *).

We arrive, therefore at the conclusion that
until now we have discovered three causes w h i c h

m ay increase p h a g o c y t o s i s.

1. Traces of a calcium-salt; there can be hardly any doubt but

here we have to do with an action of Ca on the cell-pnitoplasm.

It has not been verified as yet whether the Ca also acts u|h)u the

surfiice.

2. luit-dissolving substances si\cli as iodoform, chloroform, chloral,

turpentine, etc. When applied in homoioputhic (piautilii's (e.g. Chlo-

9 PerfcctUj equal when the isosmolic solutions are isotonic. Hedi)i, Pflucer's

Archiv 60, 198, p. 300

2) Only urea, as appears trom investigations by Grijns and myself, makes an

exception.

') Hamburger. Archiv. f. (Anal u.) Physiol. 1898 S. 317: Osmot. Druck u.

lonenlehre I.i S. 337.

«) Hamburger and Hekma. Biochem. Zeilschr. 7, 1007, 102. Fuilher Hamburger,

Fhysik. Chem. Unlers. uber Phagocylen u. s. w. Wiesbaden, J. F. Bergmann. 1912.
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i-ofonu l:5()00()(), rni|niiiiic .icid 1 : lOOOOOOO: l!ic-.y restrict tlieir

iiclion lo llic li|)(Uil siirt'acc, wliicli llicy weaken lliiis (a<Mlilaliii^

(lie aiiioehdid iiiotioii.

When ap[)lie(l in somewhat greater quantities a second factor

becomes of im])ortance viz. the noxions eHect of these substances

on liie prolophism. Ail llieso sMl)slances indeed penelrate easil}' into

the ctiiis. thus caiisinii- paralysis.

3. Soaps, such as jiropionate, bulyrate and foiiniate. These sub-

stances, unlike the fat dissoUing substances, do not enter into the

piiagocytes. Tiieir action u|)on the phagocytes is therefore entirely

ditfei'ent from that of the lat-dissolving substances, for even when

applied in high concentrations (l:25t)), in concentrations in which

the fat dissolving sid)stances would inevilai)ly kill the cells, t/tci/

hace a very /(tvourablc effect upon phngoci/to.si.-i.

Wiien applied in still greater quantities their action is a perni-

cious one, but this may be due to the solution being too hypcriso-

tonic.

Further it is a lemarkable fact — and in this respect the soaps

are distinguished from calcium as well as from the fat dissolving

substances — that within rather wide limits, the tlegree to which

|)hagocytosis is promotetl is independent of the amount of soaj),

found in the solution. ^Cf. Tables II and IV.}

The researches, described above, have given rise lo dilfereut

(piestions, which, owing to the present circumstances we cannot

enter into now.

J'/n/s/d/di/iro/ Liifiorii/i'ri/. (Troiiiin/i'ii, .lannary. 1913

Astronomy. — "A proof of llic const, (uci/ of the relocitt/ of llyht"

.

\)\ Prof. \V. DK SlTTKU.

(Commuiiicattil in llie meeting of February 22, 19131.

In the theory of Uitz light emitted by a source mowing with

velocity u is i)ro|iagated through s|)ace in the direction of the motion

of the soin-ce with the velocity c -\- u, c being the velocity of light

emitted by a motionless source. In other theories (Lorkntz, Einstkin)

the velocity of light in always c, independent of the motion of

the source. Now it is easily seen that the hypothesis of RiTZ leads

to results which are absolutely inadmissible.

Consider one of the components of a double star, anil an observer

situated at a great distance L. Let at the lime t, the projection of
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Ihe star's velocity in the direction towards tlie observer be >i. Tlien

from the law of motion of the star we can derive an equation :

u=/{t-t,) (r

The liglil emitted hy the star at tiie time / reaches the observer

at the time t = f -{- ^'c — mt- In Ritz's theory we have, uegleclinR

the second and his/her powers of "
,, (t^:'^',^- In oihor llieories we

liave « = ('r. If now we |iiit r„ r= <^ -j- ^/,. , we have

,1 — /(t—t^ } ail) or u = i/{t—t„) .... (2)

Tiie function if will differ from /, nnless (tti be immeasurably

small. Therefore if one of the (wo ecinations (1) and [2) is in agree-

ment with tiie laws of mechanics, the other is not. Now « is far

from small. In the Ciu-e of spectroscopic donbles ii aho is not ^ mall,

and consci|uently a u can reach considerable anionnls. TaUiiig e.g.

KM
«:=rlUO , and assuminir a |)arallax ot O'.l. trom which -^/f = 33

sec

years, we find appro.vimately ft « r= 4 days, i.e. entirely of the order

of magnitude of the periodic time of the best known spectroscopic

donbles.

Now the observed velocities of spectroscopic donbles, i. e. the

equation (2), are as a matter of fad salitifactorily represented by a

Keplerian .motion. Moreover in many cases the orbit derived from

the radial velocities is confirnied by visual observations (as for

(f Eqnnlei, s Hercnlis. etc.) or by eclipse-observalions (as in Algol-

variables;. We can thus not avoid the conclusion it ^ 0, i. e. the

velocity of light is independent of the motion of the source. Ritz's

theory vvoidd force us lo assume that the motion of the doid)le stars

is governed not by Nkwton's law, but by a much more conqiiicated

law, depending on the star's distance from the earlh, which is

evidently absurd.

Chemistry. — " lu/ni/i/jrio l>i h'riKiri/ si/stcms" . VI. By i'rof. K. A.

II. ScilKKINK.M.VKKRS.

Ill a manner similar to that in which, in the previous commnni-

cations. we considered the saliiralion line under its own vapour

])ressuie we can also consider the conjugated va|)0ur line. Instead ot

the two-phase complex / -f- A we now, howexei", lake, the coni|ile\

F -\- (r and if in llie ihree-phase etpiilibrium F -\- /> -)- ^r no phase

reaction occurs, we iiiiisl in the conversion of /''+ d again

distinguish three cases.



T,ol us now livkc llic case generally occurring;- in wliicii, (in a

change in |)ressnre in the one direction F -\- (r is forivcrto:] inln

F -\- // -\- (I', and inln /''-|- G" on a cliange in pressure in the

otlioi- dii'cclion. Hence, on a change of pressure in the one direction

li(|ni(i is t'ornied, hut not when in tlie oilier dii-pctiou.

In the |)revious coniniunication we ha\e deduced: if I'' -\- I- is

coiiNorted into F -{- /-' -j- (>' wilh increase in volume, the conjiiga-

lion line soli(l-li{|uid will, on lowering the pressure tni'u toxsards

the \'apoin- poinl. If /'^-|- /> is con\erted into F -\- L' -\- (•' wilh

contraction of vohune, llie conjugalion line solid-li(|ui(l turns in \\w

opposite direction.

In a similar manner we mav now deduce: if
/''

-|- ^r is converted

into l<^ -\- // -\- d" wilh inci'case in volume, the conjugation line

solid-vapour, on lowering the pressure, turns away from the li(pu-

dum point, and on increasing the pressure it turns toward;^ the same.

If F -\- G is converted iido F-\-L'-{-(r' wilh contraction of volume

the conjugation line solid-vajionr will turn in the opposite direction.

The conversion of F -\- A into F -\- L' ~\- G' , or as we may also

call it the formation of \apour from I' -\- L generally takes [dace

with increase in \olume and onl}' on certain conditions wilh a

decrease in the same. The conversion of F-\-G into F-\- L' -\-G' , ov

in olhei' words the formation of \apour from F -\- G takes place

as a rule with decrease in volume and only in definite conditions

with an increase of the same.

In the previous communication (V) we have demonstrated that the

rule for the I'otation of (he conjugatioa line solid-li(|uid is in con-

formity wilh the saturation lines under their own vapour pressure

as deduced in communication (I) : in the same manner we may now
also show that this is the case with the movement of the conjuga-

tion line solid-\'apour.

Let us imagine in fig. 7 (I) a tangent to be drawn through I
on the vapour saturation curve of F under its own vapour pressure,

therefore, on curve M-^ a^ m ^ h^. As on a change in pressure in either

direction the new conjugation line solid-vapour falls outside the first

three-phase triangle, the system F -\- (r, in this particular case, is

converted on a change in pressure in the one direction into 7*^
-f~

^'"

and by a change in the other direction into F -{' G" . Hence, no

liquid is formed either on an increase or a decrease in pressure.

At an intbiitesimal change in pressure nothing happens bul evapo-

ration of a little solid sidislancc /•' in, or else a sliulit de|)(isit ot'solid

F from the vapour G.

On evapoi'atiou of F, the volume will as a ride increase; as the



gcVs then draws nearer lo llie point /•', tlie pressnic along tlu' v;i|i(Mir

salnration enrve, starling tVoni the point of contact, will decrease

towards F and increase in the other direction. This is in agreement

with tig. 7 (1) and 12 (1) bnt not so with tig. J 3 (I); from the dednclion of

this last figure; however, it is more to he expecteil that the cnrve .1/, /;/,

is either circnm|)hascd or exphased, but is then situated at tiie other

side of F like curve Mm.
Lei ns now consider the case when the vapour saturation i-uive

of F under its own vapour pressure possesses a form liUe curxe

(III//) in lig. 4 (V) ; the saturation line shonlil ilieu he su|)|>()sed lo

lie more towards the right. We may then draw througii /•' tangents

to the vapour saturation line wiili the points of conlact A', h"

,

X and A''.

In ilu" point H' (A') now also takes place the above considered

conversion of F -\- (i into F -\- d" and F -\- (•'". in the ])oint A*,

however, the system F -\- (r is converted, on change in pressure,

in the one direction, into F -{- L' + ^''^ t^n^l ''.v ^^ change in the

other direction iulo I'' -\- L" -\- (
i"

. ileuce, iicpiid is Conned on increase

as well as on decrease in ]tressnre. At an intiuilesinnil change in

pressure, oid}- a little solid substance /•' eva[)orates into, or else a

little of this is deposited from the vapour; hence, when starting

from the point of contact, the pressure along the vaponr-sain ration

cnrve will decrease towards /', liul increase in the other direcliou.

We have noticed above that the rotaliou-direclion of the conjnga-

gation line solid-licpiid dei)ends on the change in volume when vapour

is formed from F -\- L, whereas that of the conjugation line solid-vapour

depends on the ciiange in \()iuu)o when rKpiid is fiMuied from I''-\-(t.

In the throe-phase equilibrium !•'
-\- L-\-il \\v may now sii|tpose

four cases to occur.

J. The formation of \<i])Our from F -\- L takes place with

increase, the formation of li(pH(l from /'-(- ^^ \vilh decrease in \olunie.

2. The formation of vapour from F -f /- takes place with

decrease, the formation of liquid from /'' + ^/ with increase in volume.

3. The formation of vapour iVoni I'' -\- L and that of liquid from

F-\-(i iK)th take place with increase in xolume.

4. 'i'he formation of vapour from F -\- L and lliai (if Iicpiid from

F-\-(r both take place with decrease in volume.

Let us first take the case mentioned sub 1 which is also the one

usually occurring; from wliai has already been communicated it

follows that, on increase in pressure, the conjugation line solid-liquid

turns towards the vapour |)oint and that the conjugation line solid-

vapour turns away from that point.
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Hence, (in increase of llic pressure, llie llirce-pliase )rianp;le (niTis

in sucli a luanui'i' lluU llie conjngatinn Nne solid-vapour j^cts in

front; on diniinnlion of llic pressure tlie tliree-pliase triangle turns in

tiie opposite direction, hut in such a ninnncr thai the conjugation

line soiid-ii(iuid precedes.

On increase in |)ressure tlie two three-phase triangles of fig. 3

(1) willi llieir conjugation line solid-vapoui- in fioiit. will therefore

move towards each otiicr; on diminution in jiressure they move away

from each other, with the conjngalion line solid-li(|nid in front, to

be converted, for instance, inro fig. 8 (1). If in tig. 11 (I) we sup-

pose each lifpiid lo be nniled with its correlated vai)0ur and the

solid substance /' we notice that the tlii-ee-phase triangle mo\ es in

conformity with the above nieulioned rule.

It is evident that we must not look upon this rotation of the

three-|)hasr triangle as if this turns iu its entirety without a change

in form; during this lutaliou not only the length of the conjugation

lines soli(l-li(pn(l and soiid-\apour is changed, but also the angle

formed by the two lines.

In (he case nieulioned sub "2 the changes in (he volumes have

the opposite sign lo that mentioned in the case sid) 1 ; the three-

piiase triangle then of course will turn in the opjiosite direction namely

in such a manner that on increase in pressure the conjugation line

solid-va|)our gels in front.

A similar case we meet in fig. 12 (1), if in this we take two

three-pJiase triangles, one at each side, and adjacent to the straight

line Finiii^; the two triangles turn the conjugation line solid-vapour

towards eaoli other. On lowering the pi'essure the two triangles must

move towards each other and on increasing the pressure they must

part from each other, which is in conformity with fig. 12 (1).

In the case mentioned sub 3, the two conjugation lines, solid-

liquid and solid-vapour, of the three-phase triangle will, on increase

in pressure, move towards eacli other, and on decrease in pressure

part from each other; in Ihe case mentioned sub 4 they move in

opposite directions.

Let us suppose that the exphased vapour saturation line of F, in

fig. 13(1) is situated at the other side of F. We now take a liquid

close to the point id so that its conjugated vapour is adjacent to

the point m^. The three-phase triangle then forms in F an angle of

nearly 180°. As here occurs the case mentioned sub. 3, the two con-

jugation lines solid-liquid and solid-vapoui' must draw nearer each other

on increase in pressure. And this is in agreement with fig. 13(1).

If we lake a licpud close lo the point J/ and hence a vapour
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adjacent to tlie point .lA, , the case mentioned sub 4 occurs and

the movement of the conjugation lines is in conformity with the rule

deduced above. Tiie cases mentioned sub 3 and sub 4 also occur

in other figures, for instance also in fig. 12(1).

Ill tiie above considered conversion of F -\- L we can distinguish

three special cases.

1. The case, mentioned above sub .4 2 and ^4 3, which has already

been discussed in detail, when no vapour is formed i;l an inlini-

lesimal change in pressure or in volume.

2. At an infinitesimal change in \oiuiiie the ([uantity of the liquid

does not alter (its composition, of course, changes).

3. At an infinitesimal change in volume the (piantity of solid

matter does not change.

In each of these cases one of the sides of the three-phase triangle

will occupy a special position. We have already noticed previously

that in the case mentioned sub 1 the conjugation line solid-liipiid

meets the saturation line under its own vapour pressure.

In the case mentioned sub 2, (In, in the formula given in the

previous communication V (p. 1213) must be taken ^0: from that

it follows that the tangent drawn in the liquidum point to the

saturation line under its own vapour pressure is parallel to the con-

jugation line solid-vapour.

In the case mentioned sub 3 (hi in the said formula must be

taken ^0; this signifies that tiie conjugation line liquid-va{)Our touches in

the liquidum point the saturation line under its o\\ u vapour pressure.

Ill the saturation curves doduccd previously diverse examples of

these cases are to be found.

It is evident that in the system 7^+ G, tiiree corresponding cases

may be dislinguislied ; these then relate to the direction of tlie tangent

in the vapour point of a vapour saturation line under its own vapour

pressure.

We will now consider the case already mentioned in the previous

communicalion sub B, when a phase reaction iictwecn the three

phases takes place. The three phases are then represented by three

points of a straight line and the pressure for the .system i''-|- A -)- G
is then a niaxinimn or a niiiiimiun.

Let us first take the case nicnlioncd sub li 1 wlien llu' reaction

F"^ L -\- (t occurs; the point F then falls between the points L
and G as, for instance, in fig. 4 fl), if in these figures we suppose

a, to have coincided witii />, and d with h. We then obtain fig. 5 (1)
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ill wliicli llic points m,, /•', and /// correspond w illi llio iionidiiynious

points ill tij;-. 7 (I).

If now we suppose lirst tiiat the reaciion F"^ L -j- (i proceeds

IVoin the left to (lie rigiit with increase in vohinie, t lie system /,-|-^-r'

will llieii appear at lower |)ressnres and the systems F -\- L and

F -\- G at higher ones. Hence, on lowering the pressure, fig. 5(1)

will be converted into tig. 6 (I) nnd on increasing the same into

fig. 4 (I), which is in agreement witii our previous considerations.

As, on increase of pressure, tig. 5 (I) is converted into fig. 4 (I) the

pressure for the system F -\- L -\- G in fig. 5(1) is consequently a

mininnini.

If we had assumed that the conversion F'^L -\- G took place

from the left to the light with decrease in volume, the pressure

would be a inaximnm. Such a change in volume can only occur

when the licpiid differs but little in composition from F, and when

F melts with contniction of volume. If we imagine in fig. 13(1)

the curve M^m^ to have shifted so far to the other side of F that

J/, gets situated at the other side of F, this case will occur in the

system i'^ -J- liquid JV -|- vapour .1/,.

Let us now take the case mentioned sub B 2, namely when the

reaction F -\- L"^ G takes place, so that the point G lies between

the points F and L. This is, for instance the case in fig. 9 (I). Let

us now assume lirst that the reaciion takes place from the left to

the right with increase in volume. The system F -\- L will then

appear at a higher, the systems F -\- G and L -\- G ?l\. a, lower

pressure. In agreement with our previous considerations fig. 9(1)

will be converted, on increase in pressure, into fig. 8 (I) and on

lowering of the pressure into fig. 10 (I). As on increase of pressure

fig. 9 (I) is converted into fig. 8 (I) the pressure for the system

F -\- L -\- G in fig. 9(1) is a minimum. This is also in harmony
with the situation of the points jk, m, and i^in figs. 11 (I) and 13 (I).

Let us now just take a system F -\- L^~\- G^ in which L^ differs

but little from L, and G^ but little from G; this system will then be repre-

sented by a triangle situated in the vicinity of the line i^/« ?«i. As the

reaction F -\- L'^G takes place with increase in volume, the conver-

sion of i^ 4" L^ into F -|- ^'i + tr' in f lie infinitesimally differing system

F-\-L^-\-G^ will take place with increase in volume and the

conversion of F -{- 6r, into F -\- L\ -|- G\ with decrease in the same.

We have noticed previously that, in this case the three-phase triangle

must turn in such a manner that, on increase in pressure, the con-

jugation line solid-vapour gets in front and that on reduction of

pressure the conj ligation line solid-liquid precedes. This also is in

85*
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agreement with tigs. 8(1) ami 9(1). On lowering tiie pressnre, the

til-fit ligure is converted into the second and we notice llial in

this conversion liuth three-phase triangles tniii in snch a manner

that the conjngation line solid-lit|nid gets in front.

In the case now considered when the reaction F -\- L "^ G takes

place from the left to the right with increase in \oliime, the pressure

can also be a maximum; 1 will elucidate this with a single example.

We take a saturation line of the solid substance i*^ at the pressure

P; this is represented in fig. 1 by the curve _/<//<; within this satu-

ration line is situated a vapour region encompassed In a lieterogeneous

region, of which the liquidum line is drawn and the vapour line

dotted.

On lowering the pressure the \a|>our region expands and at a

Fig. 1.

certain pressure /*,\/ the saturation line of 7'" and the liquidum line of the

heterogeneous reuiou meet eacii oilier in .1/. There is now formed

tiie three-phase equilibrium soli<l /'-{- li(|uitl ^/-{ va|)Our J/, represented

by three points of a straight line, whereas the va[)0ur phase J/,

lies between the points /-'and .)/. Hence, the reaction is i'^-|- Z-1^ 6^

namely from the left to tiie right uilh increase of xolumc, whilst

the pressure I'm is a maximum.

At a pressure somewhat lower than I'm is now t'oiiiied a diagram

as in tig. 2 in which, ii(i\\e\cr, we must imagine the only partially

ibawn saliiiaiidii Jnie a/ and /n/ of F to be closed. The vapour
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saturation line «jC, /;,, the li(|iii(liini line d il li and liie vapour line

rt, f/i l\ iiave been drjiun oiilv lo ilie extent where liiey represent

stable conditions.

We have noticed itrcvioiisiy that tVdui llie system F -\- 1^ -\- G,

which exists at the pressure I'm, ai-e fonned, oh increase in pressure,

tlie systems b-\-(l and L -\- (J ; wo find this coidlrnied here also

in figs. 1 and 2. We also notice, in agreement witii the rule given

above lliat Ilic two three-phase triangles Faa^ and Fbb.^ turn, on

reduction in pressure, in such a inannci' liiat the conjugation line

soiid-li(pnd gets in front ; on increase of pressure the conjugation

line solid-gas precedes.

I must leave the considci-alion of the other cases to the reader.

In our pic\ ions considerations \\c ha\'e coniiiai'od tiie course of

the saturation- and vapour-saturation lines under their own vapour

pressure \vith the ciiange in volume that takes i)lace in the con-

version of /•' -\- L and of F -\- ('• into F -\- L' -\- G' . In the same

manner we nugiit coin|iare the course of the boiling point-line and

the vapour-boiling point line with changes in entro|)y occurring in these

reactions. Instead of ijicreasing, or decreasing tiie volume of the

systems F -\- L and F -\- G we must either supply, or withdraw,

a little heat to, or from the same.

If we distill a ternary licpiid at a constant temperature, then, as

is well known, the pressure continuously decreases during the distil-

lation. The li(|iiid and the at each niouicnt distilling va])our proceed

along a curve which we distinguish as the distillation curve of the

liquid and of the vapour. We obtain, as is well known, clusters of

these distillation cur\es which emanate from one or more deliiute

points (the distillation points) and meet in one or more definite |)oiids.

If now at the temperature of distillation a solid substance F also

occurs, this can modify the course of the distillation lines : of course,

not the theoretical but the experimental course.

According to whether the initial and terminal points of the distil-

lation curves are situated within or witho'it the saturation line of

F under its own \a|)our pressure, we nuiy now distinguish several

cases, of which we will oidy lake a single one.

Let us choose a temperature below the nuninnnn melting point

of the soliil substance F, so that its saturation line under its own
vapour pressure is cii'cnmphased. In tig. i5 has lieen di-aw ii a pai-t

of this saturation line with the point of ma.xinium pressure M and

of minimum pressure ///; the dotted curve J/,.yia,A, is a part of

the correlated xapour line.
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F'rom tlie situation of the points M and m it is now fvidenl tliat

tlie arrows do not, a:~ in the previons lignres, indicate liere the

direction of the increasing pressure, but tliat of the decreasin • one.

Let us now imagine in lig. 3 to be drawn the distillation curve

of a liquid and its conjugated vapour curve. It is now evident that

if the tirst does not intersect the saturation line under its own

vapour pressure, the second will also not intersect the \apour

saturation line and rexersedly. We further peiceive at once that in

this case the distillation curve will suffer no change owing to the

appearance of the solid substance.

When, however, the distillation curve, such as the curve r.stuv

in fig. 3, intersects the saturation line under its own vapour pres-

sure, matters are dilferent; the arrows on this curve rstuv indicate

the direction of decreasing [u-essure, hence also the direction in which

the liquid moves during the distillation. It is now evident that with

a point of intersection s of the distillation curve of the liquid and

the saturation line of F under its own vapoui- pressure must correspond

a point of intersection .v, of the distillation curve of the vapour ami

the vapour saturation curve of i*' under its own vapour pressure. As *,

represents the vapour whicli can be in equilibrium with the liquid

s, the distillation curve of the liquid must meet the line .•..Vi in .y.

If no solid F occurred, the liquid r would, on distillation, proceed

along the curve rstuv; now however, when it has arrived in s

something el.se takes place. For if we withdraw from the licpiid .>

a small (|uanlity of vapour .v, the new litjuid will be represented by

a point of the line riF; we must then suppose the point a to be

situated adjacent to .v. The new liquid will n.nv resolve into solid

/•' and the solution 'i of tiie saturation line under its own vapour

pressure. The liquid, therefore, does not proceed along the distillation

curve itu, but moves, with separation of F, along the saturation
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line iindcr its own vapniir pressure from *• towards a. If now wc
again generate a little vapour whicli can l)e in ecpiililtrinni with liie

li(pii(l a, therefore tiie vapour ^?,, the litpiid ^z moves, with separation

of 7'', ah)ng the saturation line under its own vapour pressure in

tiie direction of b.

If, as assumed for the point f> in fig. 3, the conjugation line

li(piid-va[)0ur (the line A, //) meets the saturation line under its own
vapour i)ressure in the li(|uiduni point li, then, as we have seen

previously, the system /' + L is converted, at an infinitesimal change

in pressnre, into F -\- />' -|- d' without any solid sniistance either

dissolving or crystallising. If, however, we withdraw a little more
va|)our, so thai IIk" li(|ui(i /; is converted into r/, F is dissolved and

(I is converted into litpiid ('. Hence, on distillation the li([nid .v will

traverse a part of the saturation curve of F under its own vapour

pressure, first with separation of solid i<^ and afterwards with solution

of the same. The point /' in which all solid substance has again disap-

peared will, as a rule, not coincide wilh the point (/ of the distillation

curve rstuv. Starting from the |)oiiit/", the licpiid, on continued

distillation, proceeds along a distillation cui've /(j.

If no solid substance F did occur the liquid r woidd, on distil-

lation, traverse the distillation cni've rstuc\ as now, however,

solid matter /' appears, it first proceeds along curve rs, (hen along

curve sbf and finally along curve /</. From the foregoing consider-

ations it follows : if a distillation curve meets the saturation line

under its own vapour pressure it proceeds starting from this |)oint

of intersection, along a part of the saturation line under its own
vapour pressure and abandons it in another point along a distillation

line which, with rsgard to the first one, has shifted.

We may also express this as follows : If during the distillation of

a liquid a solid substance F separates, the liquid leaves the distil-

lation curve in order to proceed along a part of the saturation line

of F under its own vapour pressure. As soon as, on continued

distillation, ihe solid substance F again disappears, the liciuid again

proceeds along a distillation curve which, however, does not coincide

with the prolongation of the first. The occurrence of the solid

substance has, therefore transferred the liquid to another ilistillation

curve.

Although, as stated above, the appearance of a solid substance

generally causes the shifting of a distillation line, yet in some cases

no shifting can take place so that the liquid after the disappearance

of Ihe solid matter traverses the piolongatiou of the original distil-

lation curve. This will be the case when the vapour contains onlv
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(tiie of tlie iliiee f»iiii|>oiK'iil> ; llie distillatioii ciiiacs of ilu' li(|iii(l

then l>oc'Oiiie strai'^lil lines, lliose of vapour am! disliliato arc I'diiiretl

to a sinjilo point.

Wlien a distillation curve of a li(piiil nieet^ llie saturation line of

/•' under its own \apour pressure in the point />, it will not penetrate

witliin the heterogeneous region, hut meet this saturation curve in

h\ its vapour distillation curve will then also meet the vapour satu-

ration curve.

Among all distillation curves intersecting the saturation line of /•'

under its own \a|)our pressure there is one that behaves in a parti-

cular manner: it is the one that intersects the saturation line in

the point .1/ and, therefore, meets the line MM, in M. If we with-

draw from the liijuid .1/ a little of the vapour .1/,, .)/ will not

change its composition, hut the reaction: lirpiid J/-^solid /'-l-vapour

,1/, will appear. If now the vapour is continuously distilled off, the

liipiid M will disappear wifhout change in pressure and only the

solid substance /' will remain. The disiillaliou curve arriving in .)/,

therefore, lerminules in this point without proceeding any further

along the saturation curve of F.

What follows next is dependent on the tem|ieialure : this, a<> we

have presupposed has been chosen lower than llie minimum melting

|)oint of F. We now can distinguish two cases.

1. The distillation temperalure is higher than the maximum subli-

inalion point of /'. The .saturation curve and the vapour saturation

curve of F under their own vapour pressure then possess a form

like in fig. 7 (I), the isotherniic-isobaric diagrams are as shown in

(igs. 1 (I)-6 (1).

x\fter, on distillation, the liquid .1/ has disappeared and only the

solid substance F remains, the pressure eonforniing with tig. 2 (I,

will fall to the pressure to which lig. 5(1) applies. At this pressure,

the reaction solid 7''^ li(piid Hi + vapour ///, now occurs. If now

the vapour is continually driven oil', the solid substance F will dis-

appear and the liipiid in will remain, without any change in pressure.

On fui-lher distillation, llie li(|iii(l Iransxer.ses the disiillaliou curve,

starling from point m in lig. 3.

The liipiid. therefore, proceeils lirsi along a distillation curve

terminating, at the pressure Pm in the i»oinl -lA, and then along

aiiollicr one starling from //; at the |u-essurc l\„ ; at the transfer of

the litpiid liiuii tiie one to the oilier (fisliilation curve, hence,

between the pre-^suie- I'm and /',„ , il is convened iiilo llie solid

substance /'.

2. The distillation leni[ieratiiie is lower llian the maximum sublimalion
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tlieiruwii \;i|)uiii' pressure llieii have a (bi'iii as in (i{>-. 1 1(1), tlie isolhciriiic-

isobai-ic (liagi'aiiis as i,i tigs. 1(1), 2(1), 3(1), 4(1), 8(1), 9(1) and 10(1).

As soon, as on distiilalion. tlie licjnid M has disajtpeai'ed and,

(.•onsc(|iienll\ , only tlie solid snitslance /'' remains, tlie pressure eon-

rorniinti- with tig. 2(1) will tall. If" now, howevei', the pressnfe /'',„,

wliii-h now contbrnis with tig. 'A (I) has been attained, the solid

matter F will not be caitable of splitting, as in the previous ease.

Oil t'lirlhei- lowei'ing of the |)ressnre, tig. 10 is fonned ; hence, the

snltslaiK-e /•' will only appear in the solid condition. On further

decrease in pressure the vapour saturation curve of tig. 10(1; under-

goes contraction and tinally, at a definite pressure, coincides with

the point /•'. The solid substance /'' can now be in e(|uililiriuiii

with vapour of the composition F, or in other \\(»rds: the substance

/' sublimes.

Hence, the li(juid lirsl traverses, at a pressure /'m, a disiillatidii

curve tcriiiinatiug in the point J/, where it is converted into the

solid substance F, which at a further lowering of the [)ressure

sublimes at a definite pressure. The distillation of the liquid is,

therefore, tinally changed into a sublimation of the solid substance i^.

We will now investigate what happens when we distill a liijuid

saturated with a solid substance F. We take a liquid s (fig. 3) and

the solid sul)stance F in such }U'oportioii that the complex is repre-

sented by point A' of the line -fF. We now withdraw from this

complex A' a little vapour .Vj, which can be in equilibrium with this

complex; the complex now arrives in / and hence, is resolved into

liquid a -f- solid F. The little straight line A7 is now an element of

the curve which the complex A' will traverse on distillation; we
will call this curve the complex distillation curve. From the deduction

of this curve it now follows at once that the tangent drawn in the

point A' at the conqilex distillation curve which [lasses through this

l)oint. passes through the point ^\. Further, it is evident that this

applies to all coin|)lexes situated on the line Fs. From this follows:

in order to liiid the direction of the tangent to a complex distillation

curve in a point i/ ) we should take the three-phase triangle, whose

conjugation line solid-liqnid [sF) passes through this point K. The

line which connects this point {K) with the vapour point (.Vj) of

t!ie ihree-phase triangle is the looked i'or tangent. We ina\- express

this also as follows; in the point of intersection of a complex

disiillalion curve with a conjugation line solid-liipiid the tani^ent

to this curve passes through (he vapour point correlated to that

conjugation line.
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From tlii^ follows: if we intersect a clusler of complex distillation

curves by a conjugation line solid-liquid, the tangents in these points

of intersection form a clustei of straight lines which all pass through

the vapour point appertaining to that conjugation line. Further, it is

evident that the vapour distillation curve representing the vapour

distilling over at each moment is the vapour saturation line of F
under its own vapour pressure.

We can now deniouttrate that a complex distillation curve turns

in each point its convex side towards the correlated vapour point

and that a delinitc point will be a point of inflexion if the tangent

which passes through this point meets the vapour saturation line

of F under its own vapour pressure and if this latter point of

contact is not itself a point of inflexion.

If we intersect a cluster of complex distillation curves hy a

conjugation line solid-liquid, then as we have seen previously, the

tangents in these points of intersection all pass through the vapour

point correlated to this conjugation line. If now, in the proximity

of this vapour point the vapour saturation curve under its own

vapour pressure is situated outside the three-phase triangle none

of the above mentioned points of intersection will be a poiiit of

inflexion.

We can imagine a curve transmitted through the points of inflexion

of the complex distillation curve, which we will call the point of

inflexion curve; this curve may be fuuml in the following maimer.

We draw to the point X of the vapour saturation line under its

own vapour pressure a tangent; the point of intersection of this

tangent with the conjugation line solid-liquid appertaining to the

point A' we will call ^S. If now the point X traverses the satin'ation

curve under its own vapour pressure the point S will traverse the

looked for point of inflexion curve.

This point of inflexion curve always passes through I lie points

.1/, and m, of the vapour saturation curve [Fig. 7(1), 11(1), i2(l)J

and if we can draw through F a tangent to this vapour saturation

curve also through the point F. Vov qui- purpose, only the part of

the point of inflexion curve which is situated within the heterogeneous

region has any significance, that is in so far as if intersects the

conjugation line solid-liquid between the points indicating the solid

substance and the liquid.

In the points of intersection of the .saturation curve under its own

pressure with the point of inflexion curve, the conjugation line ii(|uid-

vapour meets the vapour saturation curve.

In the proximity of a maxinuim or a minimum point of the three-
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and as noticed prcvionsly, \vc can dis(in};uisli niun^- cases. From a

consideration of these cases appears the followinjr.

We represent, as before, the liqttid with the maxiniuin piessure

by M Ihe coi'i'clated vaponr by J/, (he iiqnid with ihc minininni

pressure by /// and Ihe correlated vajmni" by m, . The complex

distillation curves have, in the viciiuty of Ihe line FAf {Fin) a

direction about parallel to this line from /'' towards J/(/n) or reversedly

so. If, however, the xapour point M^ (hj,) is situated between /'and

M {in) they proceed iVoni /•' and M{m) towards the point M' (in^)

or reversedly so, and in the \icinily of this point lliey inflect in

definite direction away from the line FM{Fm) or towards that line.

Let us take the case of a distillation temperature lower than the

maximum sublimation point of the solid substance F ; the saturation

line of F under its own vapour pressure and the correlated \aponi'

line then possess a form as in fiti'. 11 (1). In fig. 4 a part Afdbm of

(his saturation line has been drawn but the correlated vapour line

has been omitted. From a consideration of the three-phase triangles

we can readily deduce the course of the complex saturation curves
;

the arrows indicate the direction in which the complex moves on

distillation. If these complex distillation curves are intersected by

a straight line passing through the point F the tangents and cur\a-

tures in these |)oiids of intersection must then satisfy the conditions

deiiuced therefor.

Fig. 4.

If in the vicinity of the line Fin^in we imagine a three-phase

ti'iangle so that the vapour point is adjacent to ii)^ and the liquidum

|)oiut adjacent to ;//, uc notice that a part of the complex distilla-

tion curves mnsi proceed towards Ihe point F and another |)art

towards the point m, whilst there is one that, wilhoul bending



Idwanis /•' (ir /;;, liiaws near to the point //*,. riii> is lojjresented

bv (///(,. Tlie point b of fig. 4 corresponds with ilie honioii\ nious

one of fig. 3; it i.s. therefore, that point of the saturation line under

its own vaponr pressure in wiiioh the side liqiiid-gas of the three-

phase triangle meets this saturation line. The points d and h divide

tiie branch ^fdbm of the saturation line under its own vapour

|)ressure into three parts.

On distilling the liquid d a complex t-\-L is formed wiiich tra-

verses the complex distillation curve din^ ; the pressure therefore

falls frouj I'ti to the miniinaiii pressure /•„, and liie liipiid itself tra-

verses the curve dbni. As the pressure gets nearer P,,,, the liquid

and the solid substance F will be left behind more and more in

that proportion in which the vapour ?», can be formed from them

;

at the last moments of the distillation we notice the solid matter

ami the liquid to disappear simultaneously.

Let us now take a liquid c of the branch Md. On distillation of

this li(]uid, a conq)iex F -\- L is formed which traverses the complex

distillation cuive proceeding from c towards F. The pressure, there-

fore, falls from P, to the minimum pressure Pm and the licjuid itself

traverses tlie branch cbin. The nearer the pressure gets to /'„, the less

li(|uid will be retained in the complex which finally will practi-

cally consist of the solid substance F only.

Let us now take a Ii(|uid > of tlu' branch dh ; this on distillation

forms a complex F -\- L which traverses the complex distillation

curve sf. Hence, the pressure falls from I\ to P/ and the liquid

itself proceeds along tlu' cMr\e sbf -. the licpiid .s- is, therefore, con-

verted into the liipiid /'at tiist with separation of solid matter which

is then again redissolved.

We notice from this that the jioiiit d is a [)uint of demarcation

and in such a manner that all the li(iiiidum distillation curves which

meet llie sjUiiratiou line under its own \apour pressure between

d and M do not leave the heterogeneous region, whereas those

meeting this curve between d and b abandon that region.

If we lake a distillation temperature higher than the maximum
.

sublimation point but lower than the miniininn melting point of the

substance /' the saturation- and vapour-saturation curve under their

own vapour pressure will have a form as in lig. 7 (I). Alllitpiidum

distillation curves which meet this .saturation curve abandon the

heterogeneous region. I \un\A leave the consideration of the other

cases to the reader.

{To be continued).
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U|t (o now we have oiilv coiisidcrcil Ihc ucciiriciice of u Jiiiigle

soli I siihslaiicc /''; wo will now lake tlie ease when a second solid

snbslanee F' also apjtears.

Let ns first investifivite what liappeiis if a niixliiie of Imdi

snhstanees F and /"' is bi-oiifilil l()<>('lliei-.

If, at a low temperatnre, we inlrodnee a mixture of the snbstances

F aiid /''' in an exaeiiated space, a \a|ii)ur <1 is toniicd caiisiiiy the

eqnilihriuni /''-(-/" ~(- ^»' to appear. The xapoiii' (i is ofcoiir.se

represented by a ])oiiil of the line FF'.

According to ihe coniposition of the vajioiir <l or in dlher words

according- lo Ihe position of Ihe lliree jjoints in regard to each

other, the following- reactions can occur at a supply or with-

drawal of heat or at a change in volume, F and 7' being constant.

1. If the jioint (1 is situated between /'' and /'' the reaction

F-\-F''^(t occnrs. Hence, if /'and /"' are placed in an evacuated

.space a part of each of the solid substances evaporates. We will

call this a congruent sublimation.

2. If the point F' is situated between /•' and ir the reaction

F''^F-\-(r lakes [)lace. Hence, if bolh substances are ])laced in

an evacuated space only a part of F' will evaporate while solid /•'

is being deposited. The formation of vapour is, therefore, accom-

panied by a transformation of F' into F. We will call this an

incongruent or transformation sublimation.

3. If the point F is situated between F' and G the reaction

F'^F' -\- (jr occurs. This case is quite analogous to that mentioned

sub 2. so we call this also an incongruent or transformation

sublimation.

4. As a transition case between 1 and 2 or 3 the point G
can also coincide incidentally with F' or with F.

At an elevation of temperature, the vapour pressure of the system

F -\- F' -\- G increases when G, of course, alters its composition;

hence, in a /^, 7'-diagi'am we obtain a curve such as a"D of fig. 1

which we will call Ihe sublimation curve of F -\- F'
. If, between

the three phases occurs the i-eaction mentioned sub J we call

a'D a congruent, if the reaction mentioned sub 2 or 3 lakes place

we call a'D an incongruent or transformation sublimation curve.

It is ev ident that the one part of a curve may be a congruent and

the other part a transfin-mation sublimation curve.

(_)u fiirlher healing Ihe system I-' -\- F' -{- G a temperature I'd
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and its cnirelaled pressiiro Pp is attained at wliioli an intir.itcsinial

qiiantitv of liqnid L is formed. The sublimation cnrve, therefore,

terminates in a point D of fig. 1 representing tiie temperature Td
and tlie pressure Pd wiiioh we will call the maximum sublimation

point of F -]- F'
. The liquid L which forms in the ])oint I) will

as a rule not l)e represented in an r,y-representation, by a point of

the line FF' . As, however, the quantity of this liqnid L is as yet

but infinitely small, the vapour eorrespoiiding with the imim /) will

still bo represented by a point of the line FF'

.

If ihe temperature is increased still further, still more liquid is

formed and the four-phase equilibrium F -\- F -\- L -\- (r appears.

As, however, a finite quantity of liquid is now present, L and (t

must be in opposition in regard to the line F F'
: oidy incidentally,

L and G may fall both on this line.

At a constant /^auii T one of the following reactions takes place"

between the four phases on increase or withdrawal of heat or on

a change in volume.

1. h \ F' t;. L ^- G 2. F:^F-irL + G 3. F:$.F' ^ L^G.
We will call the reaction 1 a congruent reaction, Ihe reactions

2 and 3 incongnieni ones. Which of these reactions takes place

depends on the situation of the four points in regard to each other.

As the system F ^ F' -\- L -{- G has formed from /'-|- F' it is

evident that in this four-phase equilibrium L and G are always

present in such proportions that both disappear simultaneously in

the above reactions.

Hence by warming the system F -\- F' -\- G we have ai-rived on

the four-phase line F -\- F' -\- L -{- G. As on this line the three

components are present in four ])hases, this sj'Stem is a monovari-

ant one, so that to each temperature appertains a definite vapour

pressuie.

Hence, the four-phase line in a /', 7'-(liagrani will be represented

l)y a curve; a pait of this curve is represented in fig. 1 by T)S\

we shall see later that it continues in the points D and »S. This

curve, iis we shall see meets the sublimation curve of F -\- F' in

its terminal point D.

We now take a 7' and P at which is formed from F -\- F' a

liquid witlioul vapour, hence the system F -\- F' -\- L. The liquid

will then, of course, be represented by a point of the line F F'

.

Accoi'ding to the situation of A in regard to the points 7'^ and F'

,

Ihe following reactions may occur at a constant P and T on a

supply, or withdrawal of heat, or on a change in xolunie.

1. If the point L lies between 7'' and /•'' the reaction 7"-|- 7'"^ 7/
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(iikes |»l;x('o. Tlio li(|iii(l i><, llicrcforo. rorinoil liy llir fusion of a pari

of eacli of tlic solid Milislances. We will cull lliis a coiij^riienl or

muliial fusion of /'' + /''.

2. If tlir point F' is silualcd hchveen /'' and L llu' I'caclioii

P'^F -\- L occurs. Hence, llie li(|uiil is formed because a jiarl of

F' melts with separation of /''. The formation of li(|ui(l is thus

accompanied with a con\(>rsion of /*'' into F. We will call that an

inconi^riK'nt or transfoi'uiation fusion.

3. If the |K)int 7' lies between /'" and L the reaction F"^ F' -\-

L

occurs. This case is (|uilc analogous lo the |)revious one.

If we change the teni|)eratnrj we nuist, of course, also change

the pressure in order (o keep together the three pha.ses F, F' , and L.

The liquid A then also changes its composition. In a /', '/-diagram

we thus obtain a curve like d"S in fig. 1, which we will call the

melting point line of F -\- F'.

If between the three plia.ses occurs the reaction mentioned sub 1

we call d"S a congruent or mutual melting point I'ne of F -\- F'

;

if the reaction sub 2 or sub 3 occurs we call d" S an incongruent

melting point line or the transformation melting point line of /•'-)- 7^'.

We now allow the system F -\- F' -\- L to traverse the melting

point line d'' S in such a direction that the pressure diminishes; at

a definite pressure Pjj and its correlated temperature I'dhw intinilely

snuxll quantity of vaponr will form so that the four-phase equili-

brium F -]- F' -\- L ^ (t again appears. The comple.v therefore

passes from the melting point line on to the four-phase line D S.

The melting point line therefore terminates in the i)oint )S' and, as

we shall see presently, comes into contact with the four-phase line

in this |ioint. We will call 5 the minimum melting point, or the

melting jwint of the complex F -\- F' under its own vapour pressure.

The vapour G forming in the point S will as a rule, not be repre-

sented by a point of the line F F', but the liipiid /, will, of cour.se,

still be represented by such a point.

The sublimation line d"D and the melting point line Sil" of the

complex F -\- F' are therefore connected with each other b\ the

part DS of the four-phase curve. The fact that the points D and *5

will not, as a rule coincide may be perceived in the following manner.

In the maximum sublimation point the points F, F' , and G, in the

minimum melting point F, F' , and L are situated on a straight line.

Hence, both points will coincide only then when incidentally the

four |)hases of the sysiein F -\- F' -\- L -{- G lie on a straight line.

The course of the sublinuiiioa curve, of the four-i)hase curve and

of the melting point line is, as we will see presently, determined
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bv tlie relation:

^'^'=Ar ^'^

L ir is tlio ([iiantiiv of iii'al wiiicli iiiust be suiiplied, Z. I' the i-liange

in volume occurring wiien, bcMween tlie phases in equilibrium at a

constant /"and P, a reaction takes place in the one or in the other

direclion.

Let us tirst consider the sublimation curxe -/" I). Vov each of the

reactions mentioned sub 1---3 taken in such a diiection tint \apour

is formed, LW and tiV are positive.

From 1^1 j it thus follows, as drawn in tig. J, 'liat, at an elevation

of tcmi'eralure, the sublimation curve must proceed towards iiigher

pressures. The point ]) lies as well on the sublimation- as on the

four-phase curve. As, however, in this point I), the cpiantitv of

lii|uid of tiic four-phase e(|uiiibi'ium is still but infinitesimal, L \\

and L \' arc the same for both systems so tiiat the two curves

must meet in D.

Let us now consider the melting j.oint line Sd" . We take each

of the reactions menlioiied sub 1—3 in such a direclion that

li(|uid is formed so that L\V is positive. At the congruent and

incongrnenl fusion of f -{- J-'' LV mav, however, be positive as

well as negative. The melting point line can therefore, proceed from

5 towards tiie right as well as to the left; in tig. 1 the first case

has been drawn. The fact liiat the melting point line and the four-

phase line meet each other in .S follows in the same manner as

that given above for the meeting of the two curves in D.

In order to deduce formula (1) for the sublimation or the melting

point curve, we consider the ecpiilibrium F -{- F' -\- (r or F-\- F' -\- L.

We represent the composition of /•' b\ (t, ,:}, that of /•'' bv «', ^'

,

Ihat of A or (r by x, y. We call llie volumina of these phases

V, v' and V, the entropies i/. r/ and H, the lhciinod\ namic poten-

tials C, 5' and Z.

As /•' and /' are in eiiuilibrium will: A (d) we have :

dZ dZ ^

Z-(.t— «)^--{-/-,i) =S (2)

dZ dZ
Z-(.v-a')~-{!,-^) ~ = ? (3)

O.V 01/

From the condition that the three points F, F' and /, {(r) are

siiuated on a siraijihl line, follows;

(.V H)(y~,i') = (.r-a')(!/-^) (4)
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Kroiii tlieso relations liehveen tlie luiir variables x, //,
/' and

7' Inllows :

}(.«-«) ;
f- (y-/?) s] dx -\- {{x-a) s f (y— /?) t\ dy =: AdP — BdT (5)

j(j;-n')»' ^ (y-^'t\d.v -\-\{a;—a')s ^ {>/ - if)t\d,/ = A'dF — B'dT (6)

{,3~[i)dx = {a-a')dt/ (7)

If IVoin this we wish to deduce the relation between dP and d'J'

we may divide (5) by ((5). la consequence of (4) we get

:

x-t( AdP— BdT
(8)

(9)

x-a' A'dP-B'dT

or after reduction :

dP_ («'—«) H + {x -a) 7j + (^-«) V
dl'

""
(«'— «) ^^- {x—a') V + («— «) v'

wl»icli corresponds with formula (1).

Hence, as we have seen above, if we choose the exact conditions,

we can compel the complex F -^ F' to traverse the sublimation

curve a" D, the four-phase curve D S and the melting point curve

Sd". We will now investigate which conditions of the complex

F -}- F' are represented by points situated outside these curves. We
distinguish therein different cases.

1. The complex F ~\- F' has a congruent sublimation line, four-

phase line and melting point line.

Let us first introduce the complex F ~\- F' in a point of the

sublimation curve so that /'^-|--^' + ^'"' is formed. From a conside-

ration of what happens on supplying or withdrawing heat or on a

change in volume we deduce: at the right of and below the line

d'D are situated the regions F -{ (t and I' -j- G, at the left of and

above curve a!'D is situated the region F -\- F'

.

Acting in a similar manner with points of the other curves we
find

:

at the left of and above a"DSd" is situated the region F -\- F'

.

at the left of and below a"Dave situated the regions F-{- G and F' -{- G
„ „ „ „ „ „ DS „ „ „ „F-{-L-\-GiindF'-{-L+G

„ „ „ ,, „ „ Sd" „ „ „ „ F-{-L and F -{- L.

Let us enter the region F-\-L-\-G from a point of the fourphase

curve in a horizontal direction. We then, at a constant pressure,

raise the temperature of the system F -{- L -\- G. The liquid and

the vapour of this system then traverse a part of the boiling point

and vapour boiling point curve of the substance F.

If we enter the region F -\- L -\- G from a point of the four-

phase curve in a vertical direction we then, at a constant tempera-

86
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(iii'c, lower tlie iiressiiic of tlic system F-\- L -\- (i ; llie li(|uid and

llio vapour of lliis system tlieii traverse a part of the saturation- and

vapour saturation curve of tlie substance /•' under its own vapour

pressure.

Tlie same applies if we eiiler t!ie region F' -\- L -\- (i from a

])oint of the four-phase curve. In order to find the limitation of liie

different regions we draw in fig. 1 the sublimation curve n K, the

throo-pliaso curve KF and the melting point curve 7'Wof the compound
/•' and llie .same curves a' K' , K'F' and F' d' of the compound /•''.

We will assume that /•' ami F' also melt with increase in \olume.

The curves Fe and Kf have the same significance as the homony-

mous curves in fig. 3(111); the same applies to the curves F'c' and

A'/'- The question now arises: where are these curves situated in

regard to the corresponding curves of the complex F -\- F'

.

Fig. 1.

Let u? first take a pressure so high that F and F' as well as

their complex F -\- F' have a melting point. Now, as is well known,

the mutual melting point of F -\- F' is situated lower than than of

each (if the com[)onenls individually. A hori/.ontai line intersecting

the three melting point lines must therefore intersect the melting

point line of F -\- F' at lower temperature than the two other

melting point^lines.



III tlic same iiiaimcr wo fiinl lliat a linri/.<iiital line w liicli iiilersects

the lliroe siihlimatiDii cui'xes miisl ciil (hose of l<' -\- F' at a lowi-r

k'liiju'nifui'o lliaii in the case of (lie two oilier ones.

Curve It' DSii" iiiiisl, therefore, he situated in regard to the curves

nKFil and n'K'F'd' as in Kig. 1.

The regions F -{- L and /•' 4- L -\- (I are separated from ea(di other

hy means of a eiirve, where /'' -|- L appears in the pioxiinity of an inli-

nitesimai amoiiid of vapour. We call this sj'slcm A' -(- /^ -f- Cr° \(r'

signifies here that the other phases can be in oqnilibrinm with a vaponr

of the composilion il liiil that oiilv an inlinitesinial amount of that

\apoiir is present.

If, owing to solution of large cpiantities of F in a small (piantity

of A, die system F -\- A + ( ;° approaches to solid F -{ liquid F -{- (i°

the system F -\- /j -^ (i° then approaches the ndnimum melting

point of the substance F.

If from F -\- L -\- G° the solid substance F' is separated, so that

the system F -\- F' -\- L -\- (}° is formed, we find ourselves in the

minimum melting point of complex F -\- F'

.

Hence, the P, 7-ciirve of the system F -\- L -\- (}° proceeds in

fig. 1 from (S towards F.

In the previous communication IV we have already extensixely

considered this system F -\- L -\- (P. The liquid L of this system

traverses at an elevation of temperature a straight lirKs passing, in

the r, ^-representation, through the point F, for instance the line

ZF or Z^F in fig. 1 (IV). The P,T curve corresponding with this

line is represented in fig. 4 (IV) by curve ZF ov Z^F. The curve ASi'^must,

therefore as a rule come into contact with the melting point line

Fd in the point F. In fig. 1 it has been assumed that curve *S7*^

corresponds with branch ZF of fig. 4 (IV).

The regions F' -\- L and F' -\- L -\- G are separated from each

other by a curve F' -\- L -\- G° ; in a sinnlar manner as above we
find that this is represented by a curve S F'

. In fig. 1 we have

drawn the two curves SF and SF'" in agreement with branch ZF
of fig. 4 i}W)

; we might have drawn both or one of them also in

agreement with branch Z^F of this figure. The boundary curve of

the i-egions F^L-\-(r and F -\- G is formed by the system

F + If + G ; that of the regions F' -\- L -\- G and F' -f G by the

system F' -\- L° -\- G. L° signifies here that the other phases may
be in equilibrium widi a li(piid L, but that only infinitely little of

that li(|iiid is present. In an analogous manner as above we find

that the J', 7-curves of these systems are represented in fig. 1 by

the curves aSYv and SK' . These curves meet in K and K' the curves

86*
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a d and (i d'. On ttolh curves a point with a maxiinuni pressure

and one witli a minimum temperature is supposed to occur.

Besides the regions whose limitations wo know now wo lind at

tlie riglit of curve a' d also the regions L -\- G, L and (! whidi,

however, are not drawn in the figure.

In order to survey the connection of those regions we might

draw a representation in space; for this we imagine tlie composition

of the complex F -\- F' to be phiced perpendicularly to fig. 1.

Instead of the spacial representation itself we will here consider its

sections with planes.

If we place a plane perpendicularly to the concentration-axis we
get a P, T'-diagram which applies to a definite complex, if we place a

plane perpendicularly to the T'-axis we get a pressure-concer.tration

diagram which applies to a definite temperature, and if we [)iace

a plane perpendicularly to the /'-axis we get a tem[)erature con-

centration diagram which applies to a definite pressure.

Let us place first a plane, which intersects the three sublimation

curves, perpendicularly to the 7^-axis; we then obtain a section as

in fig. 2 in which i^ and F' represent the two compounds i" and i^'.

Perpendicularly to this line FF' is placed the P-axis.

In order to l)c able to indicate readily the different regions occurring

in tliis and the following diagrams we will represent:

The liquidum region by L, the vapour region by (/', the solid

region by F -\- F' , the region F+ G by 1, F' -\- G h\ 2, P+ /.

by 3, F'-\-L by 4, /.+<'/ by 5, F^L^G by 6 and F'+Z+O' by 7.

If in fig. 1 we suppose a straight line, which intersects the three

sublimation curves, to be drawn parallel to the P-axis, we notice

(hat in fig. 2 the regions F -\- F' , ^ = F -\- G, 2 = F' -\- G and

llie region (r must ajipear. The points s, s and s" represent the

sublimation pressures of the solid substances F and F' and of their

complex F -\- F'
; the complex, therefore, has a higher sublimation

pressure than each of its components by itself.

The curve ss" represents the vapours which

can be in equilibrium with solid /•', curve

ss" those which can be in equilibrium with

."^(plid F' ; these curves have in *• and .v' a

horizontal tangent.

We now take a complex F -\- F' of the

composition c, so that tlie complex itself is

represented by a [loint of the line cc. As this

lino intersects the regions F-\-F', 2 and G,

then according to the pressure chosen, there
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is foniied either /'-(-/''' or F'-^(i or (1. If llic coiiiplox lias siicli

a composition that the line cc' intersects the regions F -\- F' , \ and

(1 eitiipi- F-\- F' or F+ (r or G is f.^rmed.

Let us now taUc a pressure conccntralion iliagram for a teniperalnrc

higher tiian the niaxitnuin suliliniation point, but lower than the

niinimuni melting point of the complex F -\- F' . If in (ig. 1 we draw

a vertical line wiiich intersects curve 7).S we notice that this diagram

may be rc})rcsciited by fig. 3.

Besides the regions G, F -\- F' , I and 2 which appear already in

fig. 2 we also find here the regions :

h — L^G, 6 = F + L + G and 7 — F J^ L + G.

If from F-{- F' is formed one of the systems (t, F -\- G or F' + G,

(he vapour (r always has a composition that can be re])resented by

a point of fig. 3; the same applies to the liquid L if from F -\-
F'

is formed one of the systems L, F -j- L or /"
-f- L.

If, however, L -\- (t is formed as in the systems L~\- (r, F -\- L-\- G
and F' -\- L -\- (t, such, as we have seen previously, is no longer

the case and neither L nor (t can be represented by a point of the

diagram.

Let ns take for example a complex K (not drawn in the figure);

this complex is resolved into a liquid L and a gas G, t)oth situated

outside tiie plane of fig. 3. If 7> is situated above this |)lane, (r lies

below the same and reversedly so and in such a manner that their

conjugation line intersects the region 5 in the point K.

If we take a complex K' within the region 6 (7), we then suppose

this to be resolved first into F{F') and a complex A' of L -\- G;

the conqilex K is, of course, represented by a point of fig. 3. To

this complex now applies the same as to the complex A' within

the region 5.

Hence, if from F -\- F' is formed a

system in which L -\- G appears, the com-

plex L -{- G is certainly represented by a

point of fig. 3 but A and G separately

are not; one of these pha.ses lies in front

of, the other behind the plane offig. 3. By

way of distinction from the other regions,

the regions 5, 6, and 7 are dotted ; we may
imagine that these points represent the

points of intersection of fig. 3 with the

conjugation lines liquid-gas. We have noticed

previously that in some systems occurs only an infinitesimal quantity

of A or G ; of a similar complex L" -\- G ov L -\- G° the gas is



\:v2-2

represented by a point of the iliiigruni in tiie first ease: tlie litpiid

in I lie second case.

Tlie line of demarcation of (lie regions 1 and (i represents tlie

vaponrs wliicli can l)e in eqnilibrium witii solid /•", tliat of the regions

2 an(i G those which can be in equilibrium witii solid F' . The line

of demarcation of the regions 5 and (i represents the eqnilibrinm

L° -j- ^'^. ''''^t of ''»6 regions 5 and (j the complex L -\- of the

system /'-f /> -j- G and that of the regions 5 and 7 this same complex

of the system F' -\- L -{ G.

If in agreement with fig. 1 we take a temperature higher than the

minimum uiclling point .S' of the complex F -\- F' and lower than

the maximum sublimation point A'' of the substance /'' we obtain

a diagram as in fig. 4. If in agreement with fig. 1 we take a tem-

perature higher than the maximum sublimation point A' of the sub-

stance F and lower than the minimum meltingpoint /'' of the com-

jr F
Fig. 4. Fig. 5.

J^-i-F'

«•••%,

• • •

F F F
Fig. G.

pound F' we obtain a diagram as in fig. 5. If finally we take a

temperatuie higiier than the minimum melting point /•' of the com-

pound F we obtain a diagram as in fig. (i.

Between the diagrams figs. 2— 6 exist different transition forms ;

we must also consider the possibility that, in lig. 1. we can draw

lines parallel to the P-axis which cut llic curves l)K. DK'\ SF
and SF' in two points. We will not, lio\\e\er. discuss here these

transition forms.

When deducing the diagrams it has also been assumed tliat the

points D, K' , K, S, F' and F are situated in regard to each oilier

as drawn in fig. 1. But this may be ditTerent.

As a rule, the points S, F', and /' and also the points D, K'

and K will lie in regard to each other as assumed in fig. 1. The

minimum melting (toint of the complex F -{- F' is therefore, as a
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rule sitimlcd al a lower IciiiperaUu'e and |)rc.ssiire tliaii the iiiiiiiiuniii

melting point of each of (lie substances /'' and F' separately.

I'or ill tig. 1 we have assuiiied thai curve SF corresponds with

hi-aiich ZF of tig. 4 (IV) and that >S' is situated on the li.sing part

of this hraiicli and is removed far from liie point witii the nia.\iinum

pressure. If, however, ,S' iii's on this liranch somewhere between the

point willi llie maxinium pressnre and that with the ma.vimum tem-

perature the curve -S7'' in fig. 1 no longer exhiliits a pressure maxi-

mum but only a temperature ma.ximum; tiie })ressure in tiie minimum
melting point of /'^-|- F' is then higher than that in the nunimnm
melting point of F.

If S is situated on branch ZF somewhere between the point with

maximum temperature and the point F, curve SF in fig. 1 proceeds

from -S' towards lower temperatures and pressures. In that case not

only the pressure but also the tem])eratuii' of the ndninium melting

point F-\-F' is situated higher than that of F.

From our previous considerations as to curve ZFZ^ of tig. 4 (IV)

it follows that the latter case can occur oidy then when the liquid

formed at the minimum melting point of F -\- F' differs but little in

composition from the substance F.

From these considerations follows: at a constant pressure the melt-

ing point of the complex F -\- F' is always lower than that of each

of the substances i'^and F' separately. As a rule the minimum melt-

ing point of F -\- F' is also lower than that of each of the com-

pounds individually. By way of exce|)lion, the minimum melting

point of F -\- F' may, however, be somewhat higher than that of

one or even of both of the substances F and F'

.

We shall see later that in this case at the temperature of the mini-

mum melting point of F -{- F'
, the saturation curve of 7'^ or F'

under its own vapour pressure is exphased.

A similar consideration applies to the maximum sublimation points

of the complex F -\- F' and the compounds F and F'

.

Let us now bring a complex F -\- F' of a delinile composition t'o

to a temperature 1\ and a pressure P^. In order to investigate in

which of the 10 possible conditions this complex will now occur

we take a pressure concentration diagram of the temperature ?'„ and

place in this the concentration c^ and the pressure P, of the complex.

If now the figurating point lies for instance in region 7. F' -\- I^-\-G

is formed, if in region 3, F -\- L is formed, if it lies in region G '\i

is converted wholly into gas, in region L wholly into liquid, etc.

Besides the pressure concentration diagrams considered above we
may also deduce from fig. 1, or its corresponding spacial represen-
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lation, tenipcratiire onncentration diiX^rams for a complex of a dofinitc

compos^ition ; I will, however, not go into tliis any further.

2. The complex F -\- 1'^ has an inconjrrnent sublimation line, fonr-

phase line, and melting point line.

We will assume that both liquid and vapour ]iave such a com-

position that on the sublimation curve a" Z) (fig. 1) occurs the reaction

F''^F-\-G, on the four-phase curve DS the reaction F''^F-\-L-\-G

and on the melting point curve Sd" the reaction 7'"' f^ F -|- //.Hence

if F' is placed in an evacuated space and if gas is generated, then

according id the capacity of (his space F -\- F' -|- tr or F -\- G is

formed or merely a vapour G of the composition F' ; if liquid and

vapour are generated F -\- F' -\- L -\- G is formed, or F -\- L -\- G,

or L -\- G ; if li(piid is generated F -\- F' -\- L is formed or i' -)- L
or merely a liquid of the composition F'.

From F' according to the conditions chosen, one of the complexes

F-{-F' + a F-\- G, G, F+ G, F -\- F'
-i-
L -\- G, F-^ L -f- G,

L -\- G, F -\- F' -\- L, F -\- L or L will form or else the compound

F' may remain unchanged. If only L or G is foruicd those will,

of course have the same composition as the compound F' . Hence,

we can never obtain from the compound F one of the complexes

F' -\- (}, F' -\- L -\- (} or F' -\- L unless these appear in a meta-

stable condition.

In fig. 1 all curves relating only lo the compound 7'^' ('/'A' , A' F',

Fd' F'e' and K'f) and the regions encom[)as.scd l)y tliem, therefore

represent only metastable conditions of the coiui)Ouiid F' ; hence,

they cannot be realised in the stable condition. If, therefore, the

compound F' is introduced into an evacuated space it will not

occur in the conditions whicii corresjiond with the P, 7'-diagraiu of

F' , but with those corresponding with the P, 7'-diagram of the

complex F -\- F'

.

The terminal point D of the sublimation curve d"D is here not

only the highest sublimation point of the comj)lex F -\- F' , but it

also represents the highest pressure at which the conversion of F'

into 7*^ takes place by the side of gas; the initial point 5 of the

melting point curve Sd" is here not only the lowest melting point

of the complex F -\- F'
, but represents also the lowest pressure

at which the conversion of /•'' into F takes place in presence of

liquid.

From a consideration of what happens with the complex F -{-
F'

on supply or withdrawal of lu'at or on a cliaiino in volume we

deduce

:
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A( tlio hd'l of ,UK I above a" DSd" is sidialcil tin- n'.t;;i()ii /•'-)- /•"

„ „ riglit „ „ below a' I) „ „ „ „ F -\- (r

.9c/" A' 4- /

These regions are, therefore, situated, with regard to the curve

a" ])Sd", in the same inaMncr as in fig. 1. It is also evident tlicre-

from that in tiie P/r-t-Wa^^vMn the regions /'" + G, F' -\- L -\- ^' and

F' -\- L aie wanting.

In order to survey the connection of the.se regions we might draw

a representation in space l)^' now also placing perpendicularly to

fig. 1 the composition of the com{)lex F-{-F'. From this spacial

representation we might then deduce the pressure concentration the

temperature concentration and the P, 7^-diagrams for definite concentra-

tions. We will, however, not go into this matter any further just now.

3. Some other cases.

Up to now, we have supposed that F and F' melt with increase

in volume and that this is also the case with the congruent and

incongruont melting of the complex F -\- F' ; in agreement there-

with, the temperature on each of the three melting point curves in

fig. 1 increases with elevation of pressure.

We now see at once that there are many cases to be distinguished;

the reader himself can easily introduce the necessary alterations.

Further, we have supposed sub 1 that in each point of the curve

(I'DStV occurs a congruent reaction and sub 2 that in each point

of this curve an incongruent reaction appears. It is evident that in

this respect also many cases maj' be distinguished of which I will

briefly mention a few.

We imagine on the sublimationcurve a point /; on the part a"l

occurs, between the phases of the complex F -\- F' -\- G, the con-

gruent reaction F'-\-F'^<t; on the part ID the incongruent

reaction F''^F-\- G. In the point I itself the compound F will

then take no part in the reaction but the reaction F'^ G takes place

in which G has the same composition as F'

.

Hence, in the point /occurs the complex F -\- F' -\- xsi^onv F'

;

in / therefore, also exists the complex F' -\- \s>,])0\\r F' . From this

follows that / is not only a point of the sublimation curve a'Dhni

also of the sublimation curve a'K'

.

Now, the direction of these curves in each point, therefore also

dP A IF ,

in / is determined by 7'-—-==—-—. As, however in the point / the
' dT L.V '

reaction in the two systems F -(- F' -\- vapour F' and /" -\- vapour
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F is the same (namely, F'"^ vapour F) L 1 1' ami L T'are also the same

for both systems. The curves a"D and a' K' must, therefore meet

in tlie P, ^'-diagram in the imiiii /.

A corres]»oiiding properly holds when a corresponding point / is

situated on the four-phase curve, or on the melting point curve of

the complex F -\- V

.

Hence, if the sublimation line, the four-phase line or the melting

point line of the coinple.x F \- F' is in a part a congruent and in

a pari a transition curve, the curve of the complex in the P, 7-dia-

gram will meet in its transition point the corresponding curve of

tluii compound which is being converted.

It there are two transition points, many cases may present lliem-

selves, according to their situation, the compound converted etc.,

which we will not discuss here any further.

{To he continued).

Chemistry. — -'T/ie .iij.steni .wdium sulphate, maJipanoiis sidphate

mid intti'i- at 35° M. By Prof. F. A. H. Sciikicinkmakkrs and

D. J. V.\N PUOOIJE.

In lliis system (H-ciir as .solid piiases. which can be in equilibrium

at 35° with saturated solutions: aniiydrous Xa^SO^, the iiydrate

MnSO^ . IljO and the two anhydrous double salts:

Dp.io = (Mn S04)9 (Na, S04)io and D,.3 = Mn SO4 . (Na, 804)3.

The tloid)le salts previously described

:

.Mn SO4 . Na, SO4 , 2H..0 and Mn SO4 . Na. St)^ . 4 llX)

have not been found by us, whereas on the other hand those now

noticed have not been described up to the present. Moreover, the

accurate preparation and sobibiHty of ihe salts previously described

are luit iiisullicicnllv known, so that it is diHicult to decide whether

these are pcrlia|)s metastablc or whether the presence of two uiela-

slaiile salts was, perhaps, due to accident.

The eciuilibria occurring at 35° are indicated schematically in ilie

figure; the two double salts are represented by tlie points D9.10 and

I)i.3, the .salt MnSO, . 11,0 is rei)resented by the point Mn,. The isotiierm

consists of four branches, namely

1) Marignac aiul Geiuer, A. Min. [.".] 9. 15. Mag. Pliaiin. 11 2'/.



ab llie saiuiiUidii liiu' dl' Na^ 81)4

(>c ., „ ,. ,. Din

cd ,. .. ., ,. DylO

de ,. ., „ „ MiiSOj .11.0

The exacl iKisilion dl' llicsc liraiu-ii'.^s can he di-awn with the aiil

(if the (h'U'riiiinalioiis I'croidcil in lahle I.

TA P.I.I': I.

Composilicn in "
„ i>y wcinlil dl' iIil' soinlidn'^ satiirakMl

al 35° anil df ilie residues.

Solution Residue

Solid phase

ofnMnSOi
I

%Na2S04 o^n MnS04 ' o-pNajSOa

39.45

33.92

33.06

32.76

32.92

31.05

27.67

22.14

14.58

13.96

12.19

10.45

7.43

5.69

5.11

2.96

5.23

7.97

7.71

7.42

9.20

10.76

14.28

20.01

21.91

22.49

23.41

26.58

29.31

30.52

31.33

33

—
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stances witli which the solutions are soturated, the composition

of such a solution lias been determined and in addition that of the

correlated residue.

^\^%

As sliown in the table, four solutions of branch cd and their

correlated residues have been determined besides the two terminal

points; if these are introduced into the figure and the conjugation

lines are drawn, these intersect the side MnSO^— Na2S04 in a point

indicating 4H.8i> % of Mn".S()4 and consequently 51.11 % of Nao SO4.

The double .salt Mn SO4 . Naa SO4 contains, however, 51.53 7„ of

Mn SO4, therefore, 48.47 7, of NaoSOj, so that the solid substance

with which the solutions of branch cd are saturated cannot be the

double salt Mn SO4 . Nao SO4 or one of its hydrates. If from the

composition (7, by weight) of the ])oini of intersection we calculate

the molecular composition we find: (Mn SO^).) (Nao SO4I10 = Dg.io-

As shown in the table, four solutions of branch /«- and their corre-

lated residues have been determined besides the two terminal points

b and c ; these four conjugation lines intersect the side Mn SO4—Nao SO4

in a point indicating the composition of llie double salt : MnS04

(NaoS04).3 = D13. This double salt contains 2(i.l6°'„ of MnS()4 and

consequently 73.84 7, of Na. SO4.

The behaviour of both double salts in regard to water is shown

at once in the figure if we connect tiierein tiie apex W witii the

points D1.3 and D.j.io- As the line W.D1.3 intersects tlie curve k and

tlie line W.D9.10 the curve cd, it is evident that at 35° both double

salts are soluble in water without decomposition.
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Botany. — "On iiitniritdl /irecipilates". By Prof. C. van Wisski.ingii.

(Conmniiiiciitcd liy Prof. Moll).

(Coininiinic-ilfd in tlie meeting of February 22, 1913).

Tlio |)i'e('i|)itates caused by basic substances in living plant cells

have lonjz; attracted the attention of investigators and the literature

on this subject is already xoluniinous. Charlk.s Darwin was the first

to investigate these |)recipitates. He ') first mentions the phenomenon

in his work on insectivorous plants, and calls it aggregation. As

DE Vries') has pointed out, Darwin includes two different pheno-

mena under this name: in the first ])lace, the movements which he

discovered in the protoplasm of the cells of the glands of Drosera

rotundifolia and other insectivorous plants, movements which occur

whenever stimulation causes an increased secretion, and in the

second place the precipitates which occur in the protoplasm when
ammonium carbonate is used as a stimulus.

As Ch. Darwin') luis shown, precipitates with ammonium carbonate

and with ammonia are also formed in many other cases in living

plant cells. He stated that the precipitates no longer occur when the

preparations are heated in water for 2 to 3 minutes to the boiling

point and on this account he was inclined to consider the reaction

as a vital one. With regard to the chemical nature and physiological

significance of the substance of which the precipitates are composed

Darwin expressed himself very cautiously. He supposed tliat they

consist of protein and considered that we have to deal with an

excretion product. He concluded his last-mentioned paper as follows

:

"But I hope that some one better fitted than I am, from possessing

much 'more chemical and histological knowledge, may be induced

to investigate the whole subject". From this it follows that Darwin

may have thought that another explanation of the phenomenon lie

had discovered was also possible.

Fr. Darwin ^) defends his father's views, as far as the chemical

nature of the precipitate is concerned, which ammonium carbonate

produces in the tentacles of Drosera rotundifolia. De Vries*) is

1) Charles Darwin, hisectivorous plants. 1875, p. 38. Chapter 111.

-) Hugo de Vries, Ueber die Aggregation im Protoplasma von Drosera rotun-

difolia. Bot. Zeit. 44. Jahrg. 1886, p. 1.

*) Charles Darwin, The Action of Carbonate of Ammonia on the Roots of

certain Plants. The Journal of the Linnean Society. Botany. Vol. XIX. 1882, p. 239.

*) Francis Darwin, The process of aggregation in the tentacles of Drosera

rotundifolia. Quarterly journal of inicrosc. science. Vol. XVI. 1876, p. 309.

5) 1. c. p. 42 ff. and 57 IT.
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also of llio opinion thai llio |iroci|)ilate belongs to liio gronp of tlie

|iroleins. as far as its bcliaviour towards ivagenis is conccrnoii.

The i)recipitales cansed hv ainmoninm carbonate in tiie cell-sap

of Spirogyra and of other plants, have also been investigated by

Pfkffer'). In iiis opinion t!iey are composed of i)rolein tannat<' and

give reactions both with protein- and with lannin-reagents.

LoEW and Bokorny ') have written numerous papers on the subject

of precipitation in living plant cells b- various basic substances. In

these publications, the same points generally have been stated, so

that they can here be dealt with logelher.

In the opinion of these two investigators the precipitates wliicli

have been causetl in the cells by ammonium carbonate, antipyrine

and caHeine consist of aciive pr(»lciu. The bodies of which the preci-

pitates are composed, called by these writers proteosomes, can be

formed both in the protoplasm and in the cell-sap. According to

Loi;\v and Bokokny the formation of proteosomes is a real vital

reaction. When the cells have been killed, the reagents mentioned

cannot any longer bring about the phenomenon, because the active

protein has been changed into passive protein.

The two authors describe peculiarities of the preci|)itates and

mention positive results wiiirli tliey obtained with various protein

reagents. The precipitates are slated to be composed cither e.vclusi-

velv of active protein or Ihey contain also other sulistanccs, such as

tannin, but it is emphalically declared in this coinicction, thai the

admixture of other substances is •unwesentlich".

') W. Pfeffer, Leber Aufnalime von Aniliiifaiben in lebenden Zelien. Unler-

suchungen aus dem botan. hislilut zu Tubingen. 2. Bd. 1S86— 18S8. p. 239 (T.

-) 0. LoEW und Th. Bokorny, Ueber das Vorkommen von aclivem Albumin im

Zellsaft und dessen Ausscheidung in Kornchcn durch Basen. Bot. Zeit. 45. Jahrg.

1887. p. 849. — Ueber das Verhallen von Pflanzenzellen zu stark verdunnter

alka'.ischer Silberlosung. Bot. Gentralljlatt. 10. Jalug. 18S9. XXXVIII. Bd. p. 581

and 6U. XXXIX. Bd. p. 369. XL. Bd. p. 101 and 194. — Versuche libcr akiives

Eiweiss fiir Vorlesung und Praktikum. Biologisches CentralHatt. 1891. XI. p. 5.

—

Zur Ghemie der Pioleosomen. Flora. 1S9J. Erganzungsb. p. 117. - Aktives Eiweiss

und Tannin in Pflanzenzellen. Flora. Gl. 1911. p. 113—116. Autoreferal. Botan.

Genlralblalt. 32. Jabrg. 1911. I. Halbjahr. Bd. 116. 1911. p. 361.

Th. Bokornv, Neue Ucteisucliungen fiber den Yorgang der Silberabstheidung

durch actives AH uinin. Jahrb. f. wiss. Bot. XVIII. Bd. 1887. p. 194. — Ueber

die Einwirkung basischer Stoffe auf das lebcnde Protoplasma. 1. c. Bd. XIX. 1888.

p. 206—220. — Ueber Aggregation, 1. c. Bd. XX. 1889. p. 427. — Zur Kennlniss

des Cyloplasinas. Ber. d. d. l)0t. Gesellstii. Bd. Ylll. 1890. p. 101. — Zur Pro-

tcosoraenbildung in den Bliiltern der Grassulaceen. I. c. Bd. X. 1892. p. 619. -

Ueber das VorkonMiien des Gerbsloffos im Pllauzenreiclic und seine Bcziehung

zum acliven Albumin. Ghemiker-Zeil. 1896. No. 103. p. 1022.



Tlic views of liOKW aiid lioKOKNV lluif |)rcfi|iilatcs caused in living

])l;iiil-cells liy iiinnioiiimn carhonate, aniinonia, aMti|\vrine, calTeiiio

and otli'M- liasic suhstaiiccs arc prnli'in |ii'eci|)ilates lia\i' been contcslcd

l)V Ai' Ki.KiaKKK 'j, Ki.KMM V aiid ( 'zAi'Kk '). All tlicsc consider tiial

llio |in'ci|iilates are in reality tannin precipitates. On treating tiie.se

and tlie cell-sap with protein reai2,eiits tliey always obtained neji-ative

results, wlide on (lie other hand tannin reagents gave positive ones.

It is worthy nf notice that Ki.iaiM in connection with liis experiments

with niethylene-blue legards tannin as of secondary importance in

the case of Spirogyra. Hei'c another as yet unknown substance might

cause the precipitate.

CzAPK.K states tliat the precipitates may sometimes lake up other

substances, such as colouring-matter from the cell-sap and lipoids.

Also, in spite of the negative results of experimental investigation,

he thinks that the precipitates sometimes may contain protein sub-

stances, because the latter occurs in the cells.

There is a divergence of opinion between the last-mentioned inves-

tigators as to the place where the precipitates occur. Ai' Klercker

holds tliat they occur in the cell-sap. Klemm thinks that detailed

study will i)robably show more and more, that they are formed

exclusively in the cell-sap and not in the protoplasm or in both, as

BoKORNY wrongly asserts for the Crassulaceae. On the other hand

Cz.\rEK believes, that they can occur in the cell-sap and in the cyto-

plasm as, inter alia, may be the case in the leaf of Echeveria.

In 18i»7 an interesting investigation by Overton ^) was published.

He experimented on Spirogyra with ammonia, amines, catfeine, pyri-

dine, quinoline, piperiiline, and alkaloids. He has no doubt at all

that the i)reci[)itates which are' found inthe cell-sap are compounds

of tannin with the abo\e substances. He describes in detail the

[)henomena which are brought about by solutions of caffeine of

dilferent strength, namely, when successively stronger or weaker

solutions are added. In explanation it is said that the compound of

tannin and calfeine are in a condition of hydrolytic dissociation.

•) J. E. l'\ AF Klercker, Studien iiber die Gerbstoffvakuolen. Inaug. Diss

Tubingen 1888.

-) P. Klemm, Beitrag zui- Erforschiing der Aggregationsvorgilnge in lebenden

Pflanzenzellon. Flora 1892, p. 3C5. — Uebnr die AggregationsvorgangeinCrassulaceen-

zcllen Bei-ichle d d. bot. Gesellsdi. Bd. X. 1892, p. 237.

*j 1''. GzAPKK, Ueber I'allungsreaktionen in lebenden Pflanzenzellen und einige

Amvendungen derselben. Ber. d.d. bot. Gesullsch. Bd. XXVllI. 1910. HeftV. p. 147.

^) E. Overton, Ueber die osmotischen Eigenschaften der Zellen in ilirer Be-

deutung fiir die Toxikologie und Plianuakologie. Zeitsclir. f. Physikal Ghemie XXll

.

Bd. 1897, p. 189.
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Sliortlv befoiv tlie appeuram-e of Czapkk's publication quoted above

1 ') made a ineliiiiiiiarv oomiminication on the demonstration of

tannin in tlie living plant and on its pliysiological signillcance. Wliile

t^carcliing for a metliod of studying the physiological sigiiilicance of

tannin in Spirogjra my attention was also drawn to antipyrine and

caffeine, substances which had not then been used for that jiurpose.

Like Overton I described the precipitates as tannin precipitates

and have never for a moment thouglit of regarding them as protein

precipitates. All the results were in agreement with the view that

they were tannin precipitates. In the paper referred to above I drew

attention to the fiu*t that they were earlier described erroneously by

LoEW and Bokokny 'j as protein precipitates. To this these authors ')

soon replied.

In connection with the various views on the chemical nature of

intravital precipitates, I ha\e further considered whether protein

might occur in them and subsequently performed some experiments on

Spirogyra maxima (Hass.) Wittr. which in my opinion render much

more certain the view that the precijjitates contain no protein, than

was already the case. It follows moreover from these e.xperiments

that the precipitates occur in the cell-sap and not in the cytoplasm.

1 will first explain this point.

BoKORNY ') assumes that in SpirO(ji/ra proteosomes are formed in

the cytoplasm as well as in the cell-sap. He thinks he has furnished

proof of this by combining the formation of proteosomes with abnormal

j)lasmolysis.

He placed Spirogyra in a mixture of equal parts of a 107o solution

of potassium nitrate and a O.Vl^ solution of caffeine. After the action

proteosomes were observed in the cytoplasm as well as in the con-

tracted vacuole. Klhmm *) agrees with Bokor.ny with respect to the

localisation of the [irecipitate in Spirogyra. Klemm first allowed the

precipitate to occur and then to be plasmolysed.

When BoKORNY '") firet brought about abnormal plasmolysis witii a

V C. VAN WissELiN'GH, Over bet aantoonen van louislof in de luvonde plant

en over hare physiologische belcekenis. Verslagen der Koninkl. Akad. van Weten-

schappen le Amsterdam, Maarl 1910. On the tests for tannin in (he liting plant

and on the physiological signifionnce of tannin. These Proc XII, p. 085.

*) 0. LoEW and Tn. Bokouny, Aktives Eiweiss und Tannin in Pflanzenzellen. I.e.

») Th. Bokornv, Neue Untersuchungen (iber den Vorgang der Silberabscheidung

durch actives Albumin. 1. c. p. 206.

') P. Klemm, Beitrag zur Erforschung der Aggregaliousvorgange in lebenden

I^flanzenzelleu. 1. c. p. 407.

'') Th. Bokorny, Ueber die Einwirkimg basisclicr Slotlu auf das Icboude Proto-

plasraa. 1. c. p. 209.
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IC/o sdluliun (if |)()i;issiiiiii iiiiralc ;iii(l .siil)&e<|iieiill v allowed basic

substances In acl, he InniMl uiil\ |ii(ilcosoiiies in llie contiack'd \aciioie

anil cxplaiim this by assiuninji;; that on (lie death of the protoplasm

the active protein is clianfjjed into |)assive and that tlien no more

proteosomes can be formed, so that a vital reaction is given no

longer.

Without considering this explanation for the present, I content

ni3self with [loinling out tliat, when the above experiments are

repealed, careful observation ali-eadv shows that so far as the

localisation of the precipitate is concerned, Bokorny's view, accepted

by Ki.K.MM, is incorrect.

When tirst abnormal phasmolvsis is [jroduced with a l(*°/„ solu-

tion of potassium nitrate and this is followed by a[iplication of a

lOVo solution of potassium nitrate which contains in addition l"/,

antipyrine or 0.1" „ caffeine or if a rod with ammonia is then held

above the preparation, precipitalion takes place exclusively in the

contracted vacuole. If the reagents are allowed to act simultaneously

or in reverse order, i.e. if the precipitation is first produced by the

antipyrine or caffeine .solution and' is followed by abnormal plasmo-

lysis, then it is seen that the contraciion of the vacuole is accom-

panied by continued expidsion of the precipitate which is surround-

ed by cytoplasm. If (he whole process is not followed under the

microscope, but if the tinal result alone is observed, then it is easy

to imagine that precipitation has also taken place in the cytoplasm

and thus to draw an erroneous conclusion, as did Bokokny.

As already mentioned, some investigators have obtained all possi-

ble protein leactions with the intravital precipitates, whilst others

have oidy got negative results. I may remark that protein reactions

at our disposal are in general not sensitive as microcliemical reactions.

When these reactions, namely, the test with sugar and sulphuric acid,

the biuret lest, Mii.lon's test and the nili'ic acid test, are tried on

minute pieces of coagidated egg-white, the various colorations can

indeed be easily seen, but yet it is noticed that most of the reac-

tions can have no great value for microscopic, investigation. With

Mhi.on's reaction, and the nitric acid and l)iuret te.sts the colour

with very thin pieces of egg-white is very fainl.

With a minute object such as the protoplast of Spirogji ra which

in addition lo protein contains also other substances, little is to be

expected from the three last-mentioned i-eat'lions. In accordance with

this I did not obtain favoural)le results, but the reaction with sugar

and sidphuric acid yielded belter ones. The objeels were left in a

sugar solution for some time and I hen sulfuric acid was allowed to

87
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tlow ill. 1 used :i iiiixtiire of J> parts l\v weiglit of concentrated

siil|>lniric acid and ow \rdil by weifjiil of water, tlierefore snlplniric

iicid of 857,7(1- This niixtnre lias a much smaller carbonising action

on the sugar than concentrated sulphuric acid and is therefore to

be preferred. Willi small pieces of egg-white the reaction is very

striking. At (irst the colour is red (compare Klincksieck et Valetle,

Code des Colenrs, 1908, N°. IH and 21), sometimes wiih a very

weak violet tint, then pure red (Ki,. et V. N". 41) and afterwards

oiange-red (Kl. et V. N". 51). With very thin pieces the colour is

still observable. The reaction is also very suitable for microchemical

use. Ill Spirogyra the protoplasts are coloured a distiiicl light red,

the nucleus with the iiiicleoUis and the |n lenoids are darker.

At this point 1 mention a reaction which is indeed not a real

protein reaction, but which may sometimes serve for the indirect

microchemical demonstration of protein, namely, the test with tannin

and iodine in potassium iodide solution. In botanical papers I have

found it stated that iodine in potassium iodide soliilioii gives a pre-

cipitate with a tannin solution and can be used to demonstrate lannin

microscopically. I have not been able to coiilirm this and it is more-

over in conflict with what is generally stated in chemical handbooks,

namely, that a tannin solution is coloured violet by means of an iodine

solution such as iodine in potassium iodide. Of course care must be

taken that the violet colour is not maskeil by the addition of much

iodine. In chemical books I have found no menlion of a precipitate.

When hide-powder or [lieces of egg-wliiie are brought into contact

with a lannin solution, washed with water after some time and then

treated with iodine in pola.ssium iodide solution, they usually show

a dirty brown colour ; after repeated washing with water a line

violet colour (Kl. et V. 591, 596) appears, however.

This reaction can also be ajjplied to Spirogyra, but in this case

the lannin solution is unnecessary, because Spirogyra itself contains

tannin in solution in its cell-sap. The filaments of Spirogyra are

warmed to 60° in water. They are llieii killed, the tannin leaves the

vacuole and partly combines with the protein of the protoplast. If

the filaments are now treated with iodine in potassium iodide solution

and afterwards washed with distilled water until the iodine reaction

of the starch disappears, it is then found that those parts of Ihe

protoplast which are rich in protein, are coloured violet. The nuclei

with the nucleoli are finely coloured, tiie pyreiioids more faintly.

I have been no more able to find protein in the iuiravital pre-

cipitates with cafrein'% aniipyrine and amnionium carbonate than

were Ar Ki.kkckkh, Ki,km\i and C/.apkk; neither when the ju'ecipitates
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willi (Mli'ciiie anil iiiiii|p\ linc liad lioeii treated according to Hokokny'h')

iiii'IIkiiI Willi ' ,„"„ .iiiiiimiiia and liai! llins l»ecoiiic iiisolniile.

IN'or lia\e 1 I)clmi able lo obtain a protein re.vclion wlieii tlie

precipitates were some weeks t)ld and had l)ecoiue insolnhle. Spirogyra

can, it slioidd be noted, remain alive for several weeks in a 1 '/„

antip\ rine-sdbilion and in a 0.1 ",'„ calieiiie-sohition. At lirsl llie

precipitates aggregate and form globules; gradually their solubility

diminishes. When the filaments are then transferred into water, the

globules leave vesicles behind, whicli have disappeared after some

days. After a few weeks the globules seem altogether insoluble. In

dead cells brown globules are found, which are also insoluble in

water. Neither the globules nor their insolid)le residues gave even

a protein reaction with sugar and sidjthuric acid, whilst the proto-

plast became distinctly coloured red. On the other hand the globules

gave tannin reactions.

It is remarkable that Loew and Bokorny'), who have repeatedly

insisted on the protein nature of the |)reci|)itates, assert in one of

theii- latest publications that the colour-reactions for protein sub-

stances, such as that of IUili.on and the biuret reaction, are not the

most important [)rotein tests, although they formerly relied on these.

Now they prefer coHgnlatiou by rise of teni[)erature, by alcohol

and by acids.

I treated Spirogyra-tilaments, with precipitates produced by I'/o

solution of caffeine, by Hokornv's method with a saturated caffeine

solution containing 20 "/„ iil<^ohol or 1 exposed the filaments for a

short time to the action of 10 °
„ nitric acid or warmed them to

60" in a 1 7o solution of caffeine. In the first two cases I observed

solution, in the last case coalescence. Tiie results by no means proved

the protein nature, as is especially evident from the following

experiments.

When 1 mi.xed 1 7o solutions of gallnut- or of Spirogyra-tannin

with ail equal quantity of a I "
„ caffeine-solution and heated the

mixture to 60° or added 10 "/o nitric acid, the precipitate which

was formed underwent a modification. It agglutinated more or less

and a portion had clearly become much less soluble in water, so

that after some days in an excess of water tiiere was still a con-

,sideral)le resinous residue undissolved. It is possible that Lokw and

BoKORNY succeeded by heating and by the action of nitric acid to

transform [lart of the prccipilalc in the cells into an insoluble modi-

fication, but this is by no means a proof of its protein nature.

') Th. Bokorny, Zur Ki'iiiitnis des Cylopiusina.-;. I.e. p. 106.

-) 0. LoEW uu'l Th. Bokornv. Aklives Eiweiss und Tannin in Pflanzenzelien. I.c

87*



133«5

LoKW ami Hokoknv ' (ioclare tlic forinalioii of protosomes with

aiumoiiiiiiii i-arbonate, anli|)vriiie ami i-afleiiie to be a true vital

reaction. They sav ilial wiieii tlio ceils are dead, formation of proto-

somes can no longer lake place, because the active jirolcin has

become passive. 1 shall proceed to show how, starting from dead

material, precipitates can be produced with anti[)yrine, caffeine and

other basic substances, which completelv agree with those observed

in living material.

That in dead cells of Spirogvra no precipitates occur with the

above basic substances, is simply due to the fact that the dead

protoi)last and the cell-wall allow the tannin to escape. A portion

of the tanuin gets outside the cell and another portion enters into

combination with the protein-substances present in the cell. It is

specially fixed in the nuclei and the pyrenoids. Now antipyrine,

cafteine and oilier basic substances can obviously no longer cause

any precipitate in the vacuole.

It can be proved as follows that in dead Spirogyra part of the

tannin passes out. Pieces of Spirogyra-lilaiiients are placed between

slide and cover-slip in a 1 "
„ solution of egg-white or in a '/i 7o

gelatin or glue solution. These colloids do not penetrate into the

cells and cannot therefore form any precipitate with the lannin of

the cell-sap. AVlien carefully healed above a micrn-flame. the cells

are successively killed. The lannin passes tliiough the jirotoplasmic

layer and (•ell-wall and forms a precipitate in the egg-white-, gelatiu-

or giMe-sdiuiion. On careful heating Ihe precipitate lies immediately

against the Spirogyra-tilauient. The cells which are still alive are

not surrounded by a precipitate. It can be established by using

solutions of fi'rric salts, and dlhei lannin reagents, that the precipi-

tate formed outside Ihe tiiament is a lannin |ireci|)ilale.

When Spirogyra lias been slowly healed in water to ()0° in a

test-tube placed in a waler-balh, it dies. In this case much lannin

usualU I'dMiluncs wilh the prolciu present in the ju'otoplast ant! oul_\

a liilie leaves the cell. When a large (pianlily of Spirogyra was

healed to M)° in very little water, the licpiitl .sometimes gave after

filtration oidy a vei-y weak lannin reaction wilh ferric salts, whilst

the nuclei and inrenoids always gave a dislinci i-eaclion. The nuclei

and |)yrenoids also ga\e a dislinci tannin leaclion with iodine in

potassium iodide solution. Wher. snIT.ciently washed out wilh water

they show a fine red violet coloralion.

When starling wilh dead maleiiai, il is desiivil to luoduce with

'j 0. LoEW anJ Tn. Bukor.ny, Ueber lias Verliallen von rilanzenzeilen zii slaik

7;r(luniilcr alk:ilisclier Silbcrlo-sung. liol Ci'iilrall)!. lid. XXXVIII. p. 614.



;iiili)M riiii', (;iiri'iiH> ami dlln'i- l),isi<' siihslaiiccs iirccipilali-s wliicli

ajjrce willi lliosc (iccnrrini;' in li\iii'4 ci'lls, the Inlldwini: iiiciIkkI

may lie a(l(i|i((Mi. A immhor ol' S|iii-()jj;}ra-lllaiiiciils arr lakeii, washed

Gill with (lislilliMi walcf, wliicli is allowed lo drip oil" as iimeli as

possihle and llieii lliey ai'o healed lo ()()°, dried as well as possible

by means of jjenlle iiicssnrc Ih'Iwmm^m lill('r-pa|)er, and exlracted '2 or

3 limes with a mixture of 4 parts ot' ether and 1 part of aleohol,

such as is used in the extraction of tannin from gallants; the llnid

obtained is tlllere<l and evapoi'ated in a \aciiiini. I'lie residne, which

resembles i>,-aliniit-lannin, is dissolved in a lillle distilled water and

filtered. We thns obtain a soliUion, which gives all the possible

tannin reactions, with ferric salts, potassium bichromate, egg-whito

and gelatin solutions, calfeine, antipyrine etc.

The precipitates with antipyriue and calfeine solntions, vvilh pyridine

and (uiinoline-vapour, and other basic substances completely resemble

those occurring in living cells : little .•spheres or globules which show

Hrownian movemeid and gradually aggregate lo iaiger masses,

which on the addition of watei' dissolve and behave towards reagents

as tannin precipitates, all of which completely resembles what we
obscr\e in li\ing cells.

From the above ex]ieriuienls it is evident that what Loew and

BoKOKNY take to be reactions of active protein are in reality none

other than reactions of tanuiu aiul the pi'Oteosoines none other than

precipitates of ditferent basic substances with tannin. It is further

evident that after deatii these preci[)itates can be as distinctly

produced as in living cells and can therefore hardly be called vital

reactions.

The question what substances the precipitates can contain in adtlition

to tanniu-comi)ounds is more difiicult to answer than it was to

demonstrate the tannin character of the precipitates in li\ ing cells.

That oilier substances may be present in the |)recipitates, is already

clear from observations on cells containing red coloui'ing matter as

well as tai^nin in solution in the cell sap. The precipitates take up

the red colouring-matter ami large red-coloi"red spheres finally arise

through the aggregation of many globules.

The ([uestion whether the intravital precipitates can contain protein

will now be dealt with. As already slated I't'KiTKR ') assumes that

the precipitate which is produced in S[)irogyra by ammoinum
carbonate, consists of protein and lamdn, which, according to

him, both occur in solution in the cell-sap. The acids present in the

1) 1. c. p. 239.



(•i.'11-sjip aro sii|i|K>.se(l to pruvfiit llie |ireci|iil:Uiim of the [JKitoiii \n

the taimiii. Wlieii these aeitls ai'e neiiti-alised a |n(>leiii-laiiiiiii

precipitate is proiiiioeil aeeordiim in I'l kifkh.

PFhFt'KR thinks lliat llie foriiialiuii of the |)iecipilate in Spirofiyra

must Ite explained otherwise than the precipitation of tannin by

anniioninni earhonate, beeanse in Spirogyra filaments a preeiiiitate

ocenrs witli amMimiiiim-carlionate at "ireater dihilion liian in solutions

of tannin. Af Ki.krckkk ') has erroneously considered this observation

incorrect. I have indeed found it to be correct and I have also

come to the conclusion that organic acids can entirely or partly

prevent the precipitation of protein and gelatin by tannin.

On the other hand, in order lo explain his o'>servalions I'I'KFFKU

assumes various factors, willioul prosing their existence, whilst he

takes no account of olher existing factors. In the tirst place Pficffkh

ought to have considered whether the lanniu iii Spirogvra is really

identical with li'allnnt-tainiin. It i> (|nilc possible that tiie tannin in

Spirogyra is a dilforent chemical bo(l_\ tVoni gallnut-lanuin and l)el)aves

rather dilferently towards aiinnonium-carbonate. Then 1'ff.ffi;i! has

failed to demonstrate the [iresence of organic acids in the cellsap.

Also he has not |irii\ed the presence of protein in the [)rei'ipitate

and moreover he has not in\estigaled whether (he formation of the

precipitate may be iidluenced by other substances.

As to the first point, 1 have foinid that gallniit-tannin and S(»irogyra-

tannin in general behave siniilarly ttiwariN reagents and solvents. .\lso a

solution of ammonium-carbonate must be more concentrated in order

to produce in a solution of S|)irogyra-tai!nin a preci|)itale than is

necessary lo produce it in the living cells of Spirogyra. The first

point may therefore be left.

It is otherwise with the presence of acids in the cell-sap. When
Spirogyra is washed out and then disintegrated, the mass has a

faint acid reaction lo litmus paper but a solution of iiallnut-tannin

and of Spirogyra-taniiiii aic likewise acid. A suitable niiiTorhcniical

method for demonstrating free acids in the cell-sap, does not appear

te exist. No value can be attached to LoEW and Bokounv's^) method.

They lay lilamcnts of Spirogyra in a potassium iodide solnlion and

seeing thai no iodine is set free, lliey infer the absence of IVoe aciil

in the cell-sap. The liberation of iodine by free acid cannot be ex|)lained

chemically, for although dilute acids might sol free hydriodic acid

from potassium iodide, Ihey cannot liberate iodine.

1) 1. c. p. 37 ff.

-) 0. LoEW and Tn. Bokornv, Ueber tlas Voikoinnien von activt'in Albumin

im Zellsaft und desseii Aussclioidunfr in Korncbc-n durtli I3.'\s;en. 1. c.
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1 ;ill('iii|p|('(l III (Iciiiiiiislialc free aciil in llic li\ iiiiicfll,- ol'Siiii'dgvi-a

as follows. 1 placed Spirogyra in a sohilioii (if poia^-^iiiiii iodide

(O.r/o) rtiid of polassium iodale (O.Oar)"/;), iuil iid sepaialioiiof iodine

by free acid war indicated pKI-f Kl( »,-|-(;ilL'l-^(JKCI+(il4-:ill,0).

On heating- Spirogyra for some time in a 0.17o solidion of citric

acid, before placing ii in the sdliitioii of potassinni iodide and iodate

a verv faint bine colour in tlie slarcli and faint violet coloration of

the nnclei was to be seen; the latter had taken up tannin from the

cell-sap, foi' in the meantime the cells had perished. This result points

to light absoi-plioii of citric acid and separation of iodine In- this

acid. The inethod seems to yield nsefnl I'esnlls and probably in the

first experiment iodine would also have been liberated, in case

Spirogyra contained free acid.

It should be noted thai Spirogyi-a is very sensitive to dilute solutions

of orjianic acids. In a '•.i7„ solution of citric acid, tai'taric acid,

malic acid, (piinii- acid, it (|uicd<ly dies.

On the.se grounds it is very improbable that Si)irogyra contains so

much acid that jiroteiu and tannin should be able to appear logelher

in solul»le form in the cell-sap. The experiments which I am about

to describe, also show that Fkkkker has incorrectly interpreted his

observations.

Whilst with many reagents it is tpiite easy to demonstrate tauinii

in the cell-sap of Spirogyra because the cell-wall and protoplasm are

permeable to these reagents, the most important tannin-reagents,

namely, those which belong to the protein group cannot permeate.

For this reason I healed S[)irogyra in egg-white-, gelatin- or glue-

solutions.

On the death of the protoplasts the tannin pas.ses through the

protoplasmic layer and the cell-wall and a precipitate is formed

outside the cell. If, instead of allowing the tannin to pass out, a

little protein solution could be introduced into the cell-.saj) which

contains the laimin and if we could investigate the result, this would go a

long way in my opinion towards solving the pi'oblem of whether in

the cell-sap protein exists in solution as well as tannin. ShoiUd the

cell-sap remain clear, one might be able to assume that the cell-sap,

was of such composition as to contain dissolved tannin and protein

side by side. If, on the other hand, a small amount of protein-

solution produced a |)recipitate. then this might be taken to exclude

the simultaneous presence of the two substances.

I will |)roceed to explain how I succeede<l in introducing a protein-

solution into the cell-sap, causing a [)recipitate which on closer

investigation was found to be a compound of tannin and protein.
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As I ') have previously described, the eyloplasm in S|(iroj;vra

possesses an alveolar striielnre. Tlic li\ al(i|ilaMii Conns llie walls of

llie alveoli, which are filled with a walerv solnlion. By the action

of rcai^ents the structure is destroyed without the ininieiiiate onset

of ileath. Often the hyaloplasm is seen to form a wall, whirh

separates dilferent portions of llie contents. If uliMomial plas-

molysis is produced with, for example, 10°/„ potassium-nitrate solu-

tion then the hyaloplasm forms a wall round the contracted vacuole.

As I ') have previously stated, it may not be assumed that this

wall is a special orijan and accurately represents iliat part of the

protoplast which in the cell constitutes the linin>j: of the vacuole.

If dilute cidoral-hydrate or phenol solutions act on the living

ceils, other phcnomeua are again observed '). Cytoplasm collects

round the nucleus and, taking up water, forms a vesicle whose

wall again consists of hyaloplasm and whose content except for the

nucleus is chietly an aqueous soluliou. Smallci- vesicles are formed

on the suspensory threads.

If instead of the last mentioned solutions a 5 7„ solution of ether

(5 parts by weight of ether and ;>5 parts by weight of distilled

water or ditch water) is used, then the death of the protoplasts is

accompanied by the following phenomena. Cytoplasm llo.vs towards

the nucleus and collects there : the suspoiisory- threads are detached

and are taken u|) by tiie |)rol()|)lasinic mass, wliirh has a granular

apj)earance: round the nucbus a vesicle forms, which lies quite free

in the cell sap. The wall of the vesicle is again composed of a

hyaloplasniic layer; the luicleus is seen lying inside the vesicle and

between the protoplasmic wall of llic vesicle and liie nucleus there

is an atjueous solution, in whicii some granules can be distinguished.

The protoplasmic wall is at llrst lluid ard stretched. When the

protoplast dies, this changes: the ])rolO|)lasmic-\vall becomes rigid

and often ac()uires f()i(ls and creases. The nuclear-wail also, which

is stretched as long as the protoplast lives, contracts irregularly.

By the walls different fluids are at first separated : this also is

changed by death. When the nuclear wall contracts, we may

assume that its content comes into couiarl wilii thai nl' liie vesicle,

but this is not accompanied In any noticeable [liieuomeuon.

It is otherwise when the conlout of the vesicle and llie cell-sap

') G. VAN WissKLiNGii, Zuf l^hysiologie der Spirogyrazelle. ijeih. zmn Holaii.

Cenlralblatt. Bd. XXIV (1908). Abl. I. S. ,190 IT.

2) 1. c. p. iSo tr and 192 ir.

^) C. VAN WissELiNGH, Uniersuchungen iiber Spirogyra. Rotan. Zeitung. 1902.

Heft VI. S. 121 fif,
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como iiHd coiilacl. I'liis lal<rs |i1:i(T ;iI mir itv iiinir |iiiiiils on ihc

cii'c'iinl'cn'iu'i' of llic xcsiclc. A( llicsc |iiiiiils |ir('ci|iil;ilc^ arc |ii'iic|iirr(l,

lull il caiiiiiil lie seen wlielhcr at lir.sl small ()|)eniii;;s or lours Dcciir

ill llic \csiclc. Il is ol'lcii possible lo distiiiffiiisli two parls in ilic

precipilales : (he oih> is compaci iuid soi'iiis to lie williiii the vosicle

;

tii<> other is looser and oceui's outside the wall of the latter.

When the pieoipi tales are in\- estimated with reagents, they are

found to eonsist of protein and tannin. Willi siigar-.sohilioii and

85'/.^ 7o siilphurir aeiil they lieeoine very distinolly red, especially

the mure eom|)a('t portion; after treatment with iodine in potassium

iodide yolntion and washing out \\itli water tliej show a reddish

violet colour. With ferric acetate they become blue-bhudc, with

potassium bichromate brownish-red.

From these results I think the following conclusions may be

deduced. The vesicle contains a solution of protein, which is derived

from the cytoplasm and probably occurs there in soluble condition

ill the alveolar Ibiid. When the |)roleiii-solution and the cell-sap

containing lanniii come into contact widi each other, the above

ineiitioiied precipitates are formed, from which it follous, in my
opinion, thai in addition lo tannin protein in solution cannot be

present in the cell-sa[). They would at once t'oriii an insoluble

compound with each other. It is tlius impossible that, as Loem' and

BoKOKNV assume, the precipitates, which are fornu'd in the cell-sap

by basic substances, are protein-precipitates or, as Pi'I'U'Fek assumes,

precipitates of protein and tannin.

Ill reality they are tannin jirecipitates. Although the possibility

is not excluded that other substances are sometimes present in

small ipiantity, experimental investigation yields the [iroof, that there

can be absolule'y no thought of protein-substances in the (irst [tlace.

Tannin and jiroiein are .separated in the living cells in a

remarkable manner. Tannin in soluiion occurs in the cell-sap
;

proteins can be demonstrated in ilie nucleus, the chromatophores

and the cytO[)lasm. They are either solid, as for example, the

pyrenoids of the chromatophores or dis.solved, as in the cytoplasm.

The nucleoli whic-i: contain a \ iscoiis substance, in which the tv\o

nucleolus-threads lie ') give specially clear iirotein-reactions.

Tliere still remains the question why a solution of ammonium-
carbonate which causes a precipitate 'in the cell-sap of Spirogyra,

may be much more dilute than that which |iroduces a precipitate

in a solution of gallnut-laiiniii or of Spirogyra-lannin.

1) C. VAN WissELiNGH, Ucbcr lien NlicIooIus von Spirogyra. Bot. Zeit. 1898, p.

202 — Ueber abnormale Kernteilung, 1. c. 1903, p. ^217.
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II is oliviuiis lliul ill llie water in wliii-li Spirog^ia grows and also

in tlie cell-sap salts are present and I liavo on this acconnt traced

the intlnence of varions salts on the precipitation of gallnut- and

Spirogyra-tannin by amnioniiiin carbonate. I fonnd that precipitation

is favonrod by salts; expecially is this the ca.se with calcium salts.

The formation of a precipitate in the cell-sap at greater dilution of

animouiiiin carbonate is therefore readily explicable.

Intravital precipitates can in many case also be brought about

by aniline dyes. Pfkffkk ') has described this in detail. In parti-

cular he recommended methylene-blue which gradiuiUy |)roduces a

precipitate in the living cells of Spir^gyra with a very dilute solution.

In Pfkfkkr's •'; opinion the tannin is completely precipitated as

a methylene-bbie couipuund. The precipitate is also supposed to

contain protein. Wiicn the solution of niethylene-bhie is suflliciently

dilute, the precipitation is regarded as innocuous (o the vital processes.

The e.vplanalion which Pfp.ffkh gives of the phenomenon he has

observed is incorrect, whilst he greatly overestimates the value of

the results obtainable by his method.

Pfkffer ") wiites: "In alien Fallen wcrdcn also jMethylcnbhiu und an-

dere Farbstoire wertvolle Reagentien sein, mit deren lliilfe, oline .Schii-

digung, Aufschli'isse iiber Vorkommen und Verteilung gewisser

Korper in der Zelle zu erliallen sind. Mit solcher vielseitig ausniitz-

baren Metliode lassl sich unler richliger Ervvagung nacii vielen

Richtungen hin einc Kontrole des jeweiligen Znstandes des Zellsaftes

und der Vei-andcrungen dieses im Laule der Enlwicklung erreichen."

Pfkffkr frequently writes of the harmlessness of his method to

life. As a pioof of this he cites for instance the growth of Spirogyra-

liianiPMts. In two cases this amounted in four days to 12 and

2<5'' „. I must here remark that Pfkffer has made no compara-

tive experiments. If the lale of growth of Spirogyra cells in ditch

water is studied, it is seen to be much greater. After two days the

increase in length in 14 cases was found to be 25 to 75% and

after four days in 18 other cases 40 to 757„. From Pfkffer's

results il is therefore clear that dilute solutions of methylene-blue

also are liaruitiil.

Mv own experiments on Spirogyra maxima with methylene-blue

(methvlcne-blue |)ru usu interno, the liydrochloridej, indicated that

it was MMv harmful. In a solution of 1 part in lOUUO parts of

') 1 c.

2) 1. c. p. 183 and 218.

3) 1. c. p 191.



ditcli-watei' all llie cells in'iislicil in mic ilay. hi ^tiiulidii of 1 pail

ill 500.000 parts of ililchw alrr or Knoi'i-'s lliiid many dead cells

were Hceii af'ler one <lay and in a solution prepared with distilled

water id" llie same strength tlie number of dead cells was still

greater. No growth was observed. The jjoisoiions action of metliy-

lene-bliie is the reason why there can be no (piestion of "KontTOle

lies jewciligoii Zustaiules des Zellsaftes iind der Veiundeningen

dieses iin Ijaufe der Enlwicklnng", as PKKi'tEK imagines.

It has been already demonstrated above that the cell-.sa[) ofSpiro-

gyra contains no dissolved protein. The precipitate with inetliylene-

blne caiiniil tliercforc as PfEia-'Kii iielieves, contain protein. In his

0[)iiiion the precipitate is actually a coinponnd of tannin with mc-

thylene-blue, which cannot be brought into agreement with the fact

that solutions of inethylene-bhie. even stronger than thos.^ used by

Pkefi'HK remain clear with soliilions of gallniit- aii<l Spirog} ra-laiiiiin.

This is nor explained by Fi'EKI'Kk.

It is noteworlliy that when Spirogyra is placed in a dilute nietliy-

lene-blue solution (\ in 500.000) there is no gradual formation of a

precipitate which is coloured blue from the beginning, but there is

first a colourless or almost colourless precipitate and that this is

then gradually coloured a deeper and deeper blue. Of this Pi'EITKU

makes no mention.

On e.\amination of the [)recipilale with reagents tannin reactions

could be obtained, for example, the black coloration with ferric

acetate. It may therefore be assumed that tannin is jjrecipitated. The

quantify of the preci[)ilafe even in Spirogyias with much tannin

was however, small com[)ared with other tannin precipitates.

Hence I doubted whether the tannin is completely precipitated.

Aftsr one day I couhl not, indeed, demonstrate any tamiin in the

cell-sap in addition to the precipitate, but it seems that the cells may
lose tannin by exosmosis. For when, for example, pieces of Spiro-

gyra-tilameiits were placed in a dilute solution of methylene-blue,

contaiuing '/a 7o gelatin, a precipitate ^^•as formed outside the cells

and between the layers of the cell-wall which separated from each

other. The precipitate was a compound of gelatin with tannin and

became coloured black with ferric acetate. I cannot therefore venture to

assume with Pi-t;FKF.i!, that a complete precipitation of tannin takes

place in the cell-sap.

It seems to me that various factors play their [larl in the pro-

duction of the precipitate. In the first place the harmful actiiui of

the methylene-bhie, of causing great moditicalions in the organism.

Further the presence of salts appear to assist the formafiim of pre-



cipilaie. Ill a soliilioii of one jiarl of niellivleiie-blue in 500.000 parls

(•r (lislilleii water (lie phenomenon was not so dear as in a solntion

of (lie same strenglli made willi ililcli-water or Knopp's flui<i. A
numher of experimenls in test lubes witli mellivlene-ltlne, salts, gall-

nnt- and Spiiog\ la-lamiin led to the conehision that the appeaiance

of a |>rec'ipitat3 is not only affected l»y the presence of salts bnt

that also atmospheric ONVgen comes into play and finally, t'lat me-

Ihylene-bhie itself has no precipitating action, but that in one way
or another a tannin preci|)ifate is formed which gradually takes np

more and more of the dye. How the precipitate is produced I cannot

deliniiely say, iiiit its formation does certainly not depend on a

simple precipitation of laiinin by met hylene-blne, as Pkkffer assumes.

Chemistry. — -'Tlie in/hwnce of surfnce-active .•mbstnnces on the

stahlHtii of suti>eii.souli" . By Dr. H. K. Kkivt. (Communicated

by Prof. P. VAX Romburgh.)

Ill ilic chemical lileialuiv of the colloids it is generally stated that

electrolytes e.\ert a great, and iioii-clccirolytcs no action on the

stability of snspeiisoids, at least when those iion-electrolyles are not

colloids themselves. Bodi.andkk '
i found that the formation of sediment

in a sus|)ension of colloids was much accelerated by electrolytes,

"dagegen sind die Nichtleiter wirknngslos". And FRKLNULtCH^) states

of a series of organic siibsiaiices that they "in grossen Ueberschuss

selbst bei tagelanger Eiiiwirkiing, keincii Einlliiss auf die Bestiindig-

keit des Arsensulphidsols ausiibteii." This, however, merely shows

that these substances themselves do not cause a coagulation in a

direct manner.

If, however, we take the standpoint of the ingenious theory

developed by FRi;rM)Li(ii '\ the complete' aliseuce of any iiilliience

on the stability is absurd. For when the stability is determined by

the electric charge of the jiarlicle ;IIaki)Y*), Bi'rton ') ) and when

this charge is formed by the selective ion-adsorption (Fkkindi.k H I.e.)

a cause which exerts ai intliionce on the adsorption caiiuol be inert

towards the stiibililv.

1) Nachr. Goltiiigen 1893, 267.

-) Diss. Leipzig, 1903, p 13, Zeitsclir. f. physik. Chem. 44, 129 (1903).

5) Consult his Kapillarchemie, Leipzig 1909.

') Zeitsclir. f. piiysik. Chem. 33, 385 (1900).

6) Phil. Mag. [6] 12, 4712 (190G).
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Now an ftdsotlKMl siil>sliiiic(> is (iisplaceil U\ aiiollicr ailMnlicil

siihslaiice ; this is (Ii'iu'imIciiI on llic dcfiree lo w liicii lliul sccdiid

siibstanco is itself adsorbed'); it 'o a siispcDSoid system is added a

substance wliicli itself iiecomes slroiij^ly adsorbed it woidd be asto-

nisliiiig indeed if it left the stal)ilit_v of the system imniodilied.

As a rule, we possess a measure for the stabiiilv of a system in

the limitation value.') Meanwhile it is as well to consider in how
far we must attach value to this relation. A complete coagula-

tion in a short time occurs when of an added electrolyte so

nuich gets dissolved that the colloid has become isoelectric. But this

a<lsorption will also be modified by an added substance.

If, for instance, we have a As,S, sol this consists of particles of

arsenions sulphide dispersed in water; these particles at their preparation

have adsorbed hydrogen sulphide in such a nuiuner that an electric

double layer has formed in such a way that the layer of S"-ioiis

lies at the side of the solid particle and the H-ion layer at that of

the liquid. If now we add a substance A which is adsorbed posi-

tively, the condition of that double layer will be modified because A
displaces H,S, S" as well as II-. When effectuating coagulation by

n)eaus of an electrolyte such as BaCl., . adsorption also takes

place of Ital'lj, Ba" and CI' and the liuiilation value will be attained

when the ipianiities of Ba" antl S- are e(piivalent. ') But this atlsorp-

tiou process also experiences a similar intlueuce from the siibslance

A. The change in the limitation \alue under the intluence of A is

therefore the resultant of those two actions. Perhaps these might

just neutralise each othci'P This seems to lia\e alwa3'S been an

assumption not menlioned. Although we know as yet but little about

the displaceiuent in the capillai-y layer, such a symmetry did not

seem to me probable and therefore the subjoined investigaliou was

carried out, provisionally for the purpose of orientation.

The substance to be admixed should give I'ise to a strongl}' positive

adsorption and hence, according to Gibbs's i)rinci|)le it must strongly

reduce the surface tension. In this relation account must, of course,

be taken of the surface tension solid-liipiid; the measurement thereof

is, as yet, almost impracticable, but experience has taught us up to

the present (and theoretically this may be expected) that the surface

tension must as a rule proceed similarly to that for liquid gas.

Hence, as strongly adsorbable components were chosen those which

strongly lessen the surface tension of water.

') Cf. Kreundlich and Masius, GfdonkljDcii van Bemmklkn (Helcler 1910), 88.

-) A version of liif German woid 'Sclivvellenwerl"'.

S) Cf. Whitney and Obeh, Zeilschr. f. pliysilc. Clicm. 39, 630 (VjO'I).
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The subjoined invostijjations wore, llierofore, ranieii out to

demoiislrate in llie first instance (he existcm-e of the inlluenoe of

surtiice-active subslanoes on the liniitalion value. Hence, the^" were

(•airied out Iw means of an arbilrarv colloid As, S, sol with an

arbitrary eleclrolvte HaC'l, with addition of substances, which in

diverse degrees lower tiie surface tension of water, iianielv tii>t of

all, isoanivl alcoiiol, isobntvl ah-ohoj, propyl anil elhvl alcohol the

a-c lines of which {<> surface tension, c molecular concenlralion' had

been determined ity TkaiiU'', ').

TABLE I. Isoamyl alcohol.

Cone, of

the alcohol

Limitation \' a i u e

water ale. mixture

Limitation

value relat.



1347

To 10 cc. of the sdl wcic aildcil w illi (•(iiist;iiil sliakinfi; 5 cc. of a

sdliilinii dl' ilii' (iriiiiiiic siilislaiici" m- wali-r Inr tlic lilaiik experimeiit.s

which were re|)ea(e(l cacli lime) <i:ul al)oiil IT) iniiiiilcs later I <<.

(if a liaC'l^ sohition. The wliole was iheii af^aiii sliakoii and llicii

(iiice more two lioms afterwards; Iho Ha{'!, coiiccnlralion, whicli

was just iiica|taiile lo cause a cinii/i/ct'' coa^ulalion, lepresenled Ihc

limitation \ahie. Tiiosc \alges mav lie taken as beinjj; acciiiale

within two units in tlie second decimal.

in the tallies are i^iven the concentrations i-elalinji' to the linal

total \dlume in millimols. pei' Litre. In the last cdlumn the limitation

values have been recalcidated so as to make the \aliie fm- pui-e

water = i.OO.

From these tables it is indeed evident that the alcohol concen-

tration has an iidliiencc nn the limitation \ahie : this iiillneiice

appeared to \arv for the dilfei'erd alcohols and therefore it was

thouiiht desirable to make a com|>arison of their iiilluenee on the

capillarity of water, with their adsorbing properties, ami conseiineiitl}'

with tlieir power of displacement.

This c()m|iarison may be readily effected with the aid of the

std)joined ti",ure constructed from ilata obtained by TkaubI''. i.e. (The

line for phenol will be discussed pi'esently). rmx) is taken therein

as 7(3.0.

100 200 300 400 500 GOO 700 800 900

l-'iK. 1.

1000

From the tables I—IV we now^ notice tlnit the order of the

ailmixed sid)stances in which they ed'ecluate an increase of the

linnlaliiin Naln<> is : isoamyl, isnbutyl, propyl, and amyl alcohol,



wliilu, ;n-ci)i(liiii:; In the liiriiro the oidiT for llic iinwer (if lowoiiiig

the siiit'fU'c leiisioii i- ilic muiu'.

Tiiis result is, tlieHvlbre, iiii(loul)IO(ll\ in liamidiiv w it li the adsorp-

tion llicorv. Tlie oiilv inicstioii >iill lo be aiisw ercil is why llic adiled

siibsliiiioes iiiciYast' the liinitalioii value. Tliis iiowever, was lo be

expected on accoiiiil of llie manner in wliieli displacement takes place

as shown from the research of Fkkindi.k ii and Masil's (i.e.). What
they found is as follows : Let substance A be adsorbed according to

the equation :

1

— =r « c "

ni

or expressed in logarithms

X .1
loo = lop ft -j- — /()(/ c

7n
'

11

(x the cjuantily adsorbed, m the amouiil of adsorbent c tlic concen-

tration of tiie li(iuid in e(iuilil)rium, a and // constants).

If now a suiistauct' B is adiied in delinilo conconlralioii, ihe adsorp-

tion of .\ lakes place according to the e(|ualiou :

'-' 1

loti — = log n' -\- — log c
m n

1 1

'J he inxcstigaliou alua\ s showed thai , is suialler ihau . As
It n

the dependency of log — on lot/ c is represented by a straight line.
m

we readily jierceive thai llic reduced coeflicicut causes a strmmer

dispiaceinenl of .A liy I! in ihc higher coiicculraiious of A than in

the lower ones.

If now in ihe e.\[)orimenls desci'il)cd aliovo ihe alcohol is added

to the sol the conccntrati(ui of the liipiid in slability-|tromo(ing ions

will be exceedingly small in coniiiarisoii \\illi llic roncciilration of

BaClj when the limilalion value is attained. If now we assume Ihat

the ad.sor|)tion of each of these substances by ii.^olf is about the same,

il will be readily perceived Ihat the displacing inlluence will hinder

the cliurgi' of the |iailicle in a miuh lesser degree tiian the </wc/irt;yt'.

Hence an increase in the limilalion value.

Meanwhile it will be as well lo dispense with furlher theories

unlil Ihe mailer cited above has been e.\tended by Ihe invesligation

of more colloids and oilier t)rgaiuc substances as well as of otiier

(particularly uni- and Irivalent) coixgulating ions. Willi this investiga-

tion 1 have already made a start.

The following fact has already been disclosed : aromatic substances
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ivro always uilsurliod iimcli umpic siimiLrly iliaii iiiiiilit 1)0 suritiiscd

tVoiii llu'ir inlliii'iici' (III ilic siiiiace tonsiiiii ' i. 1 dotei'mincd staltvf^mo-

inctrically llio (J-c ligure tor ]ili('ii(il (also given in (he figure) •

ultiioii^'li il appeared to lie helweeii llial of isohnlyl and propyl

ak'oliol, ilie inlhiencc exerted by adililioii of phenol is greater than

that eansod in isoluiiyl aicoliol, exactly as was to be expected. This

investigation is l)eiMg continued, also in eonneotion with a direct

investigation as to (he adsorption of the substances added.

A more extended investigation in various directions appears to

nie desirable all the more because the results may elucidate several

other problems in the chemistry of ihc colloids. I will again refer

to this matter in due course.

Meanwhile the results obtained aie interesting when taken in

connection with the researches of II. L\(iis and L. Michaeus"), who
found that surface-active non-electrolytes e.xert no influence on the

adsorption of electrolytes: the above described investigation, however,

niaUes us surmise that although these two kinds of substances should

not be put on a par with each other without further e\'idence, a

displacement takes place nevertheless. The effect of the displacement,

however, seems to elude the direct measurement, but it may be

demonstrated by measurements of the limitation values. Hence, the

said investigators could tind a displacement effect for isoamylalcohol

only, just the yevy alcohol which according to our re.search exerts

the strongest power of displacement.

Utrecht, March 1913. v.\n "t Won -Laboratory.

Microbiology. — ''Potassium sulfur, and ina(/nesutm In the nidd-

holism of Aspergillus niger." By Dr. H. J. W.\ter.man. (Com-

municated by Prof. yi. W. Bkljerixck).

In earlier investigations I have shown that the elements carbon,

nitrogen, and fosfor occur in large tpiantities in young mould material,

l)iit that, when it grows oldei-, a considerable portion is again excreted

as carbonic acid, ammonia, and fosforic -M-id '). During the develop-

ment the plastic aequivalent of the carbon lowers to the half; as

to liie niliogeii, there is a threefold accumulation, whereas the quan-

tity of ibsfor in a young mould layer is ten times as large as that

1) Compare for instance 1. Traube, Verb. d. deutsclien physil< Ges 10, 880
(1908). In the Table on p. iiUl, Aniline llie only aromatic compound, occupies

a quite special position.

-) Zeit-chr. f, Elektrnchcniio 17. 1 (l"lli

^) Kolia microl)iologi(a Bd. 1 p. m, 1912. These Proceedings 1912.

88
Proceeding!: Royal Acad. Amsterdam. Vol. W.



TABLE 1. POTASSIUM.
a Nutrient liquid: Distilled water, 2O0 gU'Cose, 0,2'>(, ammoniumnitrate, 0,1*0 magnesiumsulfate

(7 Aq I,
O.l",, ammonium fosfate, 0,02''o calciumnitrate (free from water), 0,04«o manganesecliloridc

lMnCi2'.4'Aq.). ^=34° C.

Nr. !

Addition of KCl

j

gram-
milligr. ' mol.

0,1

3 0,6
I

4 1,0

!

5 ' 2.0

1

375(K1

_6
37500

3750

2

3750

Growth and apore furmatlun after

10 30 days

+ +

+

few spores few spores few spores jhardly any spores

+-H

+4, beginning +++, | | | I .

sp. formation rather manysp. rather manysp. few spores

^
: ++++ beg. -

I I I I. . I I I I +,
.g sp. formation many spores many spores rather many sp,

u> +++ + +.beg. +++++,
sp. formation many spores

+++++, I I I I I-
few spores rather manysp.

I

»t It
many spores

many spores

b. Nutrient liquid; Distilled water, 2»o glucose, 0,15«o ammoniumnitrate, 0,10o magnesiumsulfate
(7 Aq.), 0,05% fosforic acid (crystallised), 0,011)0 MnClj . 4Aq. r -^ 34° C.

Nr.

Addition of KCl

gram-
milligr. mol.

P '-

Growth and spore formation after

8 days

3

4

5

6

7

8

9

10

11

0,001

0,01

0,1

1

2

5

12

15,5

35,5

85,5
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i'(inl,iiii('(l ill a siiiiiliir olil (Mic. Narimis iiidiiciiccs on llio iiiolaholisni,

such as leiniioi-atiii'C. coiici'iilraliiui. Ii\drojicnions, Ixiric acid, man-

ganese, nihidiuMi, clc, w L'ii> sdidiod, in w liirli (nilvclianges of velocily

were oliyervcd.

1 liave now conliniied llieso experinieiils, niori' (inalitatively, with

potassiuiu snirur, and niajiiiesiiuu and obtained (lie t'oilnwing results.

a. Potassium. 1 used a nutricfil liijuid of tlif ('Oin|i(isitioii given in

Table I. The ponstitnents of the soiiition in the series of experiments

b were (lie same as those of n, only no caleinm liad been added,

because, as I have sliowii before, tlie non-adding of tliis elenient

under the nicntioncd circmuslances, has im inlinence on tiie velocity

or the nature of Hie metabolism. This was also the case with chlorine.

The cultivation was always effected in Kklknmkykr flasks of .leiia

glass and of 200 ciir'. capacity, the xolnme of the medium being

50 cm'. The distilled water was once more piirilicd in an apparatus

of Jena glass. These experiments prove that the quantity of produced

mould, even in the Nrs. a'[ and li\, where no potassium was added,

is not inconsiderable. This may be ascribed to the difficulties accom-

panying the exclusion of traces of this element. Further we see that

by excess of potassium the spore formation is temporarily inhibited.

Compare Nr. 5 with Nr. 4. after 4 and 5 days (Table r/), and Nr.

and following Nrs. with 5, after 4 days (Table b). This inhibition

of spore formation by an excess of a necessary element finds its

cause in the cells being able to accuiimlafe reserve food. ').

Finally Table I shows that deficiency of potassium does provoke

production of mycelium but no spore formation (Nrs. J— 3, Table 1 /;).

1

Only at ^—^- gr. mol. KCI. p. L. spore forming begins after 8 days.

Formerly '')
I have shown that potassium can but partly be replaced

by rubidium. Whereas the production of mycelium is possible as

well with potassium as with lubidiiim, spore formation takes only place

with a certain percentage of [)otassiiini and not at all with rubidium.

It was likewise proved that manganese is necessary for the latter

process. The results given in Table I prove that at very low con-

centrations the action of potassium is cpiitc analogous to that of

rubidium ; mycelium is formed, but hardly any spores, and this in

spite of the presence of large quantities of manganese.

In the physiological action of potassium thns, two functions are

to be distinguished, one corresponding wiih that of rubidium, the

other with that of manganese.

1) These Proceedings, iyi2.

•) These Proceedings, 1912.

88*
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h. Sulfur. The results of llie expeiiiiienls on llie action of did'erent

sulfate concentrations are foniid in Table II.

Here we see that in the culture tubes (N" 1), where no sulfur wasadded,

development takes |)lace. just as had before been observed for the nitro-

gen, the fosfor, and the potassium. A considoi-able spore fornialion took

place after 2 days already in Nrs. 1— 7, which had a deficiency of sulfur,

whilst in (he experiments with more sulfur the production of spores

was at first slackened. Nrs. 8— 20 had only few spores. After 3

days Nrs. 14— 20 had hardly any, whilst in all other culture tidies

an important spore formation had alieady occurred. After 4 days

these differences were less marked ; after 40 days all the mould

layers were covered with a considerable niiudier of spores. The

explanation of this temporary inhibition of the spoi'e production is

the same as for the elements treated before. In other respects, too.

the sulfur quite corresponds with the o{\\ev eXemenif,. FJke the carbon,

nitrogen, and foxfor, the sulfur ticciiinnliiti's in f/h- cells ami is nfter-

vitrds pnrthi excreted.

Indirectly this could aheaily lu' shown iiy the following con.sider

at ions.

We see that in Nr. H, after 3 days only 34,5 "/„, after 3 days

in Nr. 9, 36 7„, after 40 days already 48% of the glucose has been

assimilated, notwithstanding after 3 ilays no sulfate was left in the

solution. Evidently diiriuu' ihc (lc\cl(ipiiiciil nf ihe organism by the

dissimilation of an inleruiediary [)ioduct, sulfate is set free in the

liquid so that the assimilation of the glucose can go on. This is

still more obvious in Nrs. 11—13. After 3 days the assimilation of

the glucose was 49 "/„, after 4 days il niounled to Gl
"/o- •^'"' '^ller

40 days already 82 '/„ of the glucose had been used, whereas, here

too, after 3 days already, all the sulfate had disappeared from the

solution, lly direct analysis was shown that an old, mature mould

layer indeed contains less Millnr ihan a young one obtained in (|uite

(he same way and under the same conditions.

To this end the lUduliI was, after frccjuent washin<i' with distilled

water, ilestroyed by rniniim niliic acid, in a closed lube at 300° C
The sulfate was prccipitalcd in the usual way.

Il was hero jirovcd thai ot' 4 uialure mould layers (70 antl 40

days oldi, treated in lliis way, after 3 to 4 hours' heating on a low

flame, no [irecipilale was formed, whereas 4 young moulds (3 and

4 days old) '), likewise treated, did give a precipitate afler healing.

In what condition the sulfur, tem|)orarily withdrawn from the liquid,

exists in the organism, must for Ihe moment be left undiscus.sed.

•) Tlie.'-e were -lilt' iiioulil hiyers of Nrs. 14, IS, l.j, 16 ^Tuble 11/
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TABLE IV. Activation n/ magnesium by nine.

Nutrient luiuid: 50 cm-' of distilled water in a Jena glass apparatus, in which
dissolved 2"„ glucose, 0,l5"o animoniuninitrate, 0,1 o,, potassiunisulfate, 0,05 "„

potassiuinchloridc, 0,05 "o fosforic acid (crystallised), 0,01 "o manganese sulfate.

NO. Added
Development after

1
'

3
I

1

2

3

4

5

6

1

8

9

10

11

12

13

001 mgr. ZnSO^ . T Aq

0,01

0,001 „ lVlgS04"!Aq

0,001 „ MgS04 . 7 Aq -h 0,001 mgr.
ZnSOj 7 Aq

0,001 „ MgSOj.TAq + O.OOl mgr.
Cadmiumsuliate

0,001 „ MgS04 . 7 Aq f 0,01 mgr.
stronliumnitrate

0,001 „ MgSOj . 7 Aq + 0,001 mgr.
HgCl2

0,005 „ MgS04.7Aq

0,005 „ MgS04 . 7 Aq + 0,00 1 mgr.
ZnSOj . 7 Aq

0,005 „ MgS04 . 7 Aq -t- 0,01 mgr.
ZnS04 . 7 Aq

20

14
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h uKiv liiiallv be rallotl In iiiiiul iluii wiili (icricieiu-v Mt'a iiecchsarv

I'k'inent ilio iiielalnilisiii of A-^/ifri/ilhi': nhjir rciiiains iiiK-liaiiged. This

follows IVoiu tlie aiiioiiiils riiuiid lor the plastic ae(|iiivaleiit of tlie

carbon. Tlie lable sliows. luuiiolv, liial only IriMiiiii dinerences arc

foiiiid for all ihe siimiliaiioous (leleriniiialioiis. Wc see, moreover,

lliat those moiikl layers, wliirli are inoi-e (le\elo|ie(i. possess a oorre-

spoiulingly lower plastic aeqiiivaleiit.

c. Mdi/ni'siunt. Whilst in the study of <he other required clenioiits

it was found that even the slightest quantities cause a perceptible

growth, magnesium behaves quite otherwise. Kelativcly great quantities

I gr. mol. MgSO, 7 Aii. per L. I did not, even after a pro-
V-J 170000

^ p ^ 1
I

y
I

longed cultivation, produce any macroscopically perceptible mycelium,

whereas stronger concentralious I „jrT--- gi'nu)!. Mg SO, 7 A(|. p. L.
j.

only after some days caused a considerable growth.

This result warns us to be cautious in the computation of a

production in a way as suggested by AIitscheiu.kh ') even in a rela-

tively simple case such as the present. The resulls of the referring

experiments are found in Talile III.

The e.vplanatiou of llic abo\o fact lias not yd l)cen found. It

might be sujjposed llial i1r' melaliolism t)f the magnesium is extremely

slow ; whereas for each iiuli\ iihial cell much magnesium should be

wanted. More acceptable, iiowever, is the supposition tiiai In absence

or deliciency of magnesium some nuknown factor in the medium is

allowed to exert its no.xious iulluenco wiiich may be counteracted

by addition of more nuvgnesium. Beryllium, lithium, manganese, and

calcium cunuul replace magnesium. (See Table HI). Zinc can replace

it, as is shown by the experiments, whose resulls are exposed in

Table IV.

For cadmium, strontium, am! uiei'cury 1 ha\ e not as yel been

able to lind an action analogous to thai of zinc. Nrs. J 2 and i'A

are in particular convincing as they show that even the sluihtest

quaiitUie.s of zinc aix' suflicu'iit to (tctivate inni/nesitnn (0,02 mgr.

ZmSO, . 7 kq. p. L.).

The abundant growth in Nrs. 4 and 5 is also remarkable as not

any magnesium was added there. This does not, however, prove thai

the mivgiiesium is here replaced by 7.inc, as it is always possible

that slight ipuinlilies of magnesium are present in the solution, so

that in this case, loo, the iullnence of the y.iur ma\ lie oiih an

*) MiTSCHKRLicH, Doileiikuiulo liir LiuiJ uml Forslwirtc, :2U< Aull. iJcrliu 1')1'3.
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iU'ti\;iliiij; one. Tills cll'eii is llie uu re im|M)rl;iiil ii> liilliorli) 1 have

not sucreeiled in the usual way to deuionstrate a ravoura!)lo influence

of zinc.

Laboratories for Microbiology and Onjanical Chemislnj

of the Technical Universiti/

Delft, Marcli J 913.

Physics. — "0/i the laic of partition of enenjf . II. iiy .1. 1). van

DER Waals Jr. (Communicated by Prof. J. D. van der Waals).

^ (i. It is obvic)ns that liie chance that the value of one of the

variables p or 7 lies between specified limits cannot be represented

h\ a normal freiinencv curve. If howexer we investigate a region

of the spectrum, which is \i'ry narrow, but yet contains many

elementary vibrations, then we llnd anoliier |)robability curve than

for one single elementary vibration. If the region is sufliciently

small, then the radiation will appear to us to be homogeneous.

Only an observation during a long time (i.e. very long compared

with one period) will reveal the want of homogeneity by the

increase and decrease of the amplitude in consequence of beats. In

order to describe the momentaneous condition we can represent one

elementary vibration by :

a sin + b cos
T T

and the total vibration of the spectral region by :

2a< _, 2.-r<

(.2a) sin —;

—

\- {^b) cos ~y^.

In this expression the separate a's and A's may have all kinds

of values. The chance that they lie between specified limits is not

represented by a normal frequency curve. But this does not detract

from the fact that the chance for a specified value of (^ a) = A,

is represented by a normal curve, at least if the sum contains a

sufliciently great number of terms.

Let us imagine that the decrease of the anq)litude of the vibrators

in consequence of the radiation has such a value, that lliey are

[)erceptibly set vibrating by a gi-eat mniiber of elementary vibrations

whose period does not ditfer too much from the fundamental period

of the vibrators, then Maxwei.i/s law will hold foi- the chance that

the velocity of a vibrating particle lies between specified limits. The

mean energy of a linear vibrator is probabi}- rightly represented by



(lie toiiniila ul I'l.ANtK :

hv
U = -, (H)

liv

so (lie chance (lia( llio \el(H-i(\ of a vibradiig pardde has (he value

,v will be represenled l\v :

7,rn«'

1

r
1 1 hv

Ce "^ (/*• where ^Lms'' =z - r=-—
2 2 Av

e ^-1

1( is (rue ilia( ilie fonuuia 11 i has been ealeula(e(l widi (he aid

(if an equation of tlie t'drni. (1) p. 1177 and llial siieh an e(juation

cannot hold good. But here a diilerence between (he (heoiT of Pi.anck

and the conception indicated in (his conimnnicadon comes (o light.

Vuv if (he qnan(adiy|)0(hesis is righ(, (he cqnadon (1) canno( even

appn>.\inia(ely be fulfilled, and i( is (o be considered as the

merest chance if it leads to the e.\act value for U. According to

(he here developed concepdon however, (he equation (1) cannot be

rigorously satisfied, but it can liold with a radier high degree of

approximation, and (lie sharpness of liie Hue? of the spectra seems

to indicate that this is really the case. For this reason it seems to

nic that we have i-cason, to expect, that we can find the average

kinetic evergy of rotating par(icles, or of pardcles describing padis

disturbed by collisions, witii die aid of die (irdinary fundamental

e(pia(ions of classical mechanics and elec(roniagne(ics. For (his

|uirpose wo have to investigate (lie niodons which (hose parddes

would perform according (0 (hose ccjuations in an electr(iniagne(ic

field whose pardlion of energy is (hat of (he normal spec(riim.

According to the <piaiita-hypolhesis it would seem doubtful whedier

su"!i a calcuhUioii would yield (he right value for tiie velocity of

da' pardcles.

These conclusions would no( be justified, if it should appear that

die e(pia(ioiis of modon of (he elecdons cannot be approxima(ely

re|)resen(ed by etpiadon (1). In (his case we should have no reason

(o expec( dia( (he veloci(ies of (he vibradiig |»ar(icles are dis(ribu(ed

according (o M.vxwr.i.i.'s law for (lie par(i(ion of (he velocides. It

seems probable (o me (iia( the noruial probabildy-curve will radicr

apply to die uiomeiUa than to the velocities. If the mass is constant

wo have no reason (o make this difference, bu( in the case that
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the mass of the pMr'ticles is vai'ialile, the fact that the noi-inal pro-

lialiilit} eui\e did hoM j;uiid tor the iiioiiieiita would iuvuUo that

it could iiol applv to the velocities. For LoKKNTZ-electrons lln'

dexialious iVoiii M \.\\vki,i/s law for the distriluilioii of the velocilie.s,

occasioned by the variability of the mass, would remain small for

lemperalures which aiv practically fcachcd. The average kinetic

energy of electrons ol' thai nalure in ihe normal radiation liehl can

probably be calculated as if the mass were constant.

When we dilfereiUiate Ihe value of the kinetic energy which we
tind in this manner, at'cording to the temperature we (iud c, as is

well known, if oidy we add to it another term which accounts for

the potential energy.

§ 7. The potential energii- Tin' (listribution in space.

For the distribution in space of particles of mass we have

according to classical mechanics the following law : if n I'cpresents

the nundier of |iai'ticles per unit volume and f the |)otenlial energy

of one particle, the expression

11 e'' ^= a constant thi'oughout the space. . (12)

For a nnxiure an expi-ession of the same kind liolds good for

each of the comnonents. If we wish to take into account Ihe volume

of the particles we may write that

~——re'> = constant (12a)
\ — '1 1

1

where V represents the volume of the molecular weight in grams

of the substance, and V— 'Ih the "available space" present in this

volume. The logarithm of this expression is, as is well known,

equal to the thrrmodynamical potential ') of the coni|)onent, to which

the expression has relation. All thcrmodynamical equilibria, as well

tiiose for sinqile substances as those for mixtures, and also those in

which elecli'ically charged particles play a jiart, can be derived from

the equation (12 r/), which was for the tirst time used by Holtzm.vn.n.

We will now consider the question how the space-distribution

must be according to modified mechanics. Will this law of Boltzm.ann

hold also according to them ? This (picstion must be answered negatively.

Let us imagine two coexisting phases e.g. licpiid and vapour.

Even if we assume that in each of the two pliases M.-vxwkm.'s law

for the distribution of Ihe velocities is saiisfied, the mean kinetic

energy of the molecules in the two phases will be ditferent. Of

') Or at least it i-liffers from il ouly in a I'unction of the temperature which is

hnmalerial for the existence of Ihermodynamical equilibrium.



coiiisc tliis (liflTerciico will he cxcee;liiigly small at oniiiiarv lempe-

raliires and will oiilv get a nolieeable value at extremely low tempe-

ratures, at which tlie molecules in the liquid phase which can lie

regarded as vibrators of a shorter peiiod tlijin those of the vapour,

liave less kinetic energv than they should have according to the

equipartilion-law. This will of course liave intluence on the density

of the vapour phase, which will be IouikI to be smaller than we
sliould expect according to classical statistical mechanics.

Corresponding considerations ajiply to the contact din'erence of

|)0tential at very low tem]);raturcs. .

Besides the distribution of jiartides in space there are other problems

which may be treated with tiie aid of considerations of the same

kind, e.g. the orientation of the axes of |)olar particles under the

intluence of directing forces. The probability that the axis of such

a particle, with moment ?h, in a field of forces, whose intensity- is

Sp, forms an angle a with llie direction of this force, is according to

classical statistical mechanics ccpuil to

mS^ cos a

6 sin it

e da (13)
2

According to our considerations the probability that it has a con-

siderable amount will at low temperatures be smaller than i.< indicated

by tills formula. Accordingly we find e.g. the CiKiK-point at a

higher temperature than would be deduced from this formula, at

least for those substances, for which this point lies so low, tlial at

the CiHiK-tempei-ature (ho mean kinetic energy of the rotations of

tiie molecules is smaller than it slioidd be according to the equi-

partition law.

^ 8. It is obvious that the above considerations ha\c an excci'dingly

provisional character. Many problems are referred to, bul not for a

single one have we found a Millicicndy coiu-lusive solntinii. I hope

to be able (o treat some problems mtu-e in detail on a later occasiini.

in (he meantime 1 think that I ha\e shown that the drawing-

up of a new system of mechanics as aimed at in my former com-

muiiica(ion ujioii lliis subject is of (lie highest iiniiiuianci' for all

thermodynamic (piestions. i liave done this with a view to liiaw

the attention of the matiiematiciaus to the prt)biein and more in

particular to the integral equation (5(7) or a corresponding eipiation ';,

1) I say a corresponding equation because, as 1 have already remarked on

p. 1180 1 was not perfectly sure that 1 was right in leaving the "proper eoordi-

nales" of (lie electron in this e(|iiation out of consideration. It is possible llial the



(lie solulion nf wliicli wdiilil luinn iis un iiii|i((iliuil >li'|i nearer to

the drawing up nl llic new syslcm of nieeliaiiics.

Some iilieiioiiKMia are at [iieseiit often considered in coiirieotiod

with the (|'ianta-h\ poiliesis of which it is not clear tVoiii the above

iiow they arc conneeteil with the new system of mechanics, from

wiiicii we expect the sohition of the qneslion concerning tlie partition

of energy. Specially this is the case with the (jnestion of the emission

of electrons under liie intlnence of light- or ROntgkn rajS.

In the thermodynamical applications it appears to me that we

may expect from the (inanta-hypolhesis, that it will yield results

which are sometimes quanlitati\el\ and always qualitatively accurate.

For it has the tendency to lower the kinetic energy of vibrators of

short period in agreement with the observations to an amount

smaller than would agree with the equi|)artition law. And itLsonly

this mean energy which is observed in thermodynamics, or the

distribution in space which is closely connected with it.

Whether on the other hand t!ie ap|»lication of the (|uanta-hypo-

thesis on the emission of electrons is justilied seems doubtful to me.

From a theoretical point of view it appears to me that no reason for

the accuracy of the considerations can l>e found. And whether the

agreement with experiment is sufficient to warrant the validity of

the considerations seems to me to be still doubtful.

If in ])articular we take the theory of Sommkrfkm) for these pheno-

mena with the aid of the (pianta of ''action'", then it a|)[)ears tome
that this theory (though perhaps accurate in itself) can be in no

way connected with any possible theory for the normal spectrum.

Let us imagine e.g. two equal guns with equal projectiles but with

une([ual charges of gunpowder. The projectile with the greatest gun-

powder charge will obtain the gi'eater kinetic energy and that in

the smaller lime. And so we can assume that the molecular action

is of such a nature that always the greater change of energy re(piires

the shorter time in the way as is assumed by Sommerfkld. This is

a (piestion of the law of action of molecular forces; it has nothing

to do with the laws of mechanics, and in i)articular it is not con-

tradictory In the laws of classical mechanics. I at last cannot discover

any conti'adiction. lUit if indeed the theoi-y of Sommkrfki.I) can be

reconcile(l witii classical mechanics then it can also be reconciled

with the spectral formula of Rayi.kh.u and leatis by no means to

the spectral formula of Planck.

function c must depend besides on the /»'s and the q's also on the "proper

coordinates" and that we, in connection with this, must add the difTerenlials of

the proper coordinates to the product of the differentials f//), ...dq,,.



Physiology. - 'The t'/ccfriK-dnliiii/riiui of l/ii- j'ocl'i! /wiirl." I^v

I'ruf. .1. K. A. Wkktiieim Sai.omunson.

Ill 1906 Crkmkk publitilicd an electrocardiogram of a linniaii

cmlnvo in iitero, taken in a iieailhy woman dnrinir the last periud

of pregnancy. The curve showed osciUalions cau.'^ed by the heart of

the mother, between which less cnnspicnous deviations conld be seen,

caused by the foetal heart-action. These latter iiad t!ie form of

mono|)hasic deviations, but probably they shonld not be considered

as a trne representation of the actual electrical |)Otential ditferences.

Cremer's investigations were repeated by Fo.\, who was not al)le

to extend our knowledge in this respect and could (uily confirm

Crf.mkr's statement.

I have tried to get some further insighi in the pecidiarities of tiie

foetal electrocardiogram by investigating it in the embryo of the

chicken. This very obvious way was clearly indicated, as Z\v.\.\rdk-

MAKKK had shown thai an electrocardiogram could be taken from

partly-hatched eggs. He i)nbiished a foetal electrocardiogram in his

Treatise of Physiology.

Though my researches on this subject were commenced about a

year ago and are not yet completed owing to a lengthy interval

during the autumn and winterseasons, I may be pcrmitleil lo show

some of the results of my experiments.

Long before the conclusion of the tirst 6t) hours of ihe incubating

period, we can see in the chicken's embryo a strongly pulsating

tubular heart, slightly curved to an s-form. In this early condition I

have not been able to register any electrical poteniial dilferencc ').

The reason is that probably at thai tiuic the potential dillerences

caused by the heart beats are exceedingly small. The electrical resis-

tance of ihe substance in which the foetal heart is cmbeilded and

which contains albuminous and fatty matter is rather high. This

combination of a low potential difference acting on a high resistance

makes it very dillicult even with an instrument so delicate as the

string-galvanometer to delect the [)oteiitial diHereuce. The string-

electrometer gave me no better results

In the end of the first week we can generally wiilioul any j)ar-

ticular dilliculty lead o(T electrical oscillations from Ihe foetal heart.

These are very regular, isochronic with ihi' heart beats, and show

a simple monophasic deviation. Ueneraily the ascending jiart has a

slighter slope ihan the descending part. The descending part is fol-

lowed immediatelv. wilhoiil an isoelectric interval, bv the next

') 1 have since succeeded in doing so.
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(li'\ iaiidii, so as to i;i\c ;v ivjiiilarlv I'isiii}'- and Ihlliiii; \\i\c. Nr

Fig. 1.

(liU'erciicc lielweeii llic dili'creiil bouts cuiild lie observed. Tlie iiiaxiiiiul

IM) ainomits to about 20—30 microvolts.

On tlie 8''' day we fiel a ciiive wliicli is iierfectly diHerentiated.

Instead of a series of continuons simple, nearly sinnsoiilal deviations

we get deviations wideli may be lii'oiiped in series of 3 eacii, oacli

group belonging to one iieart lieat. In eacii grouj) the first and

second deviation liave llie same [)olarity and are Ibiiowed i)y a

tiiird peak of opposite polarity. Tiie first peak seems to be somewiiat

higher than the others. 1 suppose that we may consider these tiiree

deviations as identical wiili llie summits P, K, and T in the normal

human electrocardiogram. 'I'lie largest |iolrnlial diti'eieucc, that of the

Fig. 2.

P-deviatiou, amounts to some 50 or GO micro\'olt. The duration of

P is of tiie order of 0.07 second. The Il-peak has a sliorter duration.

In a few records I believe I have also found sligiit indications of a

Q and an S-peak. The electrical activity represented by the T-peak

extends over 0.15—0.J8 second.

1 am not yet [prepared to speak about the extremely important

question as to how the differentiated electrocardiogran; of tiie 8''' day

develops from the undiflerentiated curves derived before the 6''' day.

After the 8''' day, as the foetal heart grows stronger, the electro-

cardiogram also grows stronger. It shows more markedly all the

points generally visil)le in the electrocardiogram of the full-grown

embryo and in that of the new-born chicken. This latter shows

some similarit\ to the inaniiualian or liuiuan elecliocardiogram.

On the 12''' and 14''' day electi'ocardiograms with higher potential

o.scillations. up to (\5 millixoll, can easily be recoriled. After that

Fig. 3.

time the maximal I'D rises \erv slowl\ till the chicken is I'nl



liali-lit'ii. Ill llie last

curve are to be t'oiiiul

W Of

1 3(52

11(1 rnrllicr cliaiiiires in llio foriu of the

Fig. 4.

During my experiments, llie ivsiills of wlijcli liuve been here

broadly summarized, 1 found a few other iKtIeworlliy delails. So a

record taken on the 14''' day gave a delinile l)ii)hasic oscillation

instead of the ordinary nHin()|ihasic P-jieak. Another complication

in Ihc lorui nf the cnrxe was caiise<i liy an uiiiisiial Idriu of llic

T-peak, wiiich also showed a tendency to alter into a dipluisie

A
lA^

Fig. 5.

deviation (tigs. 4 and 5; am l(» ^tal•| before ihe R-devialion had

completely subsided (fig. 5).

Contrasting with these I'ather complicated fdrms. 1 sometimes

found more simpniied oiics in wiiicii it was not possible to ciitteren-

tiate with certainty more than two elementary summits.

Lastly 1 found no small number of complexes which had to l>e

considered as pathological forms. 'Ihe principal <if these w'cre caused

by block ; even isolated P-deviations could be found. Tlic form

represented in fig. <! seems to me to be also a pathological Ibrui.

Fig. 6.

Tiie pathological processes in these cases ai'e probably caused by

changes in the (emperalnre, by lesions occurring during Ihe pre|)a-

ration, or by the gradual death of the heart itself.



Motheuiatics. "On a rlits.-< iif' surf'i(ci's irt/^i ii/(/f//rii/r tisi/iii/i/iifir

(7</w.s'." I5_v Prof. W. A. Vkhsluys. (C'omiiiiinicated In I'lof.

J. Caruinaai.).

/ />, (I, .< \

§ 1. Lei a (wisted curve C l)o given liv the equations:
Va, l>, c J

X — at'' , // -- bt'' , z =0^, ( 1

)

t heiiiu,- the arUilrarv |iaraiiiclei'. ii.l>,c constants and /),(/, s [tositive

inlegers nut adiiiitling a connnon dixisor. In general we siij)pose

/' < '/ < ^•

By assigning to a. h, c all possible values we get a sj'stem of

cc' curves, which will he denoted as the system C{p,(/,s). All

the curxcs of this sysleni contain the origin and the |i(>int at

iidinitv on the axis OZ
. through any other point of space only one

curve of the system C ip, tj, s) passes. The curve determined by the

point ,1 shall be indicated by Clxip. q. s) or by Ca-

Let /^,(,r,. y,. -,) be the point of the curve C corresponding
\a, li, c J

to the value /, of the parameter t; then

•', = «<,''
, y^ = !>':' >

c, = f</.

The equation of the osculating plane in /'', to Ci\ is:

X — .K, //
— »/, ^ - ^,

pat/—^ q b t^V-^ set/-'

p {p - 1) at/-"^ q ((/—I) /'<,V-2 s {S - ; ) C<j* 2

= 0,

or reduced

p\v

y — i/i
2 — ^,

S2

S

I

2,

or worked out

By putting

q-pfi

= 0,

1 =0

'"' = ? ,
^^ = Q ,

'-^= S,

(2)

(3)
P q

and replacing P -\- Q-\- S by the value — PQS, equal to it, the

equation of the osculating plane becomes

f — + Q-H-S- + i'<3S = o. (i)
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§ 2. We now propose lli<^ <|iiosti(,ii liow to tlelonniiie llie three

I'imclions '/,• '/,'/> in siu-li a w av iliai llic iwistetl ciirNe

^ = 'l I (") ' .V = '/, ^") ' - = V, (")

admits in liie point l\[.i\. ii^. z^) corresponding lo the value lt^ of

u tlie plane (2) ay osculating plane.

The twisted curve 7 under discussion has to cul ilie plane (2,

thrice in the point »=:»,. i.e. the equation

.V,

I-
.'^'

must adnut three roots ji:=u,.

This gives the (•(iii(iilii)ns :

</, (w.) 'f J ("i) '/"» ("1)

+ Q^ + s

(•')

(^5)

y, («.) y, («,) y, ("1)

As the equation (5) must hold for any value of u^ the first diffe-

renlial coefticient of the first member must disappear. This gives In-

taking (6) into account

:

(7)

As the equations (5) and (7) must iiohl for any value of r<, they

lead to the two sets of solutions :

and

*r 1 : '^1

9

Vt-V\

p(-p+ f)+ s) qip-gA-s) s(p-\-q— s)

Hv representing tlu' three etpial ratios ^Si by if' (») we liiid

I i i {u)du

(8)

(it)

'/i
=ue

WDlCl pasM's, liy rc|ila('ing I t]i {u) du by /. into

.(r = If (11) =z air . (/ = it'l , Z =^ c<»',

i. e. into a curxe of tlu- system C[ii.(/.s).

Likewise the ratios [d) furnish

i. e. a second curve belonging lo a system C(/^,, J,,*',) deteruiiued

by the reialious
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P. = P (— /> + 7 + •')

'h='lip-1 + ^) \ (10)

^ = •' (/' + ? — »)

So \vc lia\ (• tlie tlieorein :

The equation (2) represents the osculatiny plane in the arhitrarihj

chosen point 1\ (j',, //,, c,) to both the enrves Cp, {p, f/, ••.•) aJid Cp^ (;?,, q^,s^).

We also find easily for the equation ol" tiic osculating plane in

1\ to the curve Cp,{p„(l„s,)

px K-'^x J ?i vy. / «i V^i /
so that

P, = -i—^'= i =-P
Pi P

and likewise

Q, = -Q , -S, = -5 (11)

§ 3. Definition. We call C{pi,q^,s^) the complementary system

of C{p,q,s).

By determining the complementary systein of C{p^,q^,s^) weliiul

again tlie original C{p,q,s), as we have

pA—Pi-'rqi+Sx)=p{-p + q^><){p-g+s}ip+q—s),

9i (Pi—9i+«i) = Q (—? + <? -!-«) (f— 5+ s) (p + 9—«),

«i (Pi + ^i— «i) = « (- 'p-\-q-\-^) {p-qi s) (p-\-q—s).

Therefore an exceittion jiresents itself if and only if we have

i—p+q+s) {p—q+><) (p—?+') = 0.

For p <C (Z <C *' tins reduces to the possibility ^; + ? —- <? = ;

on this supposition vve (Ind .?, = and p^=iq^, i.e. the system

C(/J,, f/i, 5i) is the system of tlie right lines intersecting the axis 0^
and the line at infinity of llie plane c = 0.

We find »\ ^ for .y <^ p -\- tj and x, <^ () for s"^ p -\- q\ p, and

(/, are always positive.

F'or p = we also find />, = (); then the two complementary

systems C{p,q,.'i) and C{p^,q^,s^) are both systems of plane curves

tituated in planes x = constant.

If two of tlie three numbers p, q, s, e. g. p and q are equal, we
lind p^^q^^ps and both systems C{p,q,s) and 6'

(
p,, f/,. .?,) con-

sist in plane curves complanar with the axis OZ.

The identities

pP+ qQ + iS =0.
,^ '

. (12)
p-P + q'Q 4- s'S = 0.

89
Proceedings Royal Acad. Amsterdam. Vol. XIV.
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ran imniediatclv be verified. Likewise one finds

ami a- acooiding to (11) 7', = — P, etc. we find

and also \ (13;

^ 4. Let (A,, be a surface determined by llie ecjiialions

.c ^ aiii'vi'i
,

y =1 bHlvl\ ,• (14)

i r= cu' tj-'i

,

where tlie coordinate lilies v = constant are curves of the system

C{p,q,.i) and the coordinate lines « = constant curves of the com-

plementary system C{pi, q^, s^). The two coordinate lines passing

fhroufrh any point /*, (.i',, //,, Ci) of O.-.-^ admit in this point the same

osculating plane. 'J'liis common osculating plane coulains the tangents

in i'l to both the coordinate lines and as the director cosines of

these tangents are proportional to

(i:.)
px„ qy,, sz,,

and Pi-'«v1iyv'\ = v

these tangents do not coincide and the common oscidating piano is

at the same time the tangent plane of (>,,, in /*,.

This proves the theorem :

The two systems of coordinate lines are the systems of asymptotic

curves of the surface Occ^ (jiven by (14).

In any point P, of ttr, the tangents to Cp^{p,q,s)ci\\i^ CpJ^p^.q^,s^)

are the principal tangents as these curves are the asymptotic curves.

So in any real point of 0,,, the principal tangents (see (15)) are

real and dillerent from one another; so we have the theorem:

All the points of Ocri are hyperbolic.

The equation of the surface 0,,, is:

U) = "»'

k being the lowest comnion mnltipic of the numerators P, Q, S of

(3) after reduction of these fractions to their simplest values. In-

deed the values (14) of the coordinates of any point of O,,, satisfy

the ecpialion (16) for arbitrary values of ti and ?', as according to

(12) and (13) we have liic identities

pP+rjQ + sS=0,

p,P-\-q,QU:S=zi).
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On account of /> <C q <C •' ^^c have Q<:^0; so \vc prefer toti'nsn*

form flfi) into

xPk ^Sic = Bii-^'^ (17^

Corollari/ I. Tlie degree of (lie surface 0,,, is {P -\- S) i:.

Vov we have:

/' + Q + S=— PQS> 0,

p+sy-Q.
Corollary II. The surfaces (Ac, on wiiich (lie lines of tlie systems

Ci/),q,f-) and C( Pi, i/i, <i) are tlie asymptotic curves form a |)encil.

Corollnri/ III. Tlie iiase curve of the- pencil of surfaces (V, is

formed by the sides of the skew (juadrilateral OXcoYa>Z«,0, each

of these sides counted a cenain number of times.

Corollary fV. The complex of the iirinci|)al tangents ofthei)encil

of surfaces Occi is formed by the tangents to the curves of both the

systems C{p.q.s) and C(/>i. c/,, .v,).

^ 5. Reversely we start from the equation

,^L yM.y = B , (18)

where L. M, N' are integers admitting no factor common to all

three, in order to investigate under which restrictions with respect

to these numbers the surface represented by ^^18) admits as asymp-

totic curves the lines of a system C{p,q,s) and therefore also those

of the complementary system C'(/>,, r/,, .*,). This will be the case if

the surface (18) contains curves of both systems; to that end we

must have

pL + qM + sN= )

and p^L-\-q^M-\-s^N ^ 0, j
• • • '

or

(/'+ 9+ «) {pL+qM-]-sN) — 2 {p-L+ q\\l+s'N) = 0,

what can be replaced, on account of (19), by

p'L + q'M + s-iV = (20)

where p. q and ,< are integers.

From (19) and (20) we deduce:

p _ — LM ± ]/{— LMN{L-\-M-JrN)}

J- L{L^N)
•

As p and q have to be integers the expression — LMN {L-\-M-\-N)

under the root sign must be positive and a square; so L. 31, iV

canaot have the same sign. Let a" be the highest integer S([uare by

which LAfy and Ir the highest integer square by which L-\-M-\-y

can be divided, so that LAIN: a' and (
A -|- i/ -f- iV) :

6' contain

89*

(19)
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prime factors on\y occuiTiiig only once in i-aeli expiession ; llien wo
must iiave

LMX-.a' = — (L^M-\-N):lr (21)

IW substituliiig the value of — {L-{-M-\-N) following from ii

into llie expression for p-.q given above we easilv tind :

p q «

M{a±bN) "~ — a (L+ N)
~ M {a=pbL)' ' ' '

^""^

So, as soon as L, M, N satisfy the condition (21) we find sets

of numbers {p, q, s), {p',q',s') and therefore also two sets of curves

C{p, q, s), C{p', q^, $') lying on the surface (18). After some reductions

we find ;/ : (/ : s' = p^ : q^ : s^ as tlie deduction of {p. q, s) and (;/, q', s)

requires. So we have proved t'lo theorem

:

A surface

xLyHz^ = B
admits as asymptotic curves the curves of the systems

C (.l/(a-f ^.V), _ a (7v+ .V), M (a-lL)),

and

C {M {a-bN), - a (Z+ .V), M (o+ bL)),

as soon as L, M, N satisfy the condition

L + M ^ N= LMN,
a'

n and b being integers.

Tiie simplest example of a surface x^ y^' z^ = B. where the con-

dition L-\- M -\- ]^ = LMX , holds, is tiie hyperbolic paraboloid

xz =z By.

\n this case the equations (22) become

/) = 0, q^ s and s, ::= 0, l:>^
= <7,

.

The systems C (0,1,1) and 6' (1.1,0) arc systems of right lines

forming on the paraboloid the asym[)totic lines.

§ 6. Any surface Occ^ contains besides the two systems of asymp-

totic lines C{p. y. s) and C'(/),. y,. .s-,) other systems of curves belonging

to the systems

C'(/' + >;'p7 + ''•'7.-' + ^^)

and this holds for any rational \alue of A cither positive or negative.

Let, in order to show this, 7', (.r,, ^',, c,) be any point of Ocr^, so

that we have

x^z^Sk — By-Q.'^-,

then C<t, contains any point of the curve
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118 truni tlic identities (12) and (13) we can dednco

If A, and A, represent any l\V(» delinile values of /, the cross raliu

of liic four tangents in a [loint 1\ of (>„, to tlie curves (lirougli 1\
of tlie systems

is always e(|uai lo P., : P..^ and liioreforc independenl of *,,, y, , 2, . So

tliis cross ratio is constant all over the surface.

If \vc put e.g.

;. =z: 1 : {p+q-\-.s)

^. = (Pi + '7i-f«i) : (-P + 7+ *') {p—q-]-s) ip+q—^),

the two systems of curves corresponding to (iiese two values of X

are the systems ('{p^, q-, t;-) and C^p^-, q^-, s^-).

So the cross ratio of the tangents in any point of (A,., to the four

curves through this point belonging to the systems

C{p.q,^), C(p„.j„s^), C(p\q\s% C(p,\q:-,S,'),

is therefore

This cross ratio becomes zero or intinite if two of the four tangents

coincide with each other; then the curves touching these coinciding

lines also coincide. For p, q. and s positive and p<^q<C. •'' the cross

ratio becomes zero under the condition p -\- q^:i s only and infinite

for ^>, -)- g-, -|- i', only. In the first case the systems C{pi,q^,s^) and

C'l'PiSg'i', «i') coincide, in the second case the systems C{p,q,s) and

C{v,\q,\s,').

Reversely, if a curve of a system C'{p',q',s') lies on the surface

Oca i^ ^"^i" always be possible to find a xalue of A for which the

system C(p -\- Xp^, q + ^qi,s+ ''"'>'i)
coincides with the system C(j/, q', s).

So Ave have to prove that it is possible to find \alues ?. and ;«

satisfying the three equations:

P + ^;>i + IV' = 0,

p + ^?i -t- f"?' = o>

S -|- ?.s^ + (<«' =: 0.

These three equations are not mutually indeiiendent ; multi-

plying the first members by P, Q and ,S and adding the results
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we get ;=; 0. for ilie coiulilioii iiiuler wliicli tlic curve ('(//, 7'. .<')

lies on Occ, is

i'j>' + Q'l'
-{ ^• = 0.

For this proof we have not maAe use of tlie fact that the two

systems C{p, q, .••'; and C(/J,, (/,, a',) are com|tlemcnlary ; so this theorem

also holds for any surface generated by curves, of the system C\/^, 3,.
s)

meeting a curve of a system CCpj.jj.O.

^ 7. Let i',(,.('i, //,, c,) be once mure an arbitrary point of (),.,y

Then the two ruled surfaces osculating O,,, along the curve through

P, of the system C{p-\-^i>i, i]-\-hj^, s-\-).)i^) arc tlie surfaces tiie

generatrices of which arc llie |nincipal tangonis of '>,,j in liir jioints

of tliis curve. .So ti\ese two osculating ruled surfaces are represented

by the following two sets of eijuations

;

X =zx^tP-\-''Pi (1 -1-pr), \ .V = .v^tP+*P> (1 +p,v),
j

y=y^t1+'"h{l+qv), {/) y = y,ll+"li{l -\-q,v)S (II)

Z = 2/ +'«1 (1 \SV).
)

Z = Z^t'+'h (1 -f Sjl').
I

As soon as two surfaces are generated by curves of a same

system C{p, q, a) the intersection of these surfaces consists exclusively

of curves of this system, whether single or degenerated ones ; for

the curve dp, q, s) passing through any common point of the two

surfaces must lie ou both. So, as the two surfaces / and // oscu-

lating Occt partake of the property of Occ,. of being generated by

curves of the system Ctp+^/J,, 7+^71, a'+^5,), or C'(A) for short, the

intersection of each of tliese two surfaces with Occ^ and their niutual

intersection must break up into curves of the system C(A).

In the case X = 0, i.e. if the system C{X) coincides with the

system C(p,(/,ti), the ruled surface / is developable. If OA) coincides

with the system C{p^,q^,s^) the ruled surface //is developable.

For >(j ^ — P., the cross ratio Aj : ;., = — 1 (see § 6) and the

four tangents form a harmonic (juadruple. TJien the tangents to the

curves of the systems 6'(AJ and C[— A,) are two conjugate diameters

of the indicatri.x, the tangents to the curves of the systems t\p.q,s)

and Cipi,qi,d^) being the asymptotes of the indicatrix. So the two

systems of curves corresponding to P., and — ).^ ave conjugate on Occi-

So the developable enveloj)ing (A,, according to a curve of the

system 6pi) is represented by the ecpiations

y = y, (I + I' {</ - ^'. ?.)) '''+""
- • • • • (/^ '')

z — z^[l -\- v{s — X^ .\)) <«+'i»i.
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1

Indeed tliis ruled smlUce jiroves to I»o developahle, as it is possil)c

to detern)iiie v in such a way lliat the director cosines of tlic tangent

to tiie curve of tiie system C't^,) situated on tins surface /// and

corresponding to this value of v become pi-oportional to the director

cosines of the generatrices.

Indeed it is possible to lind values /• iiiid ^r satisfying the equations

> P + ^, /'i + '• il'' - A.' /\1 + «' (/' - A, p,) = 0,

'J + ^1 <?! -I- « ('/— ^.' 'hi + "• ('7 - ^xO,) = 0,

« -f K «, + '' {"" - '^" <) + "• h - ^, .?J = 0,

as llie sum of the three first members, multiplied respectively by

P, Q, and >S disappears.

This developable also cuts ()(.,, according to curves of the system

C(^J to which also belongs the curve of contact,

^ 8. By assnniing for P., tlie value we find s—X, a\ = and

the system C(A) becomes the system Cip{s—p), q(s— q), 0). The coii-

jngated system, i.e. the system corresponding to the value X^=—X^=.s:i\,

is then the system Qpq, pq, .y,). Then the first system consists of

curves lying in the planes z = constant and the second of curves

lying in planes tiirough the axis OZ.

The developable D circumscribed to (>,,., along a curve of the

system Clli{s—i-)),q{s—q),0) is generated by the tangents to the

curves Cipq, pq, s^) and admits therefore the equations :

ie=.rj(l + pqt^tlK^-P),

y = »/, (1 + pqv) fli^-l),

z = z, (1 + s,v),

'^K^i'^i satisfying the relation

As the system of curves conjugated to the curves of contact

consists of curves situated in planes through the axis OZ, the

developable must be a cone (according to the theorem of Koenigs'),

the vertex of which lies on OZ. It is easily verified that all the

generatrices of Z) .pass through the point |o,0,c,( 1 — —
|

( V pqJ
The developable D' circumscribed to (?,.,., along a curve of the

system C{pq, pq, s^) is represented by the equations :

M G. Dakboux, Theorie gen. des suifaces T. 1 § 91.
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Tlie diroftion of the generatrices of this developable being constant,

jy is an enveloping c\lindor.

For A, =r — P Pi ^"d P-i = — 7:7, ^^c obtain analogous results.

So the tlieorenis hold

:

I. T/te plane sections of Oc^ by plunes t/iroiu/h any edje 0/ the

tetrahedron of coordina1i'< ar-' conjiu/ated to those by planes containing

the opposite edge.

II. The developable circumscribed to Occi along a plane curve,

the plane of ivhich contains an edge of the tetrahedron of coordinates

!,•> a cone the vertex of which lies on the opposite edge.

III. Ally of these enveloping cones cuts Occi according to curves

of the system Cif) to which belongs the ctirve of contact.

§ i). Let A{a,b,c) be an arbitrary point. Then tlie curve of contact

of liie enveloping cone of (?<-(., with A as vertex lies on Occ^ itself,

the equation of whicii surface is

and on the first polar surface of J with respect to (^,.-| willi tiie

equation

PaxI'l<^-'^y<i-''zSlc 4- QbxP'^yQf^-'^zSk _|.. Sex Pl^
yQk zSk-i

-(P+Q+5)£=0.
Bv eliminating B between these two equations wo find

:

Payz + Qhxz -\- Sexy — {P+Q^S) xy: = . . . (23)

So the curve of contact always lies on a cubic surface O'a repre-

sented by (2:). The equation (23) of Oa being independent of B.

this surface O'a is the same for all the surfaces 0,^ ; so we have

theorem

:

IVie locus of the curves of contact of all the surfaces Occ, with-

the enveloping cones loith common vertex A is a cubic .surface Oa-

The tangential planes of Ocq being at the same time the osculating

planes of the systems C{p, q, s) and C{pi, 7,, ;>,), the surface Oa is

also the locus of the points P for which the osculating planes to

Cr{p,(ps) anil to (-'/'{pi. 'ii-
s^) pass llirougli .1; this can easily be

proved directly liy making use of the equations (4).

The surface Oa containing the six edges of the tetrahedron of

coordinates, four of whicii also lie on 0,-,^, the intersection of (>,,,
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Tlie tiingeiitial |)lanc of Oa i" i^"}' point of one of these edges is

the same for all tlic points of this edge and different from the faces

of llie teli-aliedi'on of coordinates. As we always have S<^— Q
and we snppose provisionally that P^ — Q, the tangential planes

of O.rj along the fonr edges coincide wilh faces of the tetrahedron

of coordinates. So each of the fonr edges belongs to the intersection

a number of (inics indicaled by its multiplicity on (Ar, •

Now the edge OX^ is always (Sl-lbld on (A,, and V^Z^ is always

{S-^Q+P)k-k)\i\, while for P>—Q the edge A"^ 7^ is .SX-fold

and the edge (^Z^ is — (^k-foU\. So the fonr edges represent togelhcr

(3(.S'-f-
/')^' common right lines. 'I'iic total intersection of O'l and 0,.,^

being of the order 3 {P-\-S)k, there remains a curve of contact of

order 2Pk.

Ill llie case /•'<^ — Q the edge A^^ V^ counts {l^-\-(2-\-S)k times

on (A,, and the edge OZ^ counts I'k times. Then the four edges

represent {'iS-\-''iP-\-'2Q)k common right lines belonging (o the

intersection and therefore the curve of contact is of order — 2Qk.

For P^ — (2 which implies S^S-\-P-\-(2 the tangential plane

of 0„_^ along OZ^ is no more constant and therefore this plane does

not coincide with the tangential plane of Oa along this edge which

is constant; likewise for the edge Y^Z^. So the multiplicity of

these edges as parts of the intersection still remains equal to their

multiplicity on O^j .

Now the edge A'^ Y^ is /SX-fold on O,-,.^ and the edge OZ^ is

PA-fold. The order of the curve of contact is 2Pk = — 2Qk.

From P =i — Q we deduce

i. e. either 6- = f^ -|- p, or p = r/. lu the first case 0,-,-^ is a ruled

surface (see § 3, § 14), in the second a [)lane (see ^ 3).

As in general the point A does not lie on the surface (V,,., it

neither lies on the curve of contact a,nd the order of the enveloping

cone to (A,, ^vith verte.x A is equal to the order of the curve of

contact. So we tind the theorem:

llie order of the enveloping cone to (},.,.^ loitk an arbitravy vertex

A in the larger of the two numbers 2Pk and — '2(2k.

If A lies in one of the faces of the tetrahedron of coordinates,

(>' breaks up into llie plane of that face and into a (puulratic cone the

vertex of which coincides wilh the opi)Osite vertex of the tetrahedron.

If A lies on one of the edges of the tetrahedron of coordinates.
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(>^ l)roak.s up iiiln tlie two fiieos tliroiigli .4 and into a tliinl plane.

Then (he curve of contact is plane (see ^ 8).

§ 10. The class of the envelo[)ing cone is equal to the cla,ss of

(>„, ; llie class of (7^, being {P -{- S) k, as we shall see immediately,

the class of the enveloping cone also is {P -^ S) k.

The class of Occ, it> equal to its order, the reciprocal polar figure

of (V, being also a surf;\ce Occi- The homogeneous plane coordinates

(rt, ^, y, d) of a tangential plane to Ocr,. i.e. of an osculating [tlane

to a curve C{p,q,s) satisfy the conditions (see ^ 1, ccpiation 4):

a j? yd
.c '

P-.x^H^Pc/i Q : ti/,-?!-,?! S : i-«,sr,-i PQS

where (^'i.y,, *i) are the coordinates of anj point of Occ^ and '/,. r,

the parameter values corresponding to the point of contact. Hv

replacing 1 :
?<i

and 1 : i\ by ii' and r' we iind :

u'Pi-'p>

ft : fl =: ,

'''^PQ^-
So, but for constant factors, the coordinates of the [)ole of the

tangential plane to Occ, with respect to (he ipiadric

x' -{->/' + z'+ I =Q (24)

are equal to (he coordinates of a point of 0,-^ (see ^ 4, equadon 14).

So, if the equa(ion of Oec, is

(he wiuation of (he reciprocal polar figure with respoc( (o (24) is

T-PkyQi-Sk — :

^ ~ B \PS+Q QP+S Sf+Q.]!^

So (he jiroiluci of (he parame(ers corrc^^ponding to (wo reciprocal,

polar surfaces of (he pencil 0^, is cons(an(. viz.

[PQ+S QSi-P SP+Q\-K

§ Jl. In the case .v, = the asyuiplo(ic lines of (lie s\s(em

C'(;>,. 7,, Sj) are riglU; so according to a known (heorein four arbi-

irarv asymp(otic curves of (he sys(em C\p.(j,s) must in(ersect all

the generatrices in four points wi(h a constant cross ratio. This

theorem not only holds for (he ruled surfaces on which the curves
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dp, </. "•') ;ire asviiiplolic ciirxes, biil also Inr any nilcil smtace

gencrali'd by tlicsc iMirvcs.

Proof: Let llic i'uIcmI surlaco he rfprpsciited liy llie equations

X — {a 4- uv) >>'
I

,/ = (h + ^v)f/ (25)

.'=(,
I

yr)^- '

Let 1\. I\. l\, /', lie the four |)oiuts of iutersection of I lie four

curves C{/).i/,s) forrespoudiiig- to the four |)ara»ieter values v, , v^,

w, , r, , with the generatrix coi'respoiKling to the parameter (f, . 'I"hc

cross ratio of these four points is equal to that of the four pi'ojec-

tions of these points on the axis OX and in its turn this cross ratio

is equal to that of the four points of OX for which the x' coordinate

has the values

a -f- ot'j , a -\- ai\ , a -\- t(v, , «-(- m\.

These four coordinates being independent of ( , the cross ratio of

the last group of four points does not vary with /,. So the cross

ratio of the four points Pj, P^, P„ P, is independent of /,, i. e. this

cross ratio is the same for any grou[) of four points determined by

the four curves C{p,q,s) corresponding to the parameter values

Pi,i\,v,, i\ on any generatrix.

Example. The curves of the system 6'(1,2, 3) intersecting a given

right line lie on a I'uled surface of order four, for which one of

the twisted cubics C(l, 2, 3) is double curve (nodal curve, isolated

curve or cuspidal curve). According to the theorem just pro\ed any

detinite group of four curves of the system C(l,2, 3j cuts all the

generatrices in four points \vith a constant cross ratio;

§ 12. In the case of a rectangular system of coordinates we
easily tind for the first dift'erential coefficient of the length of arc a

in the point P{.r,i/,:) of the curve Cp[p,q,s) corresponding to the

parameter value t the expression

da 1— =— p\v^ + (/,/' -\- s-s

Let h8 be the angle between the binomials of the curve C (/>,(/, .>)

in the points corresponding to the values t and t-\-At; then we
easily lind :

dO _ PQS\p\v' 4- q'y' + «V ji

'dt~ Vp'- Q^ S^
< ^' y ~ — + — + -7

So the radius of torsion q becomes :
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^ dd FQS\x' "^y' ^'/
For the radius of torsion 9, of the curve Cpip^. ij,. s^) in tlio

same |ioint avc get

aiHl, as 1\ = — r, Qi = — Q, .S'l := — /5> (see ^ 2, equation llj.

I H =
I ?. 1

')•

( »r ihe screws oseuhvtiiij'- the asvnipiotic lines of the surface 0,,-

in any point the (-ne is rigiitiianded, tlic other iefthanded, as the

detorniinaiit

y' !/" y'"

. " -.'"

:^J^fq^s^(P^Q^S)

assumes opi)Osite signs for the two asyniplntic lines.

Let A. }', Z ri'[iresi'iit the director cosines of the biiKHinai and

(/ the distance of the origin to Ihe osculating plane in llie ]>oinl

{.K,y,z); then we easily lind

:

1 .n = XrZ +2L_^_P =XY~= TZ - — ZX ~
;

*• '/

d xyz FQS
XYZPQS d'

Let Ltf be the angle between the tangents to a curve of the

system C{p,(/,s) in the i)oints corresponding to the xalncs / and

f -\- Lt; then we have :

d(f

It

pqs xyz
1" 0^ S"-n

.«' y^ «'
I

t (p\v^ + q^f- + S-Z-)

by means of which we tind for the radiiis of curvature R:
3

(p\v- + qY + *^'')2"— '''^ —~
d<p

~

ZP' Q" 5'\i '

or, if <(. ,:?, anil y are the ai\gles between the tangent and the a\es

of coordinates

1

A' [X' y z'

So we get

:

IP' Q' SMi
cos <( COS ^ COS Y j ~7 H—i"

"I—

T

•) Pascal, Rep. di Mat. Sup. Gap. 16; § 9.
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d

PQS cosa cos3cosY

aii<l

R XYZ
o cosncos^cosy

Likewise, if «,, i?;, y, are the angles between tlic tangent in the

pdiiii /' {x,y,z) to C^ (/'i. '/,. •^'i)
i^'i'' 'I'C axes of coordinates, and

Ri is ihr radius (if curxatiire of lids curve in this point, we find:

/' — '^
.

PjQ^S^cosn^cosli^cosYj

and liierefore

R
R, cosacosi3cosY

^ 13. Tiie tangent in the point I\ to the curve Cp {pi,il^,s)

adndtting- the director cosines

p'x, , q'y, , s'z,
,

this line is normal, in the case of rectangular axes, in T\ to tlie

quadric of the pencil

p'x'+qrf -\-sz'=li (26)

passing through P^. So the surfaces of this pencil (26) cut all the

curves of the system C{p,q,.s) and consequently also all the sur-

faces generated by curves of the system C (/>,'/, .y) under right angles.

Moreover the pencil (26) cuts any surface generated by curves

C{p,q,s) according to the orthogonal trjijectories of these curves.

The surface 0,ci being generated by curves of any system C (y),

see § 7, we find the theorems

:

I. Any quadric of the net

px^ + qy'+sz' + X{p,,v'-^qy-^s,z'-) = (.i . . . (27)

cuts (1)11/ sttrftice Ocr^ under right avyh's.

II. The orthogonal trajectories of the curves C (a.,) situated on Occ,

are the intersections with surfaces of the pencil.

/u' + qf + sz- + A, {p,x' + qy + s,r') = ^i.

III. Any curve of order four forming the base of a pencil of
quadrics belonging to the net (27) cuts any surface (>cc^ under right

angles.

IV. fn particular the orthogonal trajectories of the asymptotic curres

of Occi ai'e determined by the intersection with the two pencils of
quadrics

P^^ + qy' + s z^ = ;i,
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^ 14. We now suppose .s =i p -\-
ij . tlicn the numbers p. q, .< are

nuiluallv prime two bv two. We tlieii find p, = q^ = 2 pq , s^^O

;

so the complementary system C{p, .^i.*]) is a system of right lines

resting on the axis (fZ and on X^ Y-,^ . The surface (Xr, is a ruled

surface with two right director lines.

Furtiiermore we find

:

P=l,Q=-\ .S= i '-
; .

1 +P
so the lowest comm<iii multiple of the demuiiinators of J'. Q, S is

either q -{- p or (q -\- p) : 2 according to liie iiund»ers q and /(being

either one even and the otlicr odd, or both odd.

We suppose in the tirsi place that one of llie nnmbers p, q is

even (see ^ 15, examples 1 and III).

Then the equation of the ruled surface 0<-o, is:

SO the ruled surface is of order 2q. The enveloping cone is of order

2Pk = 2{q-{-p), see § 9, and of class 2q..

If p and q are both odd and therefore ]> — q and p -\- q both

even (see § 15. examples II, IV and V), the equation of 0,.-, is

.t'P+i) 2 dP-<3) 2 = By'P+n) 2

,

so Occ, is a ruled surface of order q. The enveloping cone with

arbitrary vertex A is of order q-\-p, see ^ 9, and of class q.

The ruled surface osculating Otr, along a generatrix /is generated

by the principal tangents of Ocr, in the points of / which do not

coincide with /, i.e. by the tangents of the curves of the system

C{p. q, p-^q)- So this osculating ruled surface is represented by the

equations:

X = iCj (l-|-/)tf) t

.V = .v,(l+?i')',

z = z, {I +(;>f 7) 4
or by the equation

^ 15. Example 1. Suppose /)^1. 7 =: 2, .< ^ 3 ; then we have

s — p^ q. p, = 7, = 4. .s = 0. P=— Q = \, S= — . So the

equation of the ruled surface wiiii the Iwisled cubics of the system

C(l, 2, 3) as asym|itotic lines is

x'z = By\
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Example II. For />=il. 7 = 8. .s' = 4; \vc find .v = y/ -|- 17,

So llie surface admitting as asyni|itotic lines tlie twisted ((uartics

of the system 6'(1,8, 4) willi (wo stationarv tangents, is the cnhir

surface

x^z = B>j\

The section of CK,-. hy a |)hine ,/ = constant Iweaks up into the

line at inlinity of this jilanc and a curve of the system C'(0, 1,2).

The ridcd surface oscuhitinii, (A,-, along this section is represented

l)y the equations :

X = X, (1 + c),

z = z,{\^Av)t\

The equation of this osculating ruled surface is

y'z, (4.i— 3*-,) = ^y,= {^x-2x,y.

The intersection of this cubic surface and Ocq consists of the

conic of contact counted thrice and of the two right directors of (A,-,

•

Example III. Suppose p ^ 2, q = ^, .•s =^ p -\- q =: 5. Then Ocq

is a ruled surface of order 2q =: 6, the equation of which is

x'z By'

So this ruled surface admits a system of asymptotic lines of

order five.

Example IV. Suppose p =z \. q = 5. .s' ^ p -\- q := 6. Then Oca

is a ruled surface of order q^b with the equation

x'z°- = Dy\

So this ruled surface of order li\e admits a system of asymptotic

lines of order six.

Example V. Suppose p ^Z. q ^ 5. .s = p -{- q =rz 8. Here Occ^

is a ruled surface with the equation

x*z =^ By*.

Example VI. If the first system of asymptotic lines is formed

by curves of the system C(l,3, 6), then the asymptotic lines of the

second system belong to the system C(2, 3, —3). So both systems

are curves of order six.

The equation of (9,,., is

x'z = By\

Example VII. If the first system of asymptotic lines belongs to

the system C(l, 2, 4) the second system belongs to the system

6\5,6,-4).

Then the equation of Occ^ is

x'z = By\
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Physics. — "Oh piezo-ekctric and pyro-electvic properties of quart:

lit loir temperatures down to that of Ii(/ui(l hydrogen. " l!v

II. K.\MKRi,iNOii Onnks and Mrs. Anna Beckman. Comnuiiiication

N". 132/' Croin the Physical LaboraloiT at Leidoii.

(Gommiiniiali'il in Ihc nu'diiiL' of l'\>l;inaiy 22. 10l:"5).

§ 1. Introduction. A.s main" qualities of solid bodies are much sim-

(ililied at vciy low temperatures by the considerable decrease of the

caloric motion, it seemed desirable to examine also llie piezo- and

pyro-eleetric ctfects unTler these probably favourable circumstances.

In order to make a preliminary inquiry into this branch of the

subject we have measured the piezo-electric modulus of quartz, per-

pendicular to the axis, down to the temperatures of litpiid hydrogen.

Then we have also, at the temperatures of liquid air and licpiid

hydroiien, observed the pyro-electric phenomenon of quartz, which

Fkiedkl, Curie jind others have examined at higher temperatures.

^ 2. Measurements of the piezo-electricily of quartz at low tem-

j)eratures. The measurements were effected by the generation of

electricity on a (juartz plate, which was kept at low temperatures

and compared with a similar plate at ordinary temperature. Th'e

generated charge was measured with a quadrant electrometer. Both

the plates were of the same sort as is used in the ordinary Cihie's

instrument, that is to say, they were cut out of the crystal parallel

to the optical a.xis and witli Ihc broadest side perpendicular to one

of the electrical axis.

They were 7—8 cm. long, 2 cm.

broad and 0.06 cm. thick. The two

broad, sides were coated with tin ').

One of the' tin coatings of each plate

was earthed, the two others were metal-

lically connected with one another and,

witli one [lair of (piadrants oftheelec-

Ww trometer, as is shown in tlie figure.

The other |»air of quadrants was earthed.

All the connections were enclosed in brass tubes, which were in

') The tinfoils were apl lo gel loose from the plate in the liquid oxygen, which j^ave

rise lo blisters; il would of course be better lo employ a plaliiiized quartz plate,

silvered: Then, too, the use of cementing material between the melal coaling and

the quartz would be obviated.
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I'unurclioii willi tlii' oailli. TIil- uleclrdineter needle was ko|»l al a

constant |Mi|riiiial (if 120 volts.

Tlic (|uartz plate (l^ was snspendcd in an earthed metal case and

(.•anied a scale |)an, on which wcitiJits conld be placed, in order (o

stretch the plate; ().^ was pnt in a Dkwar glass; its lower end was'

fastened in a brass supjiort, wJiich was carried bv the .caii of the;

vacnnni vessel ; I lie ii|>perniost end was suspended by a brass rod

to one arm of a balance, whose other arm carried a scale, which

eonid be loaded with weights. In order to be able to close the vessel

hennelicallv wliieli was (piile necessary), and at the same time nuike

the free movement of the rod through the cover possible, it was
simplest, for these preliminary measurements, to use an elastic India

rubber tidie which closed round the rod and the lube in the cap.

As we shall see this had only a slight ell'eel on the relative measurements.

Williin the glass the (piarlz plate and the support were surrounded

by a biass net in connection with the earth.

The measurements were made in the following way : lirst the

plate Q^ was stretched by a weight (500 gr.) and the deviation of

the electrometer needle was observed. Then this j)late was earthed,

and when the connection with the earth was broken, the weight

was removed and the deviation of the electrometer to the other

side was observed. The sum of these deviations is proportional to

the quantity of electricity generated. Then the electricity which was

generated on Q^ was measured in the same way. Immediately before

and after the measurements the electrometer was calibrated with a

Weston element. The sensibility changed very little.

The insulation was generally very good, so that there was seldom

any need of making corrections for leakage..

Ahvays five or seven turnings of the electrometer needle were

observed. From these the eventual corrections for incomplete insula-

tion coukl be calcidated.

§ 3. Resuhs. I. Both the ipiart/. plates at room temperature

(7'=290^K.).

The deflections were

mean values

Q, 126.7 127.2 127.0 127.tj 127.4 127.2

Q, 163.7 164.0 163.6 163.2 163.3 163.6

The Weston element (1.018 Volt) gave 34.4.

The capacity of the electrometer, of the connections to Q, and

of <l^ itself was about 150 cm.; that of the connection to Q., an<!

of Q.^ was about 100 cm. By the cooling of (,>, its capacity changes.

90
ProceidliifjS Royal Acad Ansleiuam Vol XIV,
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II. Qj in oxvgen boiling under a pressure of 21 cm. T= ~ii°.bK.

mean values

Q^ 130.6 130.1 130.3

Q, 165.2 165.7 165.4

( >ne Weston element 34.4.

III. Q, ill boiling liydrogen, 7'=r20°.3K.

mean values

Q, 129.6 130.5 130.0 130.0

Q^ 165.4 165.5 165.4 165.4

One Wf.ston 34.4.

IV. Q, at ordinary lomi.oratnre, 7'=290°K.
mean values

Q, 127.1 127.4 127.1 126.8 127.0 127.0

Q, 162.5 163.0 162.8 163.1 162.7 162.8

One Weston 34.3.

In order to e.vamiiie tlic inlluoncc of tiic elastic coiinection between

(.1, and the cap of tlie vacuum vessel, two measurements were

made willidut the clastic lube, one at oidinary temperature and the

otiicr in li(piid air. These gave

V. Q, at ordinary temperature, 7'=290°K.
mean values

Q, 126.2 126.8 127.7 127.5 127.1 127.0

Q, 167.4 168.1 1()8.1 167.8 168.3 167.9

One Weston 34.3.

VI. Q, at the temperature of lii|ui(l air, 7'=80°K.
mean values

Q, 129.3 129.6 129.8 129.7 129.9 129.7

Q, 168.8 169.3 170.1 169.2 169.4 1(59.4

One Weston 34.3.

By immersing (>, iiil'i the bath (if low lenipei'atiue tiie deviations

are thereiiy ciianged for both the plates. The change was at the

measurement

II (7'=78°.5 A'.) Q, 4-2.4% Q, +I.J7o

III 20.3 2.2 1.0

VI 80.0 2.1 0.9
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Tlie electricity uenerated on Q^ was thus at all events less

than ill onliiiary leni|icraliiro. The decrease was i.3°/„,1.2''/„,'l .'2°/„.

Tlie intliience of the clastic connection falls within the limits of

errors of observation. In the absolnte nieasnrcinenls the connectinn

causes a ilccroasi> of about 3 °/„.

Thus we may conclude that the cooling fioni 200° K. to 80° K.

causes a decrease of J/i" „ in the |)iezo-electric modulus. A further

cooling from 80° to 20° causes a unich smaller change, it appears

e\eu less than 2 °/„„. Tiie importance of this re^iult is perhaps that

the cliange in the piezo-electricity by cooling to low temperatures

seems to take place chieliy above the temperature of liquid aii.

§ 4. /'!/ro-('Iec/ric/ti/ of quartz. As has already been said, we
also made some observations on the pyro-electricity of quartz at the

temperatures of liquid air and hydi'Ogen. The pressure under which

the li(|uid round (}.^ boiled was changed. By tiio change of tempe-

rature, which is the conseipicnce thereof, a pyro-elcctric charge is

generated on Q.2- The deflections of the electrometer were

for 90 K to 86.5K -|- 27.5 mm. or per degree -)- 8.5 mm. mean value

86.5 „ 82.5 +27.0 „ „ „ „ +6.5 „ / per

82.5 „ 78.5 +27.5 „ „ „ „ +8.5 „ ( degree

78.5 „ 90 —89.0 „ „ „ „ —7.5 „ ' 7.8 mm.

20.3K „ 15.2K + 6.5 „ ,., „ „ +1.4 mm.
15.2,, „ 20.3,, - 7.8 „ „ „ „ —1.6 „

f i.6

between 20.3,, and 15.8,, ± 14.3 (double deflect.) ± 1.7 „

The deviation 7.8 per degree at the temperatures of liquid oxygen

1.6 per degree at the temperatures of liquid hydrogen

has by an increase of temperature the same direction as by a

stretching of the plate.

We note that the generated p3'ro-electric charge is about propor-

tional to the absolute temperature.

We wish to record our heartiest thanks to ^Ir. G. Hoist, assistant

at the piiysical laboratory, for his assistance at our experiments.

fto-
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Physics. - ^^fl'asuren^ents on resistance 0/ a pyrite at low tempe-

iiittirt's, (loirn to the melting point of liifdrogen." By Bknc.t

Bkckman. Joiniiiuiiicatioi) N°. 13'2(/ from llie IMiysical Lalio-

ralory at Leiden. (Ooiumimicated by I'rof. II. Kamkhmsuii

Onnes).

(Comnninicaled in llie Meeting of February 2:2, 1913).

in an earlier |)ulilifalion ') 1 examined resistance as a fnnotion of

temiicratuie in the ciise of a |)yiite ciyslal from Gellivare, Malni-

hcrjLcet, Swedoii. Those measiiromcnls omitraced the lcni|ieraliire

interval -{- 11H)° C. to — 1U3° C. The resistance was well represented

liy tlie formula

"'= ">"', (1)

where IF„ is the resistance at 0° V. and / the temperature on the

centri^n'ade scale. The spec, resistance at 0° C. in ohms per ciilie

of 1 cm. was »'„ = 0,00294; a was 3.53x10-3.
The measurements were made with a Whk.\tstonk bridge. The

ends of the crystal were galvanized Avith copper; as electrodes

airialjiauiated copi)er plates were used. The resistance at 0^ C. was

0.101 ohms. To determine the magnitude and the variation of the

contact resi.stances and of the connections with the temperature, a

little copper prism of the same dimensions as the crystal was placed

between the electrodes and siiort-circuited, and the resistance of the

short-circuited crystal sujiport and the connections were me;\sured at

the various temperatures.

I have now had an opportunity of coiiliiiuinu- these measurements

on a pyrite through a larger temperature interval ^down to — 258^0.).

This last investigation was made in tiie cryogenic laboratory of the

University of Leiden, and for the opportunity I owe the director of

the laboratory, Frof. H. Ka.mkklingh Onni'Is, great thanks.

To obtain these measurements I have used another method, which

eliminates the possible errors of the contact resistances. The crystal

was pressed between two copper electrodes, through which the

current was conveyed to it. Two other electrodes were firmly

jiressed against the longest side of the crystal. The voltage between

these was measured with the compensation apparatus").

In Table 1 the results of the measuremenls in Upsala JUIO are

') Bengt Beckmax: Uppsala Univ. .\isskrifl I'Jll. Mai. o. naluivetenskap 1, p. '28.

*) Sec H. DiESSELHORST, Zeilscliiifl f. luslrumenleukundc 26, p. 182, (1906),

wliere Fi^. 2 gives a survey of the inouniing.



1385



i:iS6

(levialiiiii>. (in nut exceed 47„. N\liitli coiiesjtoiids to a (lifVerence

of ().(K>4 ohm.- al llic luo-I.

Tlif la>l measurements may also sfive to control whether tiic

results nl' tiie earlier ones were not fullv aceurate owing to the

contact resistances. The deviations that I have jnsl mentioned might

arise from this sonrce of error, Itnl, as they go in different directions

at / = —78°.6C. and / = - 193°C. one is inclined to think that

these deviations may originate in other errors too, for instance in

variations of the temjierature bath at t -= —78^.6 C. (solid carbonic

acid and ether).

( >. Reicheniikim ') and .1. Koenkjsheuger'-) have examined pyrite

from Val Giuf, Graubiindcn and have fonnd a niinininm of resistance

at about t = — JO^ C. This pyrite has a Sj)ecitic resistance of

t).()240 at 0° C, thus eight times larger than mine. An explanation

of this difference of tlie conductivity is given iiy .1. Koemgsuergek').

My pyi'ite shows no minimum of resistance above —258° C The

resistance throughout the whole temperature interval follows the

formula (1), which is Llie same, mathematically, as

1 dW— =: const.
\V dt

It seems very probable that there does not exist any minimum

below — 258° C, but tiiat the resistance at still lower temperatures

appiDaches asymptotically to a liniii value, as is the case in, for instance,

nol perfectly pure gold and platinum.

A. Wi'.sKLV 'i has recently examined a pyrite crystal Irom tiie same

place af origin, .Malmbcrget, (lellivarc. lie found a still smaller spec.

resistance, io„ = 0.00247 and a temperature coeflicient at 0° C. of

0.00228.

Physics. — " /iivestiy<i(wn oj the v'lxcositti of gases at low tempera-

tures. I. Hi/drogen." by H. K.\mei{lingii Onnes, C. Doksman

and Soriii's Weber. Comminncation N°. I34a from the Pliysical

Laiuiratory at Leiden l)y II. Kamkki.ingh Onnes.

§ 1. Introduction.'') Tlic iii\estigation of the dependence of the

viscosity of gases upon ihe temperature at densities near the normal.

M 0. Reichenheim, inaug. Dissert. Freiburg 1906.

-) J. KoENiOSBERGER, Jalirbuch tier Rad. u. Elektr. 4, p. 169, 1907.

») J. KoENiGSBERGER, Phys. Zcitschr. 13, p. 282, 1912.

') A. Weskly, Piiys. Zeilsdir. 14, p. 78, 1913.

») Tiiis Conini. includes llie paper on the same subject by Kamerlingh Onnes

and DoRSMAN, wlilcli is referred to in Gomm. Suppl. No. 25. (Sept. 1912) §6, note 1.
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is cliicllv o\' iiii|M)il.uiCL' fill' Ihc kiinwlcdj^e nt' llic iiiccliaiiisiii of llu'

iiii|i;icl of l\v(i molecule's, <ir, mure simply in inoiiatotuic gasess, of

two aluiiis. ill I he nature of the case it is desirable to extend tliis

investigation uilli one sul)slancc over the larjicst jiossiMe ran{j;e of

reduced temperature. Tiiis gives a particular signilicauce to verv low

tem[)eratures and substances such as hydrogen, neon, ami hi'liinii.

The pupils of DoKN ') at Halle have made systeiiiatie researches

into the viscosity of dilfcrent gases. By these both al)soliite values

ami temperature coef'licicnts have been determined, and they have

gone as low as ihe lempcralMre of !i(|ui(l aii'.

In our researches we particularly vvisiied to investigate hydrogen

temperatures, while tiic viscosity apparatus was so arranged that it

could be used without alteration for helium at helium temjieratures.

^_ But it was natural for us to extend our in-

vestigation to the viscosity of our gases at

less low temperatures. It then appeared thai

besides being of value for the conlirmation

of the above mentioned researches as far as

the temperature of solid carbonic acid, it

was also of value for the knowledge of

viscosity in the Held of the tem[)eratuie of

lifjuid air.

In the lit'ld of hydrogen temperatures we
found the viscosity of hydrogen while flowing

through a capillary tube dependent upon

the mean pressure. From Maxwell's') resear-

ches we know that the viscosity of gases at

normal density is independent of the pressure,

and W.\KBLRO and von Babo ha\e shown in

the investigtvtiou of carbon dioxide, that in

dense vapours, it increases with the density.

There is, therefore, every reason to further

investigate the dependence of the viscosity

upon the pressure in hydrogen \'aponr.

i

J
%

x.

mm- § 2. Metliod. The measurements were

made according' to the trans|iiration method.

«'"" This presents experimentally perhaps the

greatest difficulties, but it seems to allow

^) There is a survey of these researches by K. Schmitt. Ann. d. Pins. (30).

p. 393, 1909.

-) For the older litlerature see H. Kameblingh Onnes and W. H. Keesom.
Leiden Coram . SLippl. N". 28, page 86.

L

i

Fig. 1.
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better llian any oilier llie I'ultiliiiL'iil oT llie cuinlitioiis wliii-li aiv

assumed in the llieoretieal ilodiiction.

The form which vve choose (diagrammatical l_v represented in fig. 1,

compare further tig. 2) is distinguished by the following special

features :

J. the pressure at both ends of the capillary lulic liirougii which

(he gas flows, can be kept constant as long as desired at any lieighl.

2. the lueaii pressure and the difference of pressure arc imme-

diately measured at bo'.h ends of the capillary.

3. before it enters the capillary the gas tlows through a copper

tube (in our case 70 cm. long) where it acquires the desired temjie-

rature.

The calculation of the measurements got by the transpira-

tion method was made by the formulas of O. K. Mkyer and

M. Knudskx'); for the amount of gas that passes through a capillary

they gi\e :

.1 1 - i^v 4r
/.'

iu which

''^' V 8 '0,309

^-10' ^
__l.Uo

^
am,

,
.._

8 0,30967-1/0'
5 +- ^'

?; ^ cocllicicut of viscosity.

A*= radius of the capillary.

Zy := length of the cajiillary.

T = time of flow.

P. 4- 1\
p ^ ^ mean pressure.

p^ = pressure at beginning of capillary.

/>
.J

= pressure at end of capillary.

(^=:lhe quantity that iias flowed through, mcasuicd by the product

i)f vuiuuic and pressure, and conecicd \\>i- Ihc hMn|KMalure

of the capillary,

g = the gliding coeflicicut which is ilt'terminctl l)y ihe two last

equations, in which y, is the density of the gas.

The units are those of Ihe C. G.^ S. system.

^ 3. ArrniKH'iiwnl of ihe appavdtus. The manner in whicli ihe

various (|nanlilics in these formulas were determined iu llic measure-

ment, will easily be understood with tiie help of fig. 2.

>) M, Knudsen; Ann. d. I'hvs. 28, 1900. p. 75.
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The pure ijas ') friiMi a slore cyliiulei' is first let into ii [lipellc /',

ill wliicli it can bo brought to a suitable pressure by moans of

nierciir\ .
!'>\ a hi^li |ircssure regulating tap it is then comluL-te'l by

a brass i-apillury to .1, wiiero the capillary forks. One branch IcaiK

to a mercury-water differciilial manometer, in which the level of the

water is kept constant by the regulation of the tap C. At first wo
worked witli oil inaiiomoters, wliicli allow an easy adjustment at

any pressure required. With these no consttint values were found

for I he viscosity coeHicicnt, which was perhaps in consequence of

o'i \apour solidifying on the ca[)illary. On this account the oil

manouietors wore re|)laced by mercury-water difterential manometers.

The oilier branch of the ca[)illary at A leads the gas through a

steel capillary /:/•'(/ to the viscosity apparatus in the cryostat.

Between I) and E is a U tube of charcoal immersed in liipiid

air, by means of which the last possible traces of <*ir would be

kept back.

A vertical glass tube carried the gas further. To tliis was soldered

the spiral copper ca[)illary of about 70 cm. length, in which the

above nieiitioued cooling of the gas took i)lace, which had been

siiiiwn to l)e indispensible. This terminated at A', fnnn wliere the

gas was carried to L. In L, which was a small reservoir, the lube

divides into two branches viz. the capillary and the tube LMX to

the mercury manometer (). L and P could be directly connected

by a tube in parallel with llie capillary and provided with a stop-

cock. This was necessary during the exhaustion. The transition from

the capillary tube into L, in which the gas may be considered as

at rest, is very gradual. This is of importance for the correction of

Hagknbach, which can be omiited in these circumstances. From S a

branch TO leads further to a second mercury manometer V, which

registered the |)ressure p at the beginning of the capillary tube.

Through the capillary tube, (about 65 cm. long, with a diameter of

0.122 mm.) the gas flowed into P. As at L a tube PQ/^ leads from

here to the other end of the mercury manometer 0. By means of

this manometer we could thus read the difference p^
— p^. Another

tube WMYZ leads the gas from P to Z. Z is connected on one

side to the mereuiy-water differential manometer h, and on the other

side by « to v. At n there is a regulating tap, which enables us to

keep the level of the manometer b at a constant height during tht

e.xperiment. By doing tiiis during the experiment we can keep />,

—

p^

1) Tlie gas was purified by passing over a spiral cooled by liquid liydiogen

(Coram. N*. 83). A trace of air was al'teiward.s found in the gas, Itiis may liave

been absorbed during tlie compression in spite of the precautions taken.
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;unl /', steady, e.\c'i'|il Inr ihc small iiTcgiilarilics due to ;lic re;iulatiuii

of llic taps. Tlie tiil)i' c is coiiiicc'lpd to a vessel e of about 4 \j.

placed in ice, iiiteiidod I'm- (he deleiiniiiatioii of tiie volimii-. Tliegas

pi-essniv ill tliis reservoir was deteriiiiiied before and after every

e.\|)ei-iiiieiit, by readiii};- tlie inanomeler g. As can be seen, a snirdl

porlioii of tliis volume is not reduced to 0° C, it remuins at about

the tem|>erature of llie room, 'i'liis |)ortioii is only aiiont 1.5"/„ of

the whole volume.

The tliree manometers were read by a kalheloineter, and were so

placed thai they could all be viewed by turning- the kathetometer.

The leiuperalure of the viscosity capillary was determined by a

platinum resistance thermometer placed beside it, which was rediice<l

to the hydrogen thermometer of the Laboratory by coniparison with

a standard resistance thermometer.

For (he arrangement of the cryostat with stirrer see Com. N°. 123.

The measuring apparatus were immersed in a cryostat glass exactly

like that of the helium cryostat. As we said in ^ 1, it is our intention

to determine the viscosity of helium at helium temperature with the

same apparatus. The cryostat glass was covered by a cap, which is

like that of the helium cryostat, but simplified in an obvious way.

In fig. 2 the cryostat niass with stirrer and thermometer are omitted.

§ 4. Course of the experimenh. When the tightness of the apparatus

had been properly tested and all found to be in order, the experiment

was made in the following way. The volumenometer and the whole

apparatus were pumped out and the tap a was closed. Then tap

c was opened, and regulated so that the manometers b and d were

at the desired height. When this was attained the experiment was

begun, and simnltaneously with the beginning of the regulation of

tap a the knob of a chronometer was pressed. During the experiment,

as already said, the taps a and c were so regulated that the diffe-

rential manometers which acted as indicators, kept constant, at the

same time the manometers and V were read, and the small

irregularities which at the most were 1 "/o were noted as well as

was possible. By the determination of a mean -value we find from

these readings the pressure difference, which existed between the

extremities of the caiiillary tube during the experiment. If we reduce

the readings of the manometer v by —
, we find the mean

pressure p.

The chronometer was compared witii the standard clock of tlie

laboratory immediately after [iressing the knob. The latter served
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as llic acdial tiiiu' nieasnier. Tlio end ol' tlie experiment was regis-

tered in the same way At tlie same lime tap a was closed. Tlien

the pressure in the volnmenometer was read, and herewith the

necessary data were obtained.

Tiie distril)ution of temperature in tiie cryostat during the evajto-

raiion of the hatii, may be a source of error, as it afTects the distri-

bution of the density in the tubes leading to the capillary tidje.

These tubes and the time of flow were therefore so chosen tliat

the eri'ors whii'ii might ai'ise from this were negligible.

The e.xperimeiiis were usually made at a mean pressure of about

Va a(mos|)here.

iviCKKS ') has proved that RKY>iOi-Ds' criterion applies also to gases.

Wlien we delernnne the critical velocity for our experiments at

hyilrogen tcmperalnres, we find 3253 cm. /sec. while the greatest

which occurred in the experiments was 419 cm./see.

§ 5. h\'stt/ts. In liie first measurements made with hydrogen in the

manner described above, the viscosity became higlierand the higlier,

which can be ex|)iained by tiie hydrogen still containing some traces

of air which froze in the capillary tube. On this account we intro-

duced the tube with charcoal described above. The later determinations

gave constant results.

The whole observational material is collected in Table I. The first

column ciintains the temp, in Kelvin degrees, the second and third

the difference of pressure and the mean pressure. These results, as

already said, are calculated from a great number of observations,

the deviations from the mean were about 2"/^^. The fourth colunm

contains the time of flow in seconds, the fifth the increase of pressure

in the volumenometer.

This increase of pressure combined with the volume, gives the

amount of gas which flows through, and' this must be reduced to

mean pressure and temperature of the tube through which it flows.

For this purpose the equation of state was used, which had been

deduced from the measurements of Kamkrlingh Onnes and de H.\as

(Comm. N°. 127) and K.vmkhi.ingh On.nks and Bra.xk (Comm. N°. 97rt).

The two first obser\ations were used to calibrate the apparatus,

in which we assumed with Makkowski'^ ij„ =: 841.10— ', while for

C in Sltukkland's formuki 83 was taken.

I'ly this means the vaFues were determined which are given under

1) W. RocKES. Ann. a. Pliys. :2o, 190S pag. 983.

-) H. Mabkowski loc. cit. aud K. Schmitt loc. cit.



1393

TABLE I.

T°K.

293.90
293.88

170.2
170.2

89.60
89; 65
89.65

^^cm.Hg ^ctn.Hg' ^sec ^"^cmHg

11.455
10.750

10.315
10.310

6.020
5.545
8.485

70.9
70.9
70.9
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TABLE II.

^'K %bs.-'or's •

10'
'calc.

10'

457.3'

373.6*

293.95

287.
6*

273.0*

261.2*

255.3*

233.2*

212.9'

194.4*

170.2

89.63

[78.2*

70.87

20.04

1212
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Tlio ruriVj|K'iideiu'e ir? salisfactovv ivs far as the tcmiioiaiure of

reduced oxvgcn. We shall return to lliis (|ueslion in tlie following

paper about liie viscosity of lieliuui. in wiiicli we shall further deal

with the fhaiifie of the nucleus volume />„ with the temperature,

ivs it follows from our experiments.

Physics. •/iiri'slif/iilioii of tin' ris<-<i.\'iti/ of i/nst's <t( hur tei)i/>i'rn-

linr.f. 11. I/i'/iiiin". \'>\ I'rol. K amkki,ingii Onni^s and Sonus

Wkbi'.r. Communication N". 134/; from the physical Labora-

torv at Leiden i>v Wrof. H. K \mkki,in(;ii Onnk-s.

§ i. Ri'sii/ts. With llie sanic apparatus as was used for iho

investigation of the vi.<cosity of hydrogen '). a series of measuix-

\
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iiicnis wore mado for lii'liiiiii. Accnnliii'i- lo IiKVSni.Ds the crilical

xeioi'ilv wdiiM l)c 2i)(i() '^'"/s ;• : in <"iii' experimoiils ilie greatest

velot'ily was 105 ™V«'' •
•^" '""' •>l>s»'i'\ iilioiis are l)ruiifi,lil toffellier

ill Table 1. The iiotaliuiis aif liic same as in the pre\i()iis paper

about liy«lroji,eii.

Auaiii llic liist two experiiiieiits were used lor tiic calibration

of the apparatus, tor whieh pnrpo.se we assumed as K. Sch.mitt ')

does, n^ .
10' = 1887 and C in Si"riiKiii,.\ND's formnla := 78.2. In this

way we iiol the values niven under ?/„ . JO'. These were corrected

/*"

lur the ciian^c in — with the (cmiicralure and l<ir llic gliding. The
-/>

corrected values stand in column 7 under »; . JO".

As can be seen, most of the measurements were made under a

mean pressure of 40 cm. mercury. At 20°.1 K. we also tooli some

measurements at 12 cm. mercury pressure. A glance at the table

shows liiat the viscosity does not depend upon the den.sity.
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III Tabic II oiir measurements are placed together with those made

at Halle by Sciiikkloh and Schmitt, wliicii are marked with an

asterisk. Krom this table and from Iv^. 1 it can be seen that our results

correspond very well witli the previons ones. Onl}' Schmitt's result

ill li(jiii(l air seems to he too high, which perhaps may be ex[)lained,

as in Korscn's ex|)eriments with liytb-oiien, by tlie gas not being

sufliciently cooled before il camo iiilu Ihc capillary tube.

TABLE II.



Korscii willi roLi.inl In the (It'vi.itidii fVoni Sutiikri-and's formula of

tlie observalioiis on liydi-o^eii at li(iui(l an- tciii|)Ci-atni'es.

At liydi'0{ien tcmporatiiies Suthkki.anu's formula is shown to be

entirely unsuitable for expressing our results. It f>ives a value two
or liirce times ton small. We have tried to represent the series of

measurements bv another tbrmida, and in column 4 under ?;fa/,.. .
10'

we have liiven the values which we have calculated by the

folio wiu<i- formula.

n _f 1'
Y'""

As can he seen, this empirical formula agrees remarUably well

with the values found over the whole extensive (ield of temperatures.

In a following paper we shall discuss the values for

which follow from our experiments, and further the viscosities at

various temperatures for different substances in connection with the

law of the corresponding states.

Physics. — "Investigation of the viscositi/ of gases at low tempe-

rntures. HI. Comparison of the results obtained ivith the law

of corresponding states". By H. Kamerlin(;h Onnes and

SoPHUs Weber. Communication N". 134c" from the Physical

Laboratory at Leiden by Pi'of. H. Kameri.ingh Onnes.

§ i. Dependence of t/ie viscosity upon temperature. We have

already discussed this in our previous ])apers. It was shown that

Sutherland's formula in no way corresponded to the observations

at low temperature, either for hydrogen or for helium '). Reinganlm's

formula although founded upon acceptable hypotheses about the

constitution and mutual action of the molecules, is even worse so

long as we regard (J in it as constant. This can be easily understood

when we consider that Sutherland's formula can be taken as a

tirst approximation to Reinganum's, and that the terms left out must

lead to a further divergence from the observations. Neither is it

possible to come to an even a|)proximate agreement at low tem-

1) Shortly after our paper an impoitaiil article by Eucken appeared in the

Phys. Zeilschrift (April lo'l' 1918) in which observations concerning the visco-

sity of helium and hydrogen taken from an as yet unpublished paper by Vogel

were communicated. Within the liiViits of accuracy, which in Vogel's observations

are given at 5% at hvih'og'n temperature, those confirm our measurements, of

which the accuracy at hydrogen temperatures is to be put at about 1%.
91*
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pemtnre wilh llii' eiii|>iriral coiTection nf IvKinganvm's C wliicli

Rapi'ENKcker lias suggested.

We iiiiiilit for iiisiaiK-e wiili lieliiiin take C=C'Tlo<iT, to come

to iXgrei'iueiit wilii tlie observations, lint tlieii Reinuaxlm's formula

would simply be converted into our interpolation formula.

Kkesom, in Sn|ipl. N". 2.") and 2() of these communications has

sliown, tliat tlie second virial coctlicient in the opiation of state for

hydrogen, at tcmpniatures at which this {ias may be reji;arded as

di-atomical, can be very statisfactorily e.xplained by tlie supjiosition

that hydrogen molecules are hard spheres witii electric doublets in

the centra. His formula for tiie virial of the collisional forces under

these circumstances gives a change of (he radius of tlie molecule

with the temperature, which for higher temperatures agrees fairly

well with that deduced Iroiii the \ iscositv bv . At lower teni-
•

• nyT
peratures at wliicli hydrogen behaves like a inoiiatoiiiic gas, the

formula for hard spheres witii a cenlral force according to tiie law

?—V becomes applicable, ami Kkksom linds this again coulirnicd by

the change of the viscosity wilh the temperature.

Hut when we go down to — 193° ('. deviations appear, in accord-

ance with what we said above about Sithkulanu's formula, and

at lower lemiieratnres the value of the viscosity becomes mnoli

too small.

None of the formulas deduced from theoretical suppositions can

represent the ob.scrvations for helium ; for the present we can only

nse onr empirical representation for this substance, which for hydrogen

also holds good for lower kMiipcialures than the ihcMnclical t'oiiimlas,

viz. as far as the temperature of reduced oxygen. As ri'gards the

formula for helium, it is not impossible, that the straight line in

the logaritliniic diagram must be rejilaced by one that at low tem-

peratures, and perlia|)s ai higher ones also, cur\es some%\ hat tow ards

greater values of llu' viscosity.

§ 2. Applicnlion of the principle of inechanical siinilaritii upon

the comparison of f/ie risco.sitii'.s' in correspondinc/ condi/ion.t.

If two substances may be taken as mechanically similar .systems

of molecules, ii follows') that the viscosities for both in corresponding

conditions uiusl he in a coiislanl ratio whicli may be calculated

from the ratios of the units of leuglli. time, and mass in both

systems. On the other hand from the values of

') H. Kamerlingh Onnes. Vcrli. Kon. Akail. Anisleidam 21, p. 22. 1881 Beibl.

5. p. 7]8. 1881.
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1 1;— /()(/ :=: /()(/ — (oil G

2 [/T\/M •'
'

wlioio M is tlic inok'ciilar weight, (J llie mean railiiis of a iiiolc-

ciile, as it is oH'oolivo in viscosiiy, and c a coiistaiit, llic siinie

for all sui)stant'es, wo niaj, uhon tlio curves wliicli express the

T
(•oiiiiec(ion between i] and ,— are the same, infer the ratio between

'J'k

the nnits of length whieh have to be ascribed to the two inecliani-

oally similar') systems. With the help of the viscosity wo can, tliei-c-

foi-e, make a comparison of the jnst defined mean moleciilai' railii

and we may innnire how far the ratio fonnd corresponds to tliat

of the mean molecular radii, ileterinined in the way that is necessary

in the deduction of the equation of state. If this correspondence

were complete, then, when the expression of a given above, is ex-

pressed in reduced quantities, the curves which express the logarilliin

of the reduced a as a function of the logarithm of the reduced tem-

perature for the various substances, wouhJ coinci(h\ The accompany-

ing diagram shows in how far this is the case. In the construction

jy-Va 7\.-V«p/.'Vs has been nsed as the ratio by wliicii the viscosities *)

arc deduced to the same imaginary system. In this we have taken

pk and Tk which hold for the critical state ^), as determining quan-

tities, and postponed the consideration of deviation functions still later^V

The first, thing that strikes one is the great deviation of helium.

In § 1 we remarked that the character of the viscosity of helinm

can be expressed by replacing the constant c, which may be under-

stood as a measure for the attraction between the molecules, in

RKiN(iANUM's formula (difiei'ing by a constant factor from v in Kkesom's

formula) by c' Tlog T. Perhaps this (loiiits to an increase with the

temperature of the (piantily which delermines the attraction of helium.

') More correctly : mechanically and statistically similar.

-) H. Kamerlingh Onnes Leiden Clomm. No. 12, p. 9.

') The cristical dales we have used are the following.

Ho
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KAMr.Ki.iN(;ii On.nks was aUu M to assiiiiie a t^imilar increase of the

atliactioii willi llie leiiiperatiiro, lo explain peculiaiities in iicpiid

lielium, and Kkksom in discussing tlie second virial coellicient of

lieliuni at iiigher tenipeiatnres, found llial peculiarities of lliis coefli-



ciciil iiiif^lil he ascrilicd lo iIk; same cause; in lliis case (lie reoe(lin<!;

of the atli'aclioii s|)liefe (or liie greater receding than in (ithcr- suli-

stances) niiglit be the cause of a slighlor dociease of tlie viscosity

at the reduction to lower leinperatnrcs. 'J'iiere iniglit, however, also

be an expansion of llio molecule (in this case the atom) with tem-

perature, and linall}' both i)henomena might be depcndcnl upon one

cause, and go togelhor. The possible small curvature foi' heliiiui of

the line in the logarithmic diagram [that we mentioned in § 1 ) in

the op[)Osite sense to that of the other lines wliicii expresses the

difference between helium and other substances, could be ascribed

to this change in the attraction.

That which might e.\i)laiu the de\iation for helium of the slope

of the line from that which holds foi- a large range of temperatures

for othei' substances, mav also possibly help to e.\|ilaiK the deviation

from ilKiN(iANMi's formula at low Icnipcraturcs, by the ipuuility

which determines the attraction becoming smaller.

With hydrogen at the tem|>erature of liquid air there is a distinct

change in the slope of the curve. Il is remarkable thai the same

is found with nitrogen, and jterhaps also with oxygen anil carbon

moim.xide, and that the point at which it occurs seems to lie at

the same reduced temperature for liydroticn and nitrogen and |)erhaps

also foi' oxygen and carbon monoxide. If this is the case, then tiie

change which in the hydrogen molecules may according to Kkkso.m

be taken as a change from hard spheres with electric doublets into

hard sjiheres with a central force ;

—

(j as far as the vis cosily, is

concerned would be a similar process for all these different substances,

determined by the same units of length, time, and mass as hold for

the critical (juantities, while this point only coincides with the point

of transition in the specific heat of diatomic substances in the special

case of hydrogen.

We must further notice the systematic differences between the

ditferent substances which appear from the non coincidence of the

curves. It is remarkable that most of them (except a pai't of argon)

can be removed by shifting the curves. The mean value of the

molecular radius which comes into consideration for the viscosity

seems thus to diifer from the mean value which comes into consi-

deration for the ecjuation of state at the critical temperature, but

both are in a fixed relation for the various materials over the whole

field of temperature. This might be ascribed for instance, to a more

elongated shape of the molecides in substances which give the

smallest viscosity.
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Physics. •Miii/nflic Ri'seorches. I'///, i hi the .msceptlhUitii of

gaseuus oxygen, at low temperatures" . By H. Kamkrmnuh Onnks

ftiul E. OosTKKHi'is. (Communication N°. J34(/ from tlie Pliysical

Laboratory at Leiden.) C'ommnni.sated l\v Prof. H. K.v.mkki.ungh

Onnes.

^ 1. The .msceidibdUti of compressed oxijgen between 17° C. and

temperatures near the critical temperature of oxygen. In (uir last papei-

in connection willi our investigations of various cases in wliicli a

molecular field of Wkiss with 0|)|)0site sign can be assumed with

paramagnetic substances, we mentioned the continuation of the

experiments by Kamkrmngh Onnks and Pj^rrier which have already

been projected and tiie continuation of which may soon be expected,

and which ha\e for their object to investigate the iidluence, with

oxygen, of bringing the molecules to various densities upon the

deviations from Ccrie's law. Working in the same direction, we

liave endeavoured to ascertain whether in gaseous oxygen below the

ordinary temperature and above the critical temperature a L appears.

For this jjurpose we have measured the susceptibility of oxygen

between 17° C. and — 12<i°.7C. We used the attraction method in

the siime form as described foi llu' paramagnetic .salts in our previous

paper. A cop|)er tube, closed underneath, 10 cm. long, 8 mm.

external and (5 mm. internal diameter, provided with a capillary

tube above, by wiiich it could be liilcd with oxygen under pressure,

and closed, one lime with a line tap in which the capillary tube

ended, another time by piiu-hiug this capillary, and then soldering

up after it had served for tilling, was tilled with oxygen at ordinary

temperature to 100 atmospheres. The experiment was then repealed

with the evacuated tnlic in liie same baths. For results: ;,see table 1

p. 1405).

The expcrinients shoidd be regarded as com[)aralive for the (|ueslion

under consideration, but the absolute value of the susceptibility was-

also determined at 289°.9 K. It corresponds pretty well to liiat of

Wkiss and Piccaru. As manometer we used a metal manometer

which was compared wilh a hydrogen manometer going to 120

atmospheres. The density of oxygen was taken from Amagat. y/J'

appears to be constant, within the limits of accuracy (which is about

1 %) as far as the boiling-point of ethylene (lli9°.6 K.). The two

points in ethylene, eva[)orating under reduced jiressure, deviate a

little, bill this need not be considered as of much importance, as

these temperatures were not accurately known. Moreover the proximity
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of (lie criliciU tLMii|)fi;iluif madr tlic disliilMiliuii of deiisilv in lln'

tube uiiceitaiii.

We ma}' diaw (lie (•(Micliisi(»ii thai uilhin ihc limits (if accuracy

TABLE I. Gaseous oxygen (,--j^ = lOO)

//=10 to 18 kilogauss.

289.9 K.

249. T

212.1

169.6

[157.7

[146.6

Z.108 x.r.lO'

105

121

142

179

188

201

304

302

301

304

296]

295]

Bath.

In air.

Liquid methyl

chloride.

Liquid

ethylene.

\oo r

1

\A0'
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in llie measurements a L does iiot yet appear in oxygen abosc llio

ciilical lemperalure at (Iciisities wliii-li are 100 times tlie nuniial

From tliis it seems all the more prolialile tliat L only appears lor

oxygen at great densities, and in licpiid oxygen can rise to tlie

considerable value of 71° as llie density rises to 1000 times the

normal.

In the accompanying figure our observations concerning gaseous

oxygen and those of Kamivkmnou (^nnks and Pkkkikk which we
contirined in our last paper, are combined in a graphic represen-

tation ; llio uncertain points near the critical temperature are not

given. The point of intersection of the line for gaseous oxygen with

tlic production of the line for the liquid slate, appears to have no

physical moaning; as we supposed in our last paper, it is due to

the value of the constants, that llio touiperalure which indicates the

inter.section of these lines happens to be about the ordinary one, at

which amongst others, the observations of AV kiss and Piccard tail, and

below which as yel no observati.ui had boon made for gaseous oxygen.

(7b be continued.)

Physics. 'Further experiments irith liquid helium. H. On the

electrical resistance n/ pxre metals etc. V!!. I'/ie potential

(liji'i're)ice )ieces.'<(ir>/ for the electric current ihroui/h uiercuri/

beloir 4°. 19 K." \^\ Prof. II. K AMKi{i,iN(iu ( )n.>vKs. Comiuuuica-

tion N°. i33(/aud \:VMt iVmn llio Pliysiral Laboratory at Leiden.

(Commiiiiifaleii in the ineelings of February "i"! ami March 22 l'.li3).

^ 1. /Ji/j'ictiltieji involved in the investigation of the (jalramc pheno-

mena beloir 4.°19 K. In a previous Communication (No. 124c of

Nov. 1911) we related that special pliouomena appeared when an

electric current of groat tlensity was passed through a mercury thread

at a lemperalure below 4^.19 K., as was done to establish a higher

limit at every temperature for the possible residual value of the

rosistanco. Not until the experiments had been repeated many times

with (liU'orcril uioroiny threads, which were provided with (liUbrent

leads chosen so as to exclude any possible disturbances, could

we obtain a survey of these phenomena. They consist principally

heroin, that at every temperature below 4°. 18 K. for a mercury

thread inclosed in a glass capillary tube a '•threshold value", of

the current density can be given, such that at the crossing of

the "threshold value" the phenomena change. At current density

below the "threshold value" the electricily goes through without
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anv |K'icc])lilile imlciilial (liircreiicc at llu' cxlicinitics (if llic lliicail

lieiiij^- necessary. It a|)|)ears tlierefore that llie ilnoad lias no rcsi-

slaiice, and for tlie residual resistance which il niiglil possess, a

hif^her limit can be liiven determined by the smallest potential

difference which conid he established in the e.\[)erinionts (here

0.03.10-'^ Fjand t^ic •'tlireshohl value" of the current. At a lower

temperature the threshold value becomes higher and thus the hijiliest

limit for the possible residual resistance can be pushed further back.

As soon as the current density rises above the •'threshold ftihie",

a potential dillerencc ap|)ears which increases more rapidbj than the

current; this seemed at first to be about jiroportionai to tiie scjuare

of the e.xcess value of the current above the initial value, but as

a matter of fact at smaller excess values it increases less and at

greater excess values much more rapidly.

It ap[)ears that the phenomena at least for the greater part arc

due to a healing of the conductor. It lias still to he settled whether

this heating is connected with peculiarities in the movement of elec-

tricity through mercury, which lor a moment I thought most pro-

bable in connection with various theoretical suppositions (comp. §4),

when this metal has assumed its exceedingly large conductivity at

\o\\ helium temperatures; or whether it can be explained by the

ordinary notions of resistance and rise of temperature of a conduc-

tor carrying- a current, pcrlia|is witli the introduction of extra nume-

rical values for the quantities that iiitluence the problem. A further

investigation of this with mercury in the most obvious directions,

such as cooling the resistance itself witii helium, presents such difli-

culties that I have not pursued il, as it would not lie possible to prepare

the necessar}' mercury resistances by llu' comparatively simple [irocess

of freezing mercury in capillary lubes. When 1 found (^Dec. J 912)

that, as I shall explain in a following Comm., (see VIII of this series

Comm. N". 132r/) tin and lead show |(r(i|)erties similar to those of

mercury, the investigations were continued with these two metals.

Thus the experiments with mercury which are described below may
be regarded as a first com[)lete series.

Various circumstances combined to make even the investigation of

the mercury inclosed in capillary tubes difficult. A day of experi-

ments with liquid helium requires a great deal of preparation, and

when the experiments treated of here were made, before the latest

improvements in the helium circulation were introduced, there were

only a few hom's available for the actual experiments. To be able

to make accurate measurements with the liquid helium then, if is

necessary to draw up a programme beforehand and to follow if
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{|uk'kly ami iiiedioilieallv on tlie day of experiment. Modilications

of the experimenls in connection witli what one observes, must nsuallv

be postponed to another day on which experiments with li(jiii(l helium

oonld he made. Very likely in consc()iience of some delay caused Ity the

careful and ditTicult preparation of the resistances, the helium ap|)a-

ratus would have been taken into use for something else. And when
we could go on with the experiment again, the resistance sometimes

became useless (e. g. ^ 3) because in the freezing the line mercury

liiread separated, and all our preparations were labour thrown away.

Under these circumstances the detection and elimination of the

causes of unexpected and misleading disturbances took up a great

deal of time.

1^ 2. Confirmation of the sudden disappearance of the resistance

at 4°.19 K. and first observations concernimj the potential phenomena

at loio temperature. I'he first experiments which showed the |iheiio-

mena to be discussed were made in October 1911. with the resistance

described in the previous Comm. (N°. 124c).

«. Before discussing them let us consider for a moment the

measurements which were made witii this resistance at 4°.23K. and

add something to what we said about them in the previous Comm.').

In the measurements whicii we are considering we could take ad-

vantage'-) of the presence of Hg^ to measure the portions between

/A/, and Hij^ and between Hg^ and Htj^ separately and afterwards the

two in series. The result was IJ(/^H(/,=0.0518S2, /I(/,Hi/,=OMns*,

together 0.1135 52. This gave a necessary check on the determination

of the two in series //r/,//'/^ ^ 0.1142 52 '). These values, considering

1) For a survey of the observations concerning mercury at the lowest tern p. in

three figs, with rising scale the reader is referretl to Rapporl du Gomite Solvay,

Nov. 1911, fig. 11, 12 and 13 (in which read 13 for 12, and 12 for 13, Leiden

Comm. Suppl. N"- 29).

-) The measurements with a view to which the tube Ilg^ was added (see I'latc 1

in Comm. N". Ii2lc) were not made tlien, but postponed till later. (See § b\

They were to enable us to judge of the dependence on the section.

3) The resistance at the boiling point of hydrogen was 3.27 n. A further Connn.

will refer to the difference of the ratio ol the values at 273=" K. and 20° K. to

those in previous measurements, wliich is here of no consequence and is iluc to

dillerent ways in which the mercury freezes. In the experiments described here,

similar differences were constantly found.

It should be mentioned that the glass was tested at all temperatures for its

insulation and also that when the potential dill'erence at the terminals was found

to be zero, it was always ascertained that the resistance of the galvanometer

circuit which served to measure the P. D. had not changed materially.
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lliat thoy lielonn- to ahont (15 5i (oalculated for solid inofciiiy aldo C.)

cori'es|)oii(l |iri'tly well lo llio results obtained in tlie experimenis

in May iiHl Coniin. N". 122/;, .inly litll, viz. tliat a resistance of

about 40 i2 (oaloulated for solid meiniiT at 0'' C.) becomes 0.084 52

at the hoilint;- point 4°. 25 K.

,1 111 these experiments the validity of Ohm's law was ((niliriiied

above the point where the almost sndileii disa|)|ieaiance of the

resistance begins uhicli was treated in the previous Comm. by one

measurement at a current strenfi,th of 3 and another of 6 milliam-

peres which within the limits of accuracy gave the same result

(0.0837 at 3, and 0.0842 at (i m.A.). In connection with the expe-

riments in Comm. N". i2'2b July J911 we may mention that they

were made with a resistance of a dilleront kind from that') which

was used for the experiments in Oct. 191 J, viz. the one which

appears in the Plate of Comm. N». 123 as i2//„ (of about 40 52

calculated for solid mercury at 0' C). Narrow tubes alternately going

up and down were connected by expansion heads (as in the Plate

in Comm. N". 124/>) and connected to platinum leading wires by

fork-shaped turned down wide pieces'), which can be seen distinctly

on magnification on the Plate in Comm. N°. 123 (where the resistance

is shown in the cryostat).

y. After this digression about the change in the resistance between

ordinary temperature and the boiling point of helium, let us return

to the experiments in and l)elow the region of the sudden fall of

resistance, which as has been said at the beginning of this § were

made with a meicni'y resistance with mercury leads, and which

were treated of in § 3 and fig. 1 of the previous Comm. (Dec. 1911)

about 'the resistance at helium temi)eiatures (experiments of Oct. 1911).

"-) This was a ramification of solid mori'ury threads consisting of a U divided

at both ends, allowing mcasuipments as well by llie method of C.\lendar as by

the potentiometer metliod. (Note added in tlio translation).

-) In the resistances which were used for the first experiments with mercury,

the platinum leading in wires were simply sealed into tlie wider portions of tlie

resistance tube at the ends (the expansion heads). When the mercury cannot l)e

poured into tlie tube in vacuo but has to bo boiled in the tubes in order that they

may afterwards be exliaustcd without any chance of the mercury separating there

is some fear of platinum amalgam being formed which might penetrate into the

current circuit. In order to prevent this the wide ends of the tubes are according

lo a suggestion of Mr G. Holst, made fork-shaped, the prongs which contain the

sealing place being turned down. In this manner mercury leads may in general"

be replaced by platinum leads without any trouble being experienced with regard

to the resistance of the current circuit. By a comparison with experiments with

mercury leads it had been found that the mercury-platinum contacts could be

allowed in the potential circuit
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At 4'. 20 K. wo fiiiil ourselves in tli? Iiiirlioi- |>art of llio almost

siiddcii rliiiiifro. In tlie case that we are now al»ont to treat it had

almost become complete. With a current of 7. J ni.A. it was a con-

siderable time before the condition became stable. When this had

taken place, the resistaiico of //(/,//</, was found to be 0.00074(5 52 ').

.At a fni'tlier coolinti' of llio moi-cnrv to 4°.lil'' K. with the same

.strength of cnrrent the result was only Z/'/, //</, <^ 1.4.10^^ i2.

(f. At 4°.19 K. we come into the lower part of the region with

wiiicii this Comm. deals in particular. The strength of the current

had to be increased to 14 in..\. to give a perceptii)le potential dilforence

at the ends of the resistance hnl even tiicn it i-emained donlitfnl. It

became distinct at a cnrreni siroiigili of 0.02 amp. and was then

2.5.10-5 V. At 0.02;} amp. ii became 5.10-c V, and at t».0288 amp.

16.10 cv.

When the mercury thread was cooled by helium whicli evaporated

at a mercury pressure of 40 cm. that is at about 3°.(>5 K., with a

strength of cuiicnl of ().4'.t amp. liicro was no ])olential difference

to be observed at the extremities, the current had to be increased

to the threshold value of 0.72 amp. to make the |)otential diffei'oncc

ol»scrval)le.

B. The highest limit uf the value wiiich the residual resistance

can have in the case of the lowest temperature, is therefore in

these last experiments again considerably reduced by tiie application

of stronger curi'cnts, vix. in tliis case (3 .()."i K.^ to J0-" of tiie

resistance at 0° C. (calcidated for solid mercmy) wiiile in Comm.
N°. 122/j June 1911 at 3° K. it could oidy le put at <10-".

^ 3. Appi'arancc of tlie sawe potfutinl phi'iioiucna in a revised

arrrmffemenf of the. cvperiment. The appearance of the peculiar pheno-

mena immediately above the "threshold value" of the current, gave

rise to the ipicsljon wholhcr Ihc just ("sla!)lisli<>(l limil wduld not

ha\<' In be put lower when it shoultl be possible to avoid llie di.s-

tuihances, which might still exist, and perhaps showed theu'selves

in the above mentioned phenomena. The most obvious thing in the

first jilace was to |n-eveut the possibility with great cui'rcnt density

of heat, develo|>cd in places in the main circiut where the temperature

is higher, penetrating to the resistance that is being measured. By

this, fioui both ends, ihe thread would In- brought over part of

') Here and in the following we speak repoaleilly of resistance, willumt wishing

to give it belorelianil any oliief meaning; than ; calculated by Oh-m's law from the

slrrngth of current and the pulentlal dillcrence observed.
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its Iciigtii above llic vaiiisliiiin; lcni|icratiirc, wliicli would iinmcflialoly

cause coiisiileraltle [Rilential (lid'cifiiccs. In lliis coiiiicctioii we lli(jii;^lit

liarlicularly of .Ioui.k heat. Pkltikk

heal, wliifli we liail noticed before

(Conim. NM24rj hut wiiicii for the

present we attributed to impurities

in tlie mercury in the legs, and

assumed to bf pri'siMii only in the

neighbourhood of liie transition

from solid to liquid, I took to lie

as far as possible excluded by the

fact that the whole current system

was of pure solid mercury at the

very low temperatures. Now tliis

belief may be untrue, because

owing either to tension caused by

a difference of expansion to that

of glass which it seems can be

fairly great as tlie mercury sticks

to the glass, or through the contact

between crystals of diffei'ent kinds

or sizes, even in the i)urest mer-

cury considerable therinopowers

may possibly appear. But then

they have their seat, as shown by

the previous experiments, chietly

in places above the teni|)eraturc of liqui<i air and P|':i,tikr heal in

these i»laces need not be feared. To avoid disturbances of the sort

to which we referred the experiment was repealed with resistances

of such i\. kind thai the cdnduction of any kind of heat from a

pari of tilt' appaialns where there was higher tenipei-atiire was

made \ciy dil'licult. The accompanying lignre, which should be

compared with tigs. 1 and 2 on the Plate in the previous Comm.

N". 124c (VI (if this series) shows the form chosen. The meicury

threads which lead the current to and from the apparatus, run

(irsi through the litpiid helium downward.--, iiefore they come

out into the widened parts of the resistance. The potential

wires do the same'). Close to the surface of the liquid the lea<iing

1) Corresponding parts arc iudicatod by the same letters, modified parts by the

addition of an accent A small additional improvement was further introduced into

the contacts at tlio upper end, llie four leading tul)es were simply left open
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wires can be lliiii on aeeoiml ot ilie low temperature. Tliere wei'C

two resistances of liie same kind in the crvostat, one of 50 ii and

the other of 130 ii, the section of the tubes was about 0.004 mm'
anil 0.(X)15 mm'. They were intended to investijiate tlie intliience

of the section of the tubes upon tlie piienumena examined, a tiiiui;;

that had been aimed at already before (see ^ 2) but did not succeed

and the preparation of the nairowcst one in |iarticnlar had given

great dinicnltics. It gave way during the e.xpfriment, so that the

(juestioii of the intbienee of the secliou had again to be solved later

on (see ^ 5). The experiments which were of chief importance for

the matter under consideration were made in Dec. 191 1 wilh the

smallest of the two resistances, the section of the narrow resistance

tube was here a little smaller than the mean in the resistance which

was used for the experiments in Comm. N°. 124c.

On the whole the results were the same as by previous measure-

ments. Although great care') was again given to the distillation of

the mercury wilii liic help of liquid air'), the mercury legs, as has

(which made it easy lo mV\ incicuiy whicli tlio contraction (hiring the freezing

made necessary), and lieli shaped lubes HgK- were placed over the extremities in

which the platinum wires IJg' etc. are sealed, whicli connect the resistance to the

current sources and the measuring apparatus. Platinum amalgam (see note 2, p. 4)

need not be feared in this case, so that llie couiplicalion of tlie inverted forks

was superfluous.

We do not need here to enter into particulars of precautions such as the

protection of contacts against changes of tempeialure, and others which have

reference lo llio special circumstances under which the resistance measurements

were made

') In § 9 it is demonstrated that in repeating the experiments

rot so many precautions would have been sufficient.

-) In the distillation the mercury was not heated above 05°

and 70° C. while the cooling was effected wilh liquid air. In order

not to have to wail too long to procure a sufficient quantity it

was done in an apparatus shown in fig. 2 at '/s t)f 'he actual

size. Tlie mercury is brought into the double walled tube u b

(with the reception beaker c), which was sealed olT below at e.

It is exhausted through lube d, while the mercury is warmed

and then sealed off at /".

The lowest part is immersed in warm water; in the hollow

« liquid air is poured. In 3 liours about 2 cm^ goes over; the

Fie 2
condensed mercury in c is afterwards poured out at f.
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(icon (ibsci'\C(l, Siave ('(nisiilriaiili' llii'iin(i-|iii\vcr ; (lie legs willi ihc

smallest llicnno-iKiuer were clio.seii as polenliai wires').

'riicrc was some indication lliat tlie rcsislanfc of llic nieicnrv in

narrower tubes falls a trille less lliin in wider ones, when (lie

lubes are oooled to 4°. 25 K. (boiling point of lielium). Tlie new
experiments also iais(>d the (pieslioii whether the alniosl sudden

changes were found at a slighllv (liU'ercnt temperature of the bath

in the narrower than in the wider tubes. Hut all this concerns

particulars which can probably be explained by differences of crystal-

lization and of heating by the current.

That the alnutst sudden change begins at 4°.2J K.'^) and ends

TABLE I.

Potential difference of the extremities of inerci
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witliin a fall of 0°.02, was a;j:aiii confinued wiili a resistance of

about 50 i* (calculated for li(inid meiriirv at 0° ('.).

Concerning the tliresliold value of ciinent and llie potential

tlilfereiices ai»pearing; at liiirlier currents, i.e. the phenomenon to which

the investigations were especially directed this time (Dec. 1911)

results were obtained which coirespond pretty- well with the previous

ones (Oct. 1911) if we assume that the origin of the phenomenon is

in the resistance itself, and at the same time make the natural assump-

tion that the potenliid ditierence increases with ihe curient densitv, and

with conductors joined in series is ecpial to liie sum of the potential

dilferences in eacli of these conductors. This is shown in the table,

in which both series of observations are condiined, and holds both

for the minimum value of the current at which the potential ditierence

appears, and the value of the potential difference at a given excess

value of current and a given temperature.

For we must remember that the previous resistance consisted of

7 U-shaped tubes not all precisely similar, averaging 37 £i, and

the present one of one IT-shaped tube of 5 I i2, while the lengths

of the tubes did not differ iiuicJi. The appearance of the potential

difference was therefore, on our supposition, to be expected in the

last case at a slightly smaller current than in the first; on the other

hand, the greater length wiiicii was partly coini>ensated by a greater

section, made it probable that in ihe October e.xpcrimenls liie |)otcntial

difference at tiic same teni|)ciature and current would be a few

times larger, though not as much as seven times.

§ 4. Questions to irhkh the experiments give rise. There were not

suHicient data to make out whether the resistances used really differed

as much as was thought as regards the opportunity of receiving heat

through heat conduction from elsewhere, in particular Jollk heat.

It would however have \o be regarded as a curious coincidence that

this conduction of heat in conjunction willi other causes had led to

such a close correspondence in the phenomena observed. It seemed

much more probable that llic plieuomeiia were to be accounted for

not by disturbances from outside, bul li\ resistance arising in the

thread itself.

Where such a remarkable change in the condition of the mercury

lakes place as is shown by the disaitpearance of tiie ordinary

resistance, the appearance i>f a •llucsiiold value" dependent on Ihe

temperature naturally gave rise to the i|uestion, if we had to do with

a deviation from Oh.m's law ') for mercury below 4°. 19 K. The electron

1) I hope to return to the new and impoi tanl theory of Wien, in a further comra.
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llieoiT, su|i|>ltMnfiiti'(l In llic livjiollu'sis in Coinm. N°. llil. thai

(lie rosistanee is (miis(>(1 Iiv ri.vNfK's vibralors '), iiiui \>\ the more

special liv|i(illiosis ihal llie eieoti'ons move IVcolj- tliroiigli llic aloms

as lonj; :is tlicv <l(i no( collide willi the vibrators and are rellected

as i)erfectl_v elastic liodies at the surface of the conductor, indicates

causes which might work in thai dircclidn. The ilislancc which the

free electrons travel between two collisions at which they give off

energy derived from the electric force, might become comparable

to the dimensions of the conductor i)elow 4°. 19 K. (compare Comm.
N". !!!• l'"eb. 1!)11 § .'5. last note); the speed which they accpure

in the electric current is perhaps no longer negligible com|)ared

with the velocity of the heat movement; for a certain cm-rent density

at each temperature it ndght be just suflicieut to bring the vibrators

into motion, which otherwise below 4°. 19 K. are stationary ).

Considering all this, we may not take it as a matter of course, that

Ohm's law will still hold below 4°. 19 K. and a further investigation

of this will be interesting, if it only proves that this is actually

the case.

As long as the contrary is not experimentally proved, we shall

however adhere to this law, because we have tirst to try to refer

the phenomena as much as possible to already known ones and so

far on appropriate sui»positions from the domain of known pheno-

mena the results obtained did not seem incompatible with Ohm's law.

Various possibilities presented themselves at once. A very small

residual resistance evenly distributed throughout the whole thread

might remain, which might be peculiar to the pure metal as such

(^12«), or might be the consequence of an admixture (mixed crystals)

1) Lenabd has recently given two important papers on the conduction of

electricity by free electrons and carriers, which intend with a third paper to make

a whole of his highly interesting researches on tlie interaction of electrons and

atoms and the theory of metallic conduction. This gives to the latter a new and

very promising base. In the first paper .Ann d. Physik 40 p. 414, 1913 becomes

to the result making use of the great conductivity of metals at helium temperatures

(Gomm. N". 119) that Ohm's law is only valid within narrow limits for metals at

very low temperatures ; comp. further VIU § 16 of this Series. (Note added in the

translation).

^) At the great current densities that were attained in some of the experiments

(see § 7), (they went np to 1000 Amp. per mm-) the question arises if even the

change in the resistance of the conductor through its own magnetic field of the

current through the conductor should be considered, as it might be the case, that

the resistance in the magnetic field for mercury in this condition was much

greater, just as it alters with the temperature for some other substances, and has

been found to increase for uieicury at hydiogen temperatures (Kamerlimgh Onnes

and Bengt Beckman, Leiden Comm. N . 13:2a).

92'»



evenly disliibiiled llimiigli liic iiiehil. It iiiiglit alfio Itc that tlio pure

metal in llie partioiilar fonditioii in wliicli it ooines below 4°.19 K.

ami in wiiicli the atonrs perhaps form one whole toffellier, does not

possess any resistance at all, Init that somewhere (§ 1 1 ) in the thread

throngh some peculiarity a section is sufticiently heated by great

current density, to bring the lemperalure of the thread locally uj)

to the vanishing point. In eillicr way an ordinary resistance conld

be formed somewhere, whicii. when the strength of current is

further increased, gives rise to an accelerated heat evolution and an

increased development of resistance.

§ 5. Further investigation of tlw potential diference p/ienopiena,

in particular at temperatures slii/lilli/ below the rauishine/ point. It was

consiilered desirable in the tirst place, to investigate the iulluence

of the thickness of the thread upon the temperature, at whicli liie

fall of resistance occurs, and al-o upon the more or less sudden

(iisaj)pearauc(' of I lie rcsislauce.

'i'iie resistance apparatus uiili wiiicii

tiie ex|)erinient3 (.Ian. 1912) for this

jnirpose were made ditfered from those

of Dec. nU 1 only in this, that in the

two pairs of mercury threads which

ser\f for the measurement of the

resistance of the uicrciiry (two current

leads and two jtotenlial thieads) the

|)ieces that were above helium tempe-

rature were replaced by copper wire,

in this way that the mercury legs

were cut oil' anil sealeil up, and in the

sealed up ends, as in tiie resistances

of Oct. 1911, platinum wires were

sealed in, which were in their turn

joined to copjicr leads ' ). During the

experiments ail these contacts were

iunnensed in li(piid helium, compare

tiif. 3. This change was made since

1) The wires were made comparatively fine, to prevent the liquid helium from

evaporating too quickly from the conduction of heat. Besides tlie condition of heal

from ahove the absorption of radiated heat by the metal in the transparent

apparatus was avoided. Later on, when the various circumstances could be better

surveyed, leads were constructed which could carry a strong current without

causing loo much evaporation.
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il had hcc'ii shown llial the kiii<l (if lead liad litth' iiilliiciicc on

Ihc phciioiiieiia, so as lo lie IVcl' from the Iroiililosoiiie iherinociirrciils

in (lie jioleMlial wires, when these were of mercnrv, (Voiu llic I'osistanee

whieh was immersed in iielinm lo where the ordinary teni[»erat.iire

began, and all I'oiir were replaeed in order to he free in tiie choice

of the pair of threads wliicii were to be used aa itotenliai wires or

as ciirreni leads. The therinopowcrs were now oidy about 10

microvolts.

Tlie experiments of .Ian. 11112 were made with two men-nry

threads, one with a i-esistance of about 50 i2, the other of about

130 iJ. These resistances were joined up in a circuit with a miliiam-

meter, which could be shunled, and to each of lliem one of the

coils of a dillerential galvanometer was connected as a shunt. By

using only one coil at a time (he resistance of each of the mercury

threads could be measured separately; by connecting the two coils

in the opjiosite direction the change in the ratio ol them with the

temperature could be investigated as long as the dilFerence was small.

The ratio

V"'.o/r = 29oo 50,4

became, through cooling to the boiling point of helium

PF„A 0,0542

2 55

=2,18.
4«,25 0,0249

The ratio changed, as had been found before, and as could be

readily explained by a slightly different manner of freezing of the

mercury in the two tubes.

On changing the current strength at 4°.25 K. we found

Current in Amp. IFu, W^^

0,006 0,0545 0,0251

0,010 0,0250*

0,016 0,0249

0,030 0,0549 0,0260 ').

U|i to cui'rents t)f O.dii am[). tlierefore it is confirmed that there

is no reason to assume a de\ialion from Ohm's law ai)ove the

vanishing point.

On lowering the temperature from the boiling point to where the

1) As regards the ileviation at 0,03 amp. of ^\o, we may peiiiaps conclude

from the comparison of the ratio of the resistances at 2"= 290° K and 2'= 4°.25 K.

in the two resistances, that there is u thinner place in the thread ]\\,, by wliicli a

greater heating takes place locally at temperatures above the vanishing point, than

would be expected from the average section.
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disappearam-e of tlio lesislaiice begins, lliis ratio remained unctiange'l

affording lo tlie ol»servalions witli the diirerential galvanoineler

;

from tliat point do\vn\vaid,s the lesistaiife in wiiifii the fiurent

(lensiiv was smaller, dit<a[)peared more t|uifkly.

Although tlie resistance in the experiments disappeared graduailv,

yet the wa^' in which it disappears gives the impression tliat the

fliange in resistance of (he mtrcurv with the temperature occurs

siiddenlj and that tlie gradual disappearance of the potential is due

to the fact that tlie thread is only gratluallv cooled over its wiiole

length to belo'.v the vanishing point, and only that part wiiieli is

liclow this lenipeiature loses its resistance.

It was again coiilirnied that at teinperaiures some tenths of a degree
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the viiliio 111 0° C. (ill the solid stale) ami lodiiccd to ahoiit half

of thai to which \vc could ^^o ilowii in llio Jaiiuarv ('X|)crinu'iits.

TABLE III
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tiircaii as in (lie last experiments, and to make certain llial liie

distiirbanoes which had occnrred woukl he impossible. The meicnry

thread C, sec tig. 4. at the ends of which the potential was to he

measured was for this pnrpose lengthened at both ends In- an auxiliary

mercury thread of larger section. We will call these auxiliary

threads A and B,

Fig. 5.

l>y measuring tiie polential dilference nl the extremities of both

auxiliary threads it cduld be ascerlaincd liiat any healing aiuive the

vanishing |i(iinl conld not be the conseciuence of the introduction

of heat which had enleivd the extremities of the resistance 6' which

was to be exanuned through conduction. For this heat could only

enter through the sentinel wires, and these conld only become

dangerous In the experiment after lieliMviiig a iicaling above the

vanishing point liy siiowing a potential fall.

On the ground of the experience in the last experiments, the

connecting wires carrying the current in [o the resistance (compare

the diagrammatical tig. 4 and ilie peis|H'(li\e tig. r>) were again of

mercury, in order lo prevent Jun.K iieal being transported to the

resistance, while sealed in platinum wires to which copper wires

were soldered served as potential wires. The sentinel thread ^1 had
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1,1 llio onliiiiiry tcmin-riilnri" alxnil ."^5 5*, tlic soiiliiiel lliread />' atioiit

3() ii resi.stumv, llie ro:sif-laiK'C' (J consisted of live tliicads in series

of about 80 £i ivsislance carli and wilii a combined resislance of

alniiit .SIMt i2 at ordinarv t(Mn|ie.atnre.

At tiie Itoiliii^- |)oin( of lielinm Wsa — 0.01831 <>, Wjj =
1.01285 i*, ITr =- 0.1773 12. Tlie observations were as simwii in

Table IV.

We bad llierelbre not succeeded, as had been our intention in

giving- a larger section to A and B than to C, in managing that

if C should show potential difference, it would do .so before J and />

did it. Only if this had hapiiened it would have been shown that the

heat that brought (.' to a temperature above the vanishing point

was developed inside 6'. .And the potential whicli now appeared in

C can again be ascribed to heat conduction through A. The expe-

riment shows very clearly that accidental circumstances in the

freezing of the mercury threads play a part in the determination

of the •'threshold value" of the current density, and that in calcu-

TABLE IV.

Resistance of a mercury thread
just below 4'=.20 K.

7Tr2 = 0.0025 mm2 for W(~
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laliiig with the average section of the tube in wliicli tlie tliread is

frozen, only a lower limit can l»e given for this.

Possibly the inercnry in A and B was only frozen in an niiCa-

vonraltle form, and therefore greater local current densities or worse

exchange of licat had arisen lliaii the average.

^ 7. /ii/tii//l(iii of thi' I'.vjx'riment iri//i t/n' siniw ii/jpttratiis. We
ontainctl nioic favonralile results from aiintlicr freezing. Fii-st a few

rcsiills may be given, which were obtained \>\ mcasnremenls at

(lilforent strengths of current at 4°.25 K., tliat is al a temperature

above the vanishing i>oint. These results gave an opijortunity of

judging to what degree heat can be given off liy Ihi- mercury thread

dosed up in a glass capillary (ir Hows oil aloii;; the extremities.

From the increase of resistance al greater curient strength, the

rise of temperature was deduced on somewhat simplilied su|)po-

sitions, al which the e(piilibrinm between the .Ioilk heat and the

heat given ofV In ilie out,side is established. The result for the resis-

tance and the average rise i>f tiMuperalure of C was:

current
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The ;i|>plic;Ui(iii of llic diitji obliiiiiod at tciiipoicidire.i below llie

vani^'liinf^- jioiiil is in ilic luiturc of llic ma((or iiiiccilain, as we do

not Uiiow wIietlicM', with tlio galvanic cliaiiKO in (lie nicrciiry, there

may not he anolln'r clianj^e in tiie thread, w liich would l»ring altont

a fiifliier change in <he giving oil' of heat.

Witli regai'd to the appearance of |)otential din'eronccs at tlio extre-

mities of the thread, we found ihc (hila contained in Taiile V.

At ;{.()l\. the cui-fcnl al which a potenlial ditferencc WduM
appear in the sentinel wires cdidd mil lie measured, as, before ihe

TABLE V.
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If we lake llio last desorihed experiments together, we have

in'Oii al>le l>v them on the one hand to raise the fiirrent density

to the enormous value of about iOOl) amp. per mm', without

any heat heing developed in iIh' wire. Tliis threshold value for

Potential difference at the extremity of a mercury
thread carrying a current below 4.'^2 K.

-r^ = 0.0025 mm2
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on wliicli there is no uiicerlaiiilv, it assntues over lis "entire len^rlli

(he new iciniK'tatiii-e e(ini!i]irinin ofa thread carrying a current, wliicli

e(|iiiiibriuni is deterniined above llie vanisiiing |»oint in tlie usual way.

In order io improve (he coni|irehensi\e view that may be Formed

on the Ki'ound of 'I'able IV coiul)ined with Table II in wliich latter

the ditrereiit current densities do not refer to the same wire, further

experiments were made in .lime 1912, which show iiow with liie

same thread the resistance disa|)|icars at dilleient current densities.

Tlie thread had a section of about OAHKi mm^, at the boiling

point of helium the resistance was 0.1287 £i. The ex|)eriments were

made with a tailing tcmperatiiie, with current densities of 1.3,

6flnr*i>CTKnH^

i-iiar ijp

~r

OiMviWty

mOi-3)

Fig. 6.

iX.ifit^„^
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lioiizoiilnl axis in lig. 7 is inoliablv ilrauii lot) sliai|»; a( 3°. 0(5 K.

Ihc jtoteiilial (iillereiu-e was < 0.03 . 10 -<> T.

Tlie whole <i;ives one the ini|tressioii Ihal the lower lemperatiiie

of llie liath at greater sirengtii ol" ciuicnt is re()uiie(J (a oomiiarisoii

of 0.004 and 0.04 amji. shows that an ahnost constant shift of

lem|ieralnre wonhi change the potential clillerenees per unit of ennent

in liie one ivise into those <»f the olher) to cool llic jiart of the

thread that has an ordinary resistance strongly enough to prevent it

imparting its leni|)eralnre to the part which is beh)w the vanishing

point, and to |)revent liie tcniperalnre in the latter part from heing raised

ahove the \aiiishing |iiiiiit liy the greater local develo|inieiil of heat.

With (he same thread in ihc manner of table III the results of

table Vil were found, in wiiicli experiments are included with a

.second thread with a >eclion of about 0.012 mm'.

It appears that in llie thread 11'/
, to wliicii the experiments just

(juoted refer, local hca(ing takes place more easily at tlie same

current density than in IF,,„ (see ^ 5). The fad that the latter thread

gives otf heal more readily also explains why in IT,,, a greater

current density checks the disappearance of the resistance less than

in the case of H'/ (.hme I'Jri).

As regards llie lliresliold value of the cui-reiit density fordilTereiit

temperatures with the same thread, it would seem from Talile VII

and Table V roughly speaking to change linearly with the lem|)eratnre,

TABLE Vll.

Potential differences at the extremities of mercury
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ir (lie Tall liclow ihc \Miiisliiii^' |j(>iiil is iicil tint MiKill, Hiiil it' we

leave oui (if accninil a Iciiii lor .lon.K licai wliicli only appears

(listiiiclly al a liijilicr ciirrciil strength. I'iiis iialiiraliy suggests tliat

we arc (ioaiiiig with a ri,i,TiK.n-e(lec'. raising liie toiiiperalurc to ilie

vaiilsliiiig point of resislaiice (e.g. conneelLHl uilii ciilibrent forms of

eryslalli;alion or tensions); (tin.' siiiHillaneotis cooling of the 0|iposite

eonlaci lias no cli'o'i on the ivsislaiice whieh is already praclically

zero aiKJ remains zero w hen fiirlhcr cooled). As regards tiie tiacshold

valne of the density at a gi\eii teinperaliire for dilfercnt ihii-ads this

appears (comp. § (5 and 'i'able I\') to be rendered niiri': lam In

accidental circiiinslaiices. IJiit it dcser\t's notice thai il was also fmnid

\ery high in \(>ry narrow capillaries.

§ 9. Experhnents on iiii[»iritit's as <i possi/j/i' sdiirci' nj' dislnrbnnces.

Allhongii the greatest care w;is always liestowed upon ihe pinilica-

tion of the mercury, tlie explanation of the appearance of a residual

resistance that ofl'ered itself the tirst for closer investigation

was the iutlneiice of im|)urifies. These may give ati '"additive nii.xtnre

resistance" to the metal which changes little with the temperature

and is proportional to the amount of im|)urity. To such an additive

resistance I ascribed the fact (^Comm. N'. 119 and Leiden Suppl. N°. 29)

that the resistance of very pure plalinum and very pure gold did not

disappear at helium temperatures as I ex|)ected with absolutely pure

metals. Now the experiments had lealized the expectation, that mer-

cury could be so far freed from impurities, as to make the resistance

practically nothing. But if one may juilge by the additive resistance

which even very pure gold exhibits, then with Ihe residual resistance

of mercury which is only perceptible at the threshold value oi

cnrrent density for the lowest temperatures, it would be a ipiestioii

of an im|iurity of the oriler of a millionth of the trace that could

possibly be present in the most carefitliy pnrilied gold. And it was

a priori donlilt'ul if ihe mercury could be procured in so much

greater a state of purity than gold. ')

The experiment was therefore repeated with .solid mercury in

which I believed a very small (pianlily of an other metal to be

present. After being distilled in a vacuum by means of liquid air,

the mercur_y was in one case brought into contact with gold and

the other time with cadmiuui, after which il was mixed with a

larger quantity of pure mercury. To my surprise with the mercury

1) Vov difficulties inheront in I lie supposition of a resistance equally distributed

througiioiit tlie ihieaii wliicli apply al.'^o to our pi'esenl case nt' additive inixliiru

resistance see § 11.
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tlial liail been liealctl in lliis way, llie resistance disappeared in tlio

same way as witli pure mercury'); much of the time spent on the

preparation of pufe mercury by distillation with liquid air, might

tlierelorc have been saved, without the experiments on the sudden

disappearance of the resistance which were made with mercury

prepared in tlie ordinary way with iloui)le distillation giving other

results.

Even with the amalgam liiat is used for the backing of mirrors,

the resistance was found at helium temperatures. (Later Dec. 1912)

it was fouiul that it disappeared suddenly, as with the pure mercury

but at a higher temperature.')

Where the inllucnce of impurities, in the form of mixed crystals

in the solid mercury, seems to retire into the back ground, the

iK'\l most natural supposition is that less conductive particles, sepa-

rated out of the mercury during the freezing, or coming amongst

the mercury crystals in some other way, bring a resistance into the

path of the current. Mut if we do not assnme that a thread of per-

fectly pure mercury can possess a residual resistance itself, this theory

of the origin of the poteiilial dilferences is not very probable, because

in a resistance-free path of current, only by a closing of the w!;ole

.section by an ordinary conductor resistance is produced. Particles

of the sort \\ c mean, as also other casual circumslauces, for instance

the manner of free/ing and small cracks, can inllucnce the magnitude

of the threshold value of llic cuncul density derived from the ex-

]ierimenls, but the values found for tiiis (jnantity. although they vary,

dill'er so little, that in addition to the causes mentioned we must

assume for a thread of pure mercury the existence of a residual resis-

tance which we will call a 'microresidnal" resistance, to distinguish it

from the "additive mixture"' resistance to be attributed to im|iurilies.

§ 10. Evperhnents on the jw.isible injinence of contact with an

ordinary conductor upon the supercondtcctiriti/ of mercury. In the

rejisoning that we have Just given it is assumed that the laws of

current division between two conductors which touch each other

also lii'M when one of the cimdnclors consists of mercury below

4°.19 K. but this assuiuplion nnuhl not be correct. In the line of

') Perhaps not even a (Hianlily of the order of a lliousaiul milliontli of zinc or

gold is absorbed in solid mercury. The applitalion of the sensitive test of the

disappearance of the resistance may be of value for the theory of solid solutions.

Of cour.'e in our aigumenl we only deal willi absorption in a I'oini wliitli comes

into consideration for the resistance (mixed crystals).

-) This part of the text is clianged in accordance willi llie facts see § 13 y in

Vlll of this series.
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thoiiglil of § 4 and taking into accoiinl llio iioat motion wliicli takes

llio electrons now to tlie inside and then to (lie snrface of tlio

conductor, a |)nsliing tniuaid of the electrons in tlic galvanic current

throiigii a super-conductor without performance of work seems only

possible, when its surface only comes into contact with an insulator,

which reflects the electrons with perfect elasticity. If the electrons

can hit against the atoms (or more accurately the vibrators) of an

ordinary conductor, they will of course give off work in this collision.

Thus a thread of super-conducting mercury, if an ordinary conducting

particle were present anywhere in the current |)ath, could show

resistance at that spot, even although the pai-licle did not entirely

bar the section which was otherwise free from resistance.

These considerations lead to the following experiment. A steel

capillary tube, supplied with connecting pieces in which were

platinum wires for measuring the resistance, was carefully tilled

with mercury at the air pump. The measuring wires were immersed

in the mercury, without touching the current wires. According to

the ordinary laws of current distribution the resistance of this

composite conductor should disappear below 4°.19 K. Whether the

mercury is in a glass or a metal capillary makes no difference to

the conduction. Thus for instance, if one was to coil up such a

steel capillary fdled with mercury, and press the coils against each

other without insulating them, the coil could still serve as a magnetic

coil below 4°. 19 K. ; the coiled up mercury thread would be

resistance-free, and the steel would take the part of the insulatoi",

which otiierwise separates the different windings of the current

path in a magnetic coil. On the other hand if the above reasoning

is correct, a mercury thread, that is provided with a close iltting

steel covering should retain its resistance below 4°. 19 K. though the

current is lowered below the threshold value.

In several experiments with the abo\e mentioned steel capillary,

in accordance with the last conclusion, the resistance of the mercury

thread did not disappear. Yet we must not conclude from this that

the remaining resistance is given to the mercury by the contact

with the steel. There only needs to be one little gap in the mercury

which extends over the whole section, to cause the appearance of

ordinary resistance of the amount according to the potential diffe-

rence. If the resistance had disappeared in the experiments, there

would on the other hand have been room for the question wliether

there had been contact between tlie steel and the mercury. With
mercury in a steel capillary the result of the experiment remains

always doubtful. W(> may thcrefoi-e mention here, that afterwards

9

Proceedings Royal Acad. Amsterdam. Vol. XV.
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wlien it was found tlial llio rosistaiioc of tin disappeared .suddenly

loo, we succeeded in niakin'i; a less doulilftd experiment than is

possible with mercurv. with a tiattened out conslantaii wire, which

Wivs covered with a thin layer of tin'). The resistance of the layer

of tin disappeaivd with a weak current and at a low lciii|K'ralure,

while the constanlaii remains an ordinary conductor al thai tenipe-

ralure.

Thus we may for the ])resent adhere to the usual hiws of current

division, and in this extrcnie case conlinuo to assuinr that in so

far as the a|)pearance of the potential dilferenoe is to he explained

by a local healinji: in consequence of a local clianp:e in difference

of the chemical nature of the condiulor from pure uiciciny this

disturbance must extend over the whole section of llie current path.

Thus the conclusion drawn in § !• concerning the- pniliabilily of

the existence of a uiicro-resistance remains \alid.

(7(> Oe continuecl).

Physics. — "Tke radidtion of llitilmm ul f/te temperature of liquid

hjldroijm'. By Madame V. Cikik and H. KAMKin.iNon Onnes.

Communication N". 13.5 from ihe Physical Laboratory at

Leiden.

One of the most remarUalile pe<Miliarities of radio-active substances,

is ,tliat the radiation is iiidcpeiidcul of the temperature. Xeilher do

the radio-active constanis cjian^e wilii liie temperature. These two

fads are related to each other: ihcy jirove that liic radio-aclive

transformations are not all'ccled by tlie intluence ol tempeialure,

which plays such an important part in I he chemical transformation

of the molecules.

According to Ihe theory of radio-aclixe ti'ansformations. the

intensity of radiation of a simjtle substance is proporlionai lo Ihe

rapidity of tiie transformation, so that a change in one of these

(piantities involves a change in Iho other.

The experimental investigations of tlic iiilluence of temperature

ha\e been concerned with the measurement of llic radio-aclixe

conslanis and Ihe intensity of radiation of certain sul)slances. P.

CiiUK has shown that Ihe law of transformation for the emanation

does not change al a temperature of 450' C. nor at the liui|K'rature

of iiipiid ail'"). N'arious ol)servers lia\e pro\ed li:at the |u'ii('lraling

'; il is to Ijo noted, liowcver, that llio ciinciit density in liie thin layer had lo

bt' made vt>ry weak Comp tlie following part of this Communication VIII, § 16.

-; P. Curie, C. W. 1'.)08.
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radiatio"! of radium ami uranium have the same value at onliuarv

(om|)oialure and at llio tempci-alure of litjuid air '). Tlie inllnenrc

of liii!:li temperatures on the ratiiiim emanation and its fransformation

l)roduc'ts, particularly Radium (,', lias also been the subject of various

investigations. The results have given rise to differences of opinion.

Nevertheless it would seem to be justifiable to conclude that the

dependence upon temperature which was observed in some cases must

be attributed to secontlary phenomena of less im])ortance, and that the

radioactive constants of the above substances arc not appreciably

altered when the temperature is raised to 1500°').

As the (juestion is of great importance it was desirable to extend

the results already obtained. Iiy e.\tendiiig the experiments over a
wider range of temperature and by increasing the accuracy of the

measurements, which in the above mentioned investigations could not

have been greater than 1 "'„ at the most.

Our object was (o descend to the temperature of liipud hydrogen.

By using a compensation method we were able to determine very

slight changes in the nxdiation intensity. Our measurements were
concerned with the penetrating radiation of radium. The results,

within the limits of accuracy which may be placed at 0.1 "/o, do

not contirm the existence of a ([uickly acting influence upon the

radiation, in consequence of this strong decrease of temperature.

The investigations were made in the first part of 1911. The
preliminary measurements w-ere partly made in Paris, and partly

in Leiden, while the final measurements took place in Leiden in

July 1911. We intend to continue and extend the experiments,

which is the reason of the publication having been postponed. I'ut

as the continuation of the work has been prevented so far by the

long indisposition of one of us, w^e thought it best not to wait any*

longer in publishing our results.

Apparatus and arram/cnient of thi> measurements. After some
preparatory experiments we decided to use the following apparatus.

The apparatus consists of a vacuum glass A, in which a copper

vessel B is placed, which contains the low temperature bath.

The vacuum glass, which is fairly wide at the top (a,) consists

underneath of a tube-shaped portion, the length of which is about

16 cm. and the two diameters 8,5 and 13 mm. The copper vessel

which fits into the vacuum glass, is also provided with a tulie-

•) Becquehel, Curie, Dewar, Rutherford.

•) Curie ami Danne, C. R. 190i. Bronson, Infill. Mag. 1906. Makower and Russ,

Le Radium, 1907. E.;gler, Ann. d. Pliys. 190S. Schmidt, Phys. Zeitsclir. 1908.

93*
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sliaped portion, wliirh is shorter than that of the vacunni glass.

This coijpcr tube is clo.scd iimierncath (/j,) by a metal stopper

(', to which a tube C, of ihiii ahiniininni is attaciied vtliickness

().;{ Mini.); this lube contains a sealed glass tube with the radium.

The narrow space at tiie bottom of ilie vactnim glass in whicii

this tube is placed, is cooled to a temperature (hat differs verv

little from that of the bath: the dilference could hardly be

established, when the copper vessel was filled with liquid air. This

6b.

c,-

cr.*

.^'

dn

Fig. 1.
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metliod of cooling- scoiiicd to iis to be |)rcferat)lc to placing tlic tiilic

itself into tlio liquid ji-ass, which is always a lillle dangerous.

The rays that the radium in the tube sends out are |ia:tly of a

penetrating nature. Tiiey go through the walls of the aUnnininui

lulie ami those of the vacunni glass, and penetrate through a metal

wall into the ionisalion space. Tins consists of a {7lindrica! Ito.x D^,

which is connected to a lialtery ; in the middle of the liil of this

space a tube is soldered, which is tdosed at the lower end. The

insulated electrode E^ which is a hollow oylindei'. is connected with

the elect ronietcr. The metal case /•', which is connected to earth,

serves for electrostatic proleclioii. When the apparatus is mounted

the lMl)e-sha|)ed portion of the vacuum glass is inside the fnbe />,,

which is placed centrally in the box />,, while it is closed by a

thick piece of india-rubber tubing round a piece of amber (r which

is sealed to the vacuum glass. When the tube containing the radinm

is in its jilace, ions are tV)rnied on both sides of the electrode E,

in the air that tills the box /;,. The curreid that is taken up by

this electrode is measured by an electrometer and a plate of

|)iezoquarlz.

The experiment consists in measuring the ionisation current gene-

rated by the rays of the radium: I. when the radium is at the

temi)eiature of the room, and 2. when the raiiium is cooled to the

temperature of liquid hydrogen. The ionisation chamber, which is

outside the vacuum glass remains at about the temperature of the

room. The chamber is airtight, and the quantity of gas that it

cordains does not alter during the experiments.

The accuracy of the measurements is greatly increased if instead

of measuring the total cui'ient, a compensation method is used. This

consists in compensating the current to be measured by a current

in the opposite direction, wdiicli is generated in a second ionisation

chamber by a tube containing radium, which is kept at constant

temperature during the experiments. This current compensator is of

a tvpe which is greatly made use of in radioactive measurements.

The insulated electrode G is in the form of a tube which is closed

at the bottom ; it is connected by means of copper wires (electrically

protected in brass tubes tilled with paratVni wax) with the electro-

meter and with the electrode E^. This tube reaches into a cylindri-

cal box //, which is connected to a battery and which forms an

ionisation chandler. The outside case K serves for electrostatic pro-

tection. The electrodes (r and £", arc protected in the usual way

bv a protecting ring connected to earth. The tube (r contains a

sealed glass tube with radium salt. The boxes D^ and H are kept
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ai liijili potentials of opposite si^ni. Under these circumstances tlie

dillercnce of the two ioiiisation ciineiits is measured whicli are

generated in the two chambers. With sulliciently strong currents

great accuracy can be attained in this way.

Il is worth noticing, Hiul liie yarious small impoifcctions in the

method of measuring, whicli are usually unnoticed, become appa-

rent w lieu Ihr method described above is followed. E. g. when

each current is measured separately, the saturation appeai-s to be

coni|tIote at a potential of about 500 volts. Hut when the difference

liolwoeii the currents was measured, which was usually under 57o
nf each current separately, it was found (hat the current under

these circuuLslances increased with the \i)ltaue. When the itoteutial
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increases from 500 lo 800 veils, tlic ciiri'ciit iiiri'cases l»y 2 (o 3
tlioiisaiidllis. (!onsfant potenlials must therefore be used.

The accMracy is limiicd In (lie slat)ilit_v of thv apparatus and by

the oscillalioiis in llic radio-aclive radiation.

The inxesligations were made with radium salts in the solid state,

eontainod in .sealed jilass tubes; tiie .salt was finely granular, and
tlie tubes were not (piito tilled. When I hoy are shaken the grains

can move to a certain e.vient, which causes a slight change in the

distribution of the radiation inside the iornsation chand)er. The
danger of this is lessened by giving the grains a definite arrange-

ment beforehand by lapping the lube. Hut in s|)ile of this, small

perturbations of this nature remained in our experiments of not more
than 1 in lOOO The very greatest care is, therefore, neces.sarv in

ihe niaui|iulalions which must be nuide during the experiments.

The radio-active oscillations of the ionisation current become
apparent when the sensitivity of the measurements is rai.sed suffi-

ciently. They cause irregular deviations which can only be eliminated

by a great number of measurenienls. They are least to he feared

when gamma rays are used, as was the case in our experiments.

In our case they could not do any harm to the determinations.

It is ini|ioi-1anl that the ionisatiou chambers shoidd contain an

unchangeable quantity of air. When worliing with penetrating rays,

the current is approximately proportional to the amount of ionised

air. If one wishes to keej) the current constant with great accuracy,

we must, therefore, take care that the ionisation chambers are

properly closed. Each chamber is supplied with a tai). By changing

the amount of air in the compensation chamber, the current in the

chamber could be so regulated as to get a compensation of the

amount required. Both the compensation chambers are filled with

dry air by a tube filled with cotton wool, which can be connected

to the tap of the chambers by a ground joint, and to an air pump
and a manometer to regulate the supply.

We had to take very great precautions to prevent the cryogene

operations from causing insulation errors in consequence of the

preci[iitation of moisture from the surrounding air on the strongly

cooled parts of the apparatus. The cryogene apparatus used by us

enabled us to avoid all difficulties of this sort This instrument,

which was arranged for working easily and safely with liquid

hydrogen, had moreover the advantage that the radium lube could

only come into contact wiih the gaseous phase of the liijuitied gas,

so that when this was hydrogen there was no fear of solid air being

deposited on the tube.



I4:m

Tlio ciTOfienc apparatus is completely closed. The vacuum glass

bas a lit! h of lliiu new silver, wiiicii is fastened air tight to the

glass by means of an imiiariibbei- ring, so that when the radium

lube is in its place, the apparatus can be evacuated, and can be

filled beforehand \\ ilh pure, dry gaseous hydrogen (by L). A small

hole in the stopper 6',, upon which the radium tube in the alumi-

nium tube rests, ensures the pressure equilibrium, which establishes

itself easily during these operations, so that the radium tube is not

exposed to any danger.

The litjuid hydrogen is poured into the vessel B through liic new

silver tube /<, and tlirough the iM(na-rubber tube /;,. For this puipose tiie

glass stopper is removed which closes the india-rubber tube, after

the tube wiih the stopper K., has also been taken away, and the

in<lia-rubber tube is connected to the syphon K^ of the large vacuum

glass ir, containing the licpiid hydrogen that has been previously

prepared. Before the syphon and the india-rubber tube are connected,

(he aiiparatus and the vacuum glass are connected to a gasometer

with pure hydrogen, by the tubes Z,, and />,. When the first

mentioned connection has been made, the connection of the vacuum

glass with the gasometer is broken, and the liquid hydrogen is

poured into the apparatus by means of pressure iVimi a cylinder

with conqiressed hydrogen, admitted by the cork m, and controlled

by the mercury manometer ». The supply-glass and the ga.someter

are then again couuocted. Tiie syjihon is taken off the inlet tube

after the connection tube has l»een warmed, and this latter tube is

immediately closed by a glass stopper.

To prevent these manipulations from shaking the ap[>aratus, we

made the indiarubber tube A,, which is usually as short as |iossible,

rather long; but as the great cold makes llie india-rubber very

brittle, and the breaking of it might cause great inconvenience, we

used o\\\\ a length of 7 cm. In this way the shaking remained

below the limits of stability in the apparatus which we used for

tiiese experiments. In a larger a|iparatus, intended for experiments

that take longer, more than 24 hours, but with which we have

only been aide to make prolinnnary determinations so far, we were

able to attain a greater amount of stalility, and we were more

independent of the shaking caused i)y tiie mani[)ulations.

Care must be taken in filling the copper vessel li. that the li(|uid,

gas does not overllow. as it might jienetrate into (lie cooling

chamber, wliich would give rise to irregularities, and uiighl injiu-c

the radium tiibe. On (he other hand it is necessary to iiiiow when

the li()iiid gas has evaporated, otherwise the ex[ieiiments might be
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coiitimiod without our being cerlaiii of tiie tomperatiire. The licijrlil of

thf surfivce of llu' ii(|iii(l gas can he read hy means of a float.

Tills consists of a lU'w-silver l)ox y>,, suspended from a weaic

s|irinii jt.,, wiiirii s|)i-iiig is attaclied to a rod p^. Tliis rod is

inovrtlilc in a |)acl<ing tiilic, whicli is fastened to the iip|ic'i' end of

a glass lnl)e (j. carried ity tlie lid h. Beside the spring and also

iianging from tiic lod, is a Hal rod which is [ii'ovided with a scale

at its lower end. In consideralion of the very small density of the

li(pii(l hydrogen ('/ij, t'le Hoal is made very light. When the float

reaches the surface of the li(piid hy the moving down of the spi'ing.

this is indicaled hy the shortening of the s[)ring, and the height of

the li(piid can he read on the scale and on the rod.

Before pouring in the \'u[\m\ gas, ihe lloat is regulated to the

height to which the \essel is to be tilled. Before beginning the

measurements, the spring is pressed down as far as is necessary

to make the lengthening of it show when Ihe liquid is so far eva-

porated llial Ihe measuremenls must be stopped.

The evapoi'alcd hydrogen is carried off by L^. The tube //. the

extremity of which is |)Iacetl in meiXHuy, serves as a safety.

In order to be certain of Ihe insulation of the \aouiim glass, and to

a\(iid currents which niighl be injurious to the constancy of the lensiun

of the battery, a piece of ami.er is interpo.sed in the tube L,. To
prevent the amber from being cooled too much by the filling, the cold

vapours are carried off by a supplementary tube L^, which is coupled

off as .soon as the tilling is completed. When the evaporation of the

bath has become stationary, a current of air a little warmer than

that of the room dii-ected upon ihe ambsr is sufficient to maintain

the insulation. This current of air is given by a reservoir of com-

pressed ail', the air Hows through a long tube, part of whicli is

warmed by hot yvater.

The connection of the piece of amber, </, which is .sealed to the vacuum
ghvss, with the tube D^ of the principal ionisation chamber, is very

carefull^ made, to insure an airtight closing, and thereby to prevent

the possibility of moisture penetrating to the s|)ace between the tube

and the vacuuui gla.ss. The cnri-cnts of cold air that come down are

kept away by a pa|)er screen. The water that runs down the glass

from the lid must also be disposed of. The very low temperature

of liic vapours inside the lid causes frost to settle on it during the

filling, which thaws afterwards. After the filling is finished, the

condensation of water vapour out of the air continues ; the water

thus formed, is absorbed by cotton wool abo\e the paper sc-reen

we meulioued, and below it by filler-paper. A current of dry slightly
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dries llie lower |)art of tlie vacuum glass.

Finally, llie cooling of the parts of the connection of the main

electrode E^ with the electrometer must be prevented. To attain this

a current of dry and slightly warmed air is also directed upon

the amber stopper between the stem E„ and the protecting ring E,

at tlie bottom of the main ionisation cluimbor.

The foKi currents of air, which come down from llie tubes that

lead oil" the gases, are diverted from the apparatus by suitable

screens, and large currents of air in the room are avoided as far

as possible, so as to prevent the ionised air around the contacts

from being displaced ; these contacts were further protected by various

lead protecting mantles (in the figure diagrammatically represented),

by tin foil, etc. The iuflneuce of the warm currents of air ab-oady

mentioned was tested at the temperature of the rooui -. they did not

cause anj- electrostatic phenomena.

m

Preparawnj E-vperiiniiits.

The experimental method was tirst studied in Paris, using li(|uid

air as cooling bath.

Tlie current in I he main ionisation chamber was procured by

using a tube with alioul 0.1 gr. of radium i-hioride. In the com-

pensation chamber a tube svith about 25 mgr. of radium chloride

was used.

In the first e.xperimeuls the tirst tube was conlaiucd in an ahiiuiuium

tube with walls of 0.3 mm. tiiickness ; the central tube />, in the

chamber Z), was also of aluminium, with walls of 0.5 mm. thickness.

The rays, before penetrating into the ionisation clKimber, passed

Ihrongh a layer of aluminium of about 0.8 mm. and moreover a

glass layer about 2.5 mm. (wall of the radium tube and both walls

of the vacuum glass).

During the cooling a dimiiiulion of the current in ihe main chamber

could be observed. It was not \ cry regular, ami ainoiinlcil ni about

27o. il was perceptible immediately after the litpiid air was poured

into the copper vessel, and reachetl its ma.ximum in about half an hour.

'When, however, ihe licpiid air was quickly taken out of the

vessel, antl the temperalure of the radiuui lube was followed wiili a

thermoelement, it could be observed that while the temi)eratnre of

the radium tube was still constant, the strength of current already

began to i-ise, and reached about its original value, i)y the time the

whole apparatus hail rclnrned lo ordinary temperalure. l''i()in Ihisil

was evident that the decrease ol" strength of current which we observed
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was not attril»iit'al)le lo a '•liaiijjc of radiation in llio rafiimii liilie,

but to some otiier cause.

Various test experiments seemed lo show that it was caused by

cliange in the power of absorption of the screens, due to their con-

traction at kiw tempci'atures. It was therefore necessary to make

use of heavier and thicker screens, to make sure that we only

worked with the most penetrating rays, wliich are less suscc|)lible

lo plienomena of liiis kind. .Viler llic radium tube had been inclosed

in a cop[)er tube of 1 mm. tiiickness, we found that the decrease

of current when the liquid air was poured in was reduced to U.i7„.

The decrease was completed in 10 minutes. Three successive expe-

riments gave Ibis result.

We found that we could make the circumstances even more

favourable, by changing the arrangement of the apparatus in such

a way that the screens in which the absorption of the rays took

place were not cooled at all. In order to do this, the radium tube

was once more put into the aluminium tube of 0.3 mm., while the

central tube D„ of the chamber D, was replaced by a brass tube

ot 2 mm. wall thickness. The decrease of the current became by

this means less than 1 in 1000. This arrangement was used in the

final experiments.

Final Experiments.

The experimsnts were made in Leiden from July 20th to 25th 1911.

The ionisation current in the main ionisation chamber was 1100,

expressed in arbitrary units (about 10 electrostatic units). The strength

of the compensation current was so regulated that it was a little

larger. The difference was at most 20 units, about 2 % therefore.

The rays used for the experiments were gamma rays.

We w^ere able to make two experiments with liquid hydrogen.

In the experiments the cold ionisation chamber, as we said above,

was tilled with dry gaseous hydrogen, and by this we made sure

that no deposit could come on to the radium tube.

Ill the tirst experiment the current of originally 10.9 units, attained

the value of 14.7 units after the pouring in of the liquid hydrogen,

which took 15 minules. This change corresponds to a cliange in the

main current of 0.34 "j „. In the second experiment the current

measured had a strength of 18.3 units, and was very constant, the

irregularities measured during an hour were less than 1/10000 of

the main current. After the li(iui(l hydrogen had been poured into

the apparatus, measurements which agreed very well wiMi each

oilier gave for the value of the current during half an hour 18.5
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units, and after an hour 18.2 units. We can thus assert that in this

expcrinu'Mt, whifli was evidentlv conducted under verv fi^von^allle

circnni^lances the cooliui;; liad not caused a cliange in the main

current of as much a'^ 1 in 5000.

We made another experiment at the temperature of liquid oxygen.

The current measured had a sirenirth of 1.8 units. Measurements

made during an hour at the temperaiure of liquid oxygen gave a

value of 2.6 units for the cuj'ront measured, uliich corresponds to

a decrease of 0.7 in 1(^00 in the main current.

It would have been desirable to have made a greater number of

experiments and to continue these during a greater length of time;

nevertheless il would appear to be justifiable even now to state,

that cooling of radium clown to the temperature of !i(/iii(l hydroyen [about

20°.3 absolute) during a period of not more than 1' ', hours does

not cause a change in the <jamma radiation of 1 in 1000 and pro-

babli/ not even of 1 in 5000.

It is thus probable paving due regard to the degree of accuracj

allaiiK'd, iliat lli'is decrease of temperature has no immediate or

quickly discernabic iidlueuce upon the emanation or the .active

deposits of short period (radium .1, B and C). But in these expe-

riments there was no o|)porlunit\ lor delecting an eventual etfect

upon the radium ilsell", or a slowly developing effect upon its evolu-

tion products.

Experiments irith iio/oidno}.

A few preliminary experiments on the iidlueuce of low tempera-

tures niton the radiation of polonium have been made in Paris.

Tiie experiment which was nuide oidy with liipiid air, gives rise

to some dilliculties. A plate on which was some de[)osit of polo-

nium was placed at the bottom of a long glass tube, which could

be immcr.'^ed in liquid aii'. Tiiis plate radiated tiirough a thin alu-

miuiuui plale that closed the luhc. into au airligiit ionisation cham-

ber, where the polonium rays were absorbed by the air. The polo-

nium lube was as far as possible exhausted; and the vacuum was

further iiiq)roveil ity immersing a side tube contaiiiiug a lilllc

charcoal in li(|uid air. The radiation was measured at ordinary tem-

peratuie, and later, when the bottom of the tube was immersed in

liquid air. In tiiese experiments changes of current of inconstant

amount were observed when cooling was ajtplied. These changes

were smaller in |iroporlion as the vacuum was made more com-

plete and Ucpl more constant, ll is ilius highly probable that they
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were entirely due to the inlliieiioe upon the |)oloiiiiini of the eon-

(Jciisalion of gases still pcoseiil in the apparatus.

Experiments mailc in Leiden in liquid liydrogen wiili a provisionni

apparatus have conxinced ns ilml one niigiit gel rid of the conden-

salions conipieti'ly, even with li(piid hvdi'ogen, by using a ionisation

(•iiand)er tilled with pure gaseous hydrogen and a side tube with

charcoal, immersed in liipiid hydrogen.

Concludons.

All these experiments which unfortunately are not so com|)lete

as we could have wished, conlirm the independence of the radiation

from the temperature, over a larger range of temperatures than

had heretofore been done. Moreover these experiments have brought

to light sources of error which must be taken into account, if one

wants to make very accurate measurements at low temi)eratures.

Astronomy. — '-The periodic change in the sea level at llelder, in

connection with the periodic change in the latitude". By Prof.

H. G. V. D. Sande Bakhuyzen.

At the meeting of the Academy in February 1894 I read a paper

about the variation of the latitude, deduced from astronomical obser-

vations, and added to this a determination of the change in the mean

water level in consequence of the variation of the latitude.

Roughly speaking, one may regard the variation of latitude, as

consisting of two parts, a periodic variation which takes place in one

year, probably due to meteorological influences, and a periodic varia-

tion which takes place in about 431 days, which depends amongst

other things upon the cocfilicient of elasticity of the earth, its resistance

to change of shape. As a consequence of these changes of position

of the axis of the earth oscillations of the same periods must take

place in the mean sea level and if we eliminate the annual oscillation,

the periodic \ariation of 431 days remains.

For the determination of tlie latter variation. I liad made use of the

mean sea level during the dilferent months of the years 1855—1892,

taken by the tide gauge at Helder. The results attained then for the

amplitnde and the phase of the periodic variation contirmed the opinion

that snch variations actually existed in the water, but as the changes

in question are very small, it was desirable to extend the investi-

gation in order to increase the accuracy of the results. I resolved

therefore to submit to the calcnlalions all the tidal observations made
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at HelHcr in llie years 1855 -1912, and as llie results of llio yoais

1893— 1912 were not «t my disposal, Mr. Gockinga, Chief onjiineor

Director of the "Wateistaat", was so good as to let nie have the

monthly averages of these years.

2. Before I give an account of how the monthly averages were

nsed l>y me, it is desirable to ox|ilaiii the exact signilicance of the

observation material. The tide curve of lleldei-, with its double

maximum, has an a.symmelrical form, wiiich dilTers considerably iVoni

a sinecurve. so that to deduce the exact mean sea level during a

day from the observations, one must either determine the area of

the surface enclosed by the tide curve with a plaui meter, or, as

will also be sufficiently accurate, determine the average value of the

24 hourly heights, from the daily means one can then deduce the

monthly means.

It will be clear that the woik which is necessary to calculate

all the observations in this way for the moie than 21,000 days from

1855 to 1912 is very great ; fortunately for our luirpose we can use

an easier way. as we do not need to know the actual mean heights,

but only their uiulual dillorciices. If tiie tidal curve wore symme-

trical wiili rcsjiccl lit the mean sea ie\ol, liie hall" of the sum of high

and low water wouiil i'ones|)on(l lo llie mean sea level of that day
;

but llie form is not symmetrical, and even changes periodically, so

that there is not only a difference between the half of the sum

of high and low water, and the mean ,sea level, but this ilifrerencc

changes from day lo ilay. If, however, we determine the average

form of the title curve duiing the period of a month, then we get

a fairly constant shape, and for such a period one may assume, that

the dilTerence between the half sum of all the high and low watei-s

and the mean sea level is almost constant. This assumption will

differ even less from the truth, if we take the average of a great

number of monthly nieans from different years, which is the case

with my calculations.

On these grounds I have taken as the monthly means of the

sea level the half of the sum of the high and low waters during

these months, deduced from the registered tidal curves in the years

1855—1912.

These monthly means show rather marked deviations from the

annual mean, due partly to tiie yearly and half-yearly sun tide,

and partly to the regularly changing meteorological conditions. From

58 years, I found for Heliler the following mean values for yearly

means—monthly means iu millimetres.
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January, Fehniary, Mardi, A|iiil, May, .Iiiiie, .Inly, August,

— 17.8 +28.5 -|-(i().;i + 102.4 -|-S»2.!» -f 48.(1 I .fi 38.4

September, Uclobcr, Noveiiil)cr, Deceinlior.

-42.0 -85.2 75.1 72.5.

By \Uo inlroductidii of lliese c'orroi-tiaii.s I lia\e eliiiiiiialed ilie

inlluGiico of llic yearly iicriodic varialions in ihe walor level.

Ill ordei' to iiHTeasc the aceiiracy of the values tVoni wliicli the

results must lie deduced and lo reiuo\e eulii(dy or j)artially the

error that uiiglit arise, it' the number of low waters in a month

should he one less or more than the number of high waters, I have

always taken Ihe averages of two conserutive months: Jan. and

Febr., Kebr. and March, etc. The fiiithcr calculalioiis are l)a.sed

upon these two-monthly means.

Corrections tor known tides are not inlrodnced into these values.

The iidluenee of tides of short period is very slight upon the two-

monthly means, and if, as is the case in my calculations, the average

is taken of nearly 50 such means, it may be altogether neglected.

Of the tides of longer period we must mention, besides the yearly

and half-yearly sun tide, the iullueuce of which has been taken

into account, the tide Mm, with a period of over 27 days. It appears

from the calculations that the influence of this tide upon the two-

monthly means can rise to about ± 6 mm. but as the amplitude

and jdiase constant of this tide ai'c very little known, we cannot

calculate the exact value of the correction. We may, iiowever, assume

that in an average of about 50 of these values, for dates thaf cor-

respond lo very various phases of this tiile, its influence may be

neglected.

3. The length of tlie period of Ihe latitude variation of about

431 days (Cu.vndlek's period) was deduced from long series of

astronomical observations, by E. ¥. v. d. Sande B.akhuvzkn, Ur.

ZwiEKs and me; the residts oblainetl l>y us differ very little, Imt 1

lake as the most .accurate ihat deduced l)y Dr. Zwieks in a paper

in The.se Proceedings of June 24'"', 1911, Vol. XIV, p. Ill, that

is 431,24 days.

In order to detei'uiiue whether a variation in the sea level lakes

place in that period, I have, starting from the first bi-monthly mean

for 31 Jan. 1855, determined the dales of Ihe days, which fall

431,24 days later, or a multiple of that interval iind then selected

Ihe bi-nK)uthly means which are nearest lo these dates, sometimes

a little earlier and sometimes a little later, with a difference at most
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of 15 (Invs. From all these mean sea levels, 49 in nnmher, oone-

s|i(»iHliii<j: to the same phase of the latitude variation, an average is

then IVirmed. In a similar \va\ the averages are taken from the

series of sea levels which oorrespond to the phases of the latitude

variation 1, 2, .'1 ... 13 months later than 31 Jannarv 1855. These

14 months rontain over 4'2li da\s, almost the entire Ciiam)I.ki{ period

therefore.

1 found foi' the deviations of these 14 values tVoni their general

mean :

— 10.1 mill.

— t).0

— 5.8

+ 1.7

+ 11.0

— 4.2

— 13.4

+ 2.9

+ 1.6

+ 1.2

+ y.o

+ 7.4

+ 4.1

+ 3.3

These numbers with the exception of the 4''' and 5''' seem to show.

a periodic variation, and the assniujition is permissible tiiat the

sea level at Helder undergoes a periodic change in tiie course of

431.24 days, and that tiie height, / days after the end of January 1855

is rejiresented bv

h-a sin I X 360°-|- «„ l^a s/n {tf -\- «„) - a cos «„ sin
(f

^ a xin «„ eos tf
( «

tr a sin \
\^431.24

r= p sin If \- q cos
(f

.

The heights given in tiio altove coiumii are got li\ faking the

average of the l»i-in(nilid\ means; if at the beginning of the period

(f
=

'I „, and at ihc ciid 7 ^'/i- 'hen that average is

COS if„ — COS y, sin (f^
— sin <f^

// =r a — co» «„ + a :— sin <i„

or

//

T,
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cos y„ — COS (f^ sin </), — sin y„
After the siihslilulioii of and in wliicli

'f^ — f« r, — ')\

</,
—

<p^ = -— , we get the following equations
1 ) 1 Z f O

+ 0.415p + 0.8747 =
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errors in ilio sea level.^. proliablv to a large extent caused by the

eirciimstance, tliat the causes of deviations in tlie normal sea level

are of lenjrlliy duraliiui, and tlni-^ can cause al)n(trnially liigli or

low sea levels during a long time.

In order to investigate this, I have taken the means of a series

of 12 months in a dilferent way, by combining the height in .Ian.

of the year </, with tliat in Feb. of the year n -\- \. in March of

the year a -\- 2 etc. From this follows for the n)ean erior of the

unit of weight ± ()0.2 mm. which agrees much better with the

value we found ± 51.5. The real mean eri^ors of p ami </ therefore

probably do not differ greatly from the values calculated.

5. A seconil way of judging of the reliability of the results

obtained is the cah-ulatiou of the same quantities from another

combination of observations. For this purpose I chose the'observations

of 1855-1892, which 1 had calculated in l.SW, but had now redu-

ced to the yearly means with heller \alues for the deviations of the

monthly means and further the observations of 1893—1912. I found

from both series of observations :

/t — 4.50sm(y + 168°.59) . . . (18.^5-1892)

and

]i—^,lisin{if + 17iri3') . . . (1893—1912).

I5y the change in the reduction numbers and a more accurate

calculation, the formida for the sea level during the period 1855

—

1H92 differs somewhat from the formula found in 1894. Thestriking

correspondence between the lliree fornnilas now found for the periods

1855—1892, 1893—1912 and 1855—1912 is certainly largely due

to accident, but it coulirms the view that the \ari;ition in the sea

level is ical.

(). In or<lcr to lest llie olVicieucy t^i ilic uielhod lliat 1 had fol-

lowed, 1 applied it to two cases in which one could not a priori

expect a periodic variation, and to anollicr case in whicii the existence

of such a variation was certain.

First I arranged the bi-monthly means in a poiiod of \'.\ mouths

or 395.75 days which is not a multiple of any period of a sun

or moon tide, and in which therefore we could not expect any

periodic variation of levtd. For this purpose I used the observations

of 1855— 1892, autl got the follawiug deviations of the sea level from

their general averages.
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111 tliis series there is again little fraoe of a periodicity in a period

of 438 days.

Finally I arranged tlie mean sea levels according to llio phases of

a period of 440.H72 days, which is Ki-tinies the jieriod of the niontldy

moon tide Mm. tlie length of ^viiicli is 27.5545 days. It is plain that the

intluence of this tide will only be felt to a very small degree in the

iii-monlhly means, as these are the means of two complete periods

or 55.11 days and 5.7 days. The periodic variation in the bi-nioiitldy

means will be abont '/,, of that which is dne to the actual tide Mm.
After arranging and combining the bi-niontlily moans I got for the

sea level at 14 different epochs with intervals of one nidiith

—
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between this varialion in llie sou lexcl and tlic clianj^e in tlie position

of the pole. If the sea level always correspiiiKlof! to the position of

the pole, the lowest sea level at a given place would always

correspond to the niaximuni of tlie latitude at that [)lace.

In the formula for the periodic variation in the water level <f=0
for 1 Jan. 1855 = 21^08585 Julian date, and as the chaujje of'/ per

day is V°. 83478, we may rcprosent the formula for the height of

the sea level on a day for which the Julian date is t by

h = 4,42 Sin \{t — 2398585 }- 209,1) 0\83478!

/, = 4,42 Sill \(t - 2398375,0) 0° 83478».

The lu-iglit of the sea level is a ma.ximuMi ulicii the expression

under the sine is 00°
; thus we find

Maximum height of sea level for / = 2398483,7,

.Minimum „ „ „ „ „ / = 2398609,3

and if we add to ihis 23 X 431,25 =r 9918.7 we tind

Minimum height of sea level for I = 2408(ii8,0.

According to Zwikrs (These Proceedings XIV p. 211} the Julian

date for the ma.ximum latitude for Greenwich is 2408580, and

if we reduce this for the difference of loniiitude hetween Green-

wich and Helder, the dale for the maximum latitude at Helder is

2408585,7 which gives a difTereuce with tiie date of the minimum

height of the sea level of only 32,3 days.

If the latitude variation is really the cause of the variation in the

sea level, some time will elapse between the maximum latitude and

tlie moment of the lowest sea level ; how much this will be, cannot

be theoretically determined: it depends upon the configuration of the

continents, but the small difference which has been found is an argu-

ment in favour of the hypothesis that there is a connection between

the two phenomena.

We will now investigate t!ie relation between the amplitude of

the 431-days tide and the magnitude of the latitude variation. The

distance from a point of the ellipsoid of the earth to the centre of

the earth is approximately expressed by

loa Q= C + '/^ M a Cos 2 q

if a is the ellipticity of the earth, and the radius of the equator

is taken equal to 1. If the pole moves through an angle A'/ in the

direction of the meridian of this [Kiint, so that the latitude becomes

(f^-A<f. and the licpiid and solid parts of the earth could immediately

change so as to both accjuire in relation to the new axis the same

shape as they had to the original axis, then the distance from that

point to the centre of the earth would vary by the amount L <»,
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p:l\en by
A p = — o « Sin 2 ff A 'f

It' \vc take tor n a mean value of 6367000 meters and lor

a then expressing A
<f in seconds:

A p = 104 5«n 2'( L(f mm.

Tiie aniplitnde A f/- of tiie latitude variation seems to be variable,

a'^ shown hv liie investinations of Dr. Zwikks; as mean value I take

L <f
=(>",16, tiien for Heldor with a lalilnde of about 53°,

A 9 ^ 10 mm.

The displacement of water that is neoessarv for this ehange in

the surface of the sea will be lessened b^' the attraction of the earth;

Newcomb in his paper (M. N. R. S. vol 52 p. 336) estimates that the

displacement is only half as great: Lo would be in this case about

8 mm.
The sea level is measured with reference to the solid earth, so

that, in order to determine the relative variation of the sea level,

one must also know the variation in shape of the solid earth,

which of course depends upon its rigidity. In my former publication

of 1894 I had deduced from a very approximate theory and \ cry rough

estimates, that the am|)litude of the water movement would be about

4.5 unn. I do not venture to give such a theoretical deduction any

more, especially as so little is known about the rigidity of the earth;

whereas ScnwEVDAR found by observations with a horizontal pendulum

at Potsdam,

17.6X10>i.

for the coefficient of elasticity of the earth. Haid of Karlsruhe

deduced a much smaller value in exactly the same way from

observations with horizontal pendulums in Freiberg and Durlach,

namely

3.2X10^' and 3.0X10^'-
So long as this great uncertainty about the elasticity of the earth exists,

estimations are of little value, and we can only state that th'? theo-

retical value of the amplitude of the variation of the sea level is of

the same order as that wiiicii is deduced from the observations.

The.se various considerations confirm the opinion, tiiat the periodic

variation of the sea level in 431,24 days, as it is deduced from the

observations, is real within the limits of the probable errors and that

it is a consequence of the latitude variation.

I think it is of importance to apply similar calculations to other

long series of sea levels, as they might contribute towards tiie

determination of the coefficient of elasticity of the earth.
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Astronomy. — "The total solar radiation during the anmdnr
eclipse on April 17''- 1912. By Prof. W. H. iviws.

Scheme of the investigativn.

The annular eclipse of (lie sun on Ajiril 17''' , 1912, ofrored a rare

opportunity for investigating tiic tola! amount of radiation due to

the entire "solar atmosphere" i.e. to the complex of layers of the

sun lying outside the level, generally indicated as surface of the

photosphere.

Every part of the solar atmosphere emits .some proper radiation

and .scatters some photosi»lieric li^ht, and it is only natural to sup-

pose that the lowest layers i)car the greatest share in (hat radiation

and scattering. Now, at a total eclipse the base of the atmosphere

is always wholly or partly screened by the moon ; whereas during

the anuuhir phase of the eclipse of April 1912 even the lowest

strata of the atmos|)her(' all roiiml the disk conti'ibuted to the

remaining radiation. From the mininiuni value through which ihe

remaining radiation pa.sses at the instant of centrality one must be

able to calculate an iij»|K'r limit, which the radiation, eniitteil and

scattered by the entire solar atmosphere, certainly does not exceed.

Since a reliable determination of such an upper limit would afford

an important criterion for testing fundamental ideas regarding the

nature of the photosjihere, the princi|);il aim kept in vit'w in devising

our actiuometric ajiparatus was, that the minimum of the radiation

curve shoidd come out as shai'ply and definitely as possible.

On former occasions (during the eclipses of 1901 in Karang Sago,

Sumatra and of 1905 near Burgos) we measured the march of the

total radiation by means of a thermopile directly exposed to the

sun's rays, without making use of any lenses or mirrors to concen-

trate the beam. If circumstances had then allowed us to find the

true shape of Ihe radiation curve, if would have been possible to

calculate from those data trustworthy values for the radiating power

of successive concentric zones of the solar disk. ') Unfortunately the

weather did not favour the Sumatra and Burgos observations; so we
desired to make similar observations again. The apparatus had pi'oved

satisfactory, and sensitive enough to give measurable indications of

heat even during totality ; for at Burgos a break in the clouds had

permitted us to state that at mid eclipse the unscreened part of the

') W. H. Julius. .\ uew method for deleimining the rate of decrease of the

radiating power tVoin the center toward the limb of the solar disk. Proc. Roy.

Acad. Amst. 8, 668, 1905; Astropli. Journal 23, 312, 1906.
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corona radiated less than '/.oo.oo of '''^ output of the nneclipsed sun

or Vs of that of the full moon. ')

For ol)scrviii|,f llie radiation during the annular eclipse we therefore

decided to follow substantially the sam(? phiii, llioiij:li with some

alterations in the apparatus. This time the minimum wo\dd not be

so low. From a close discussion of the liurgos results we presumed

it to lie somewhere between '/,„„„„ and Viooo- So the galvauouieter

could be taken less sensitive, but, on the other hand, the steadiness

of the zero could be improved and the period of oscillation shortened.

(Quickness of indication was, indeed, a very important condition,

which not only the galvanometer but also the recipient of the radiation

had to satisfy, if the minimum were to be observed exactly.

.\t the observing .station near Maastricht '), selected by the Eclipse

Commission of the Royal Academy of Amsterdam, the annular phase

of the eclipse was expected to last less than one second, 'j Our

thermopile, used in Sumatra and Burgos, required 10 seconds for

reaching a stationary temperature after being suddenly exposed to

a constant source of radiation, and therefore would be too slow

to catch the minimum, although quick enough to give the greater

part of the radiation curve with sufficient accuracy.

Description of rtppnrahis.

We determined on arranging two separate equipments: a rapidly

working one, and a slower one, both suited for measuring the

intensity of radiation from the first until the fourth contact, but in

some respects complementing each other. The slower set of apjia-

ratus consisted of a thermopile (the same as used before), a moxing-

coil galvanometer of Siemkns and Hai,skk with accessories, and

suitable resistances. The thermopile was very carefully protected

against all disturbing influences; it reacted only upon the radiation

that passetl through a long tube fitted with diaphragms and mounted

parallactically, so as to be easily kept pointing towards the sun by

means of a finding arrangement "). We had ascertained by a special

1) Proc. lioy. Acad. Amsl. Vol. 8, p. 503, 19U5.

-) A preliminary accniinl of the observations made by the Netherlands Expe-

dition on April ITlli 19l''2 is to be found in I^roc. Roy. Acad. Amst. Vol. 14,

p. tl95 (1012). CI also: Nyland, 'Do ekiips van 17 April 1912", Kernel en

Dampkring 10, 1, May 1912.

*) According to J. Wkeder, Proc. Roy. Acad Amst. li, 947, 1912.

') A description of the instrument is given in: Total Eclipse of the Sun, May IS,

1901; Reports on the Dutch Expedition to Karang Sago, Sumatra, N". 4, "Heat

Radiation of the Sun during the Eclipse", by W. II. Julius (1905).
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inquiry, (liat for fcmporalni'C (iiirereiu-es belwcen the soI(icriii<rs not

f!,rcater llian lliosn [iroiliu'ed by full smisliiiie, Ihc clectroniotivc force

of tiio tlierinopile could he oonsidciod strictly proportional to the

intensity of irradiation. The dclleclions of the Sikmkns and Haiskk

galvanometer were observed visually, by examining the positions of

a bright index on a transjiarent scale. With a permanent shunt of

1(> Ohms the instrument u'as just dead-beat ; one millimeter dellection

then corresponded to 10^^ Amp. The deflections were proportional

to the current. The observer had the resistance box close at hand,

in order to Iceep the image on thi' scale, and marked the epoch of

each reading by means of a doid)lehaiuied chronometer, one haixl

of which could be stopped and made to catch up again (a "chrono-

graphe rattrapanto"). Many readings were also made, in the course

of the eclipse, with the tiiermopiie screened; the zero proved very

satisfactorily constant.

Our second actinometric set was especially iiileuded to answer

rapidly and to give a photographic record of the nuddle part of the

radiation curve. It included a bolometer and a galvanometer with a

moving coil of extremely small moment of inertia. Both instruments

have been designed ami const n.cted by Dr. W. J. H. Moi.i., who

also was in charge of this equij)ment on eclipse day. The bolometer

consisted of many strips of very thin platinum (Wollaston sheet)

coated with lampblack, and mounted so as to form two equal gratings,

one of which received the radiation. A thick copper frame warranted

quick equalization of temperature of all screened parts, while an

envelope of non-conducting material protected it against ra|)id external

changes. The whole was fastened to the end of a tube with dia]>hragms,

which was directed toward the sun by an assistant.

As will appear from the phologra[)hic records, the galvanometer

answered the purpose admirably (time of dead-beat swing less than

one second; deflection 4 mm. for 1 microvolt; zero steady within

O.J millimeter); but the instrum^'nt being oidy a temporary one,

adapted to the nMi'Mremeiits of this ecli|)^e and not yet to general

use, Dr. Moll, who has since been improving the pattern, desires

to publish full particulars at a later date.

In order to obtain reasonable bi-idge-currents within the very wide

range of sensitivity imposed by the phenomenon, the observer vai'ied

the resistance of the principal bolometer circuit by steps, as the eclipse

proceeded, and each time read the strength of the main current on

a milliammeter ; the resistance in the bridge being left unaltered.

That the zero reading of the sensitive galvanometer was very little

influenced thereby, was a proof of the symmetry of the arrangement.
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Observations made with the bolometer.

During the greater part of ilie eclipse the galvanometer deflections

were only visually observed, by noticing the motion of the reflected

iinairc of a slit on a transparent scale; but from 5 minutes before

until 5 minutes after centrality the imaj^e was received on a photo-

graphic recording drum.

For a reproduction of the pholograni we mn.Nt refer to the

Astroph/sical Journal 37, p. 229, Phile X, Fig. J. Oji the same

plate, Fig. 2 shows the central part df the aurve on a larger scale '),

and Fig. 3 gives on the same scale a control of tiie volt-sonsitivi(y

of the galvanometer, effected immediately after the eclipse was over.

It shows well the qualities of the instrument.

The vertical lines are time-signals, produced by a small electric

lamp flashing up at intirvals of (en seconds in front of the slit of

the recording apparatus; the first line following the minimum of the

curve corresponds to 0''34:"-57'* Leiden M. T.

Two of the zero-readings, obtained by screening I he bolometer,

are visible on the cnive (Fig. 1), one at 0'30'", another at ()''37"'.

A straight line joining them may quite safely be taken to represent

the y.evo during the interval. The ordinate of the minimum thus

comes out to be a quarter of a millimeter. At 1J''30" (6 minutes

after (irst contact) a deflection of tl.l mm.- was ob.^erved visually,

the intensity of the main curreul ai tlial time being '/iss of its value

at the time of recording. Reduced to the latter value of the main

current, the deflection corresponding to full sunshine would have

been more than 195 >; 6.1 = 1190 mm., or nearly 5000 times the

deflection at minimum.

A few irregularities in the curve, especially at 0"'31"'20' and at

0''36'"40% recjuirc explanation. They are not genuine, but simply

due to an excusable negligence of the assistant who had to point

the bolometer at the sun. The emotions of the event making him

forget to keep the tube continnou.sly in the right direction, he had

twice suddenly to make up for the loss. Fortunately the minimum

is unaifected.

Discnssioii of the bolometer results.

If the apparatus had followed the radiation instantaneously, the

mininmm would have been lower yet. We may therefore certaiidy

') The striped aspect of llie curve is connected with the click of the recording

apparatus.

-) As a basis for calculation we purposely select this small deflectiou, because

the great deflections of the provisory galvanometer were not strictly proportional

to the current.
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conclude from these observations, that at the central phase of the

annular eclipse the solar ratliation fell below '/s„„o of its ordinary

value.

This remainder must in [)art be due to the unscreened ring of

the disk. Assuming the apparent surface of that photospheric ring to

be Vjsoo of the surface of the di.sk (which certainly is alow estimate),

and its apparent radiating power per unit of disk-surface to be V4

of the average intrinsic radiating power of the disk, we may say

that at the epoch of centrality the photosphere was still able to

furnish us with at least '/loooo of tlie ordinary amount of radiation.

Consequently, less — and probably much less — than Vioooo ot

the sun's total radiation toward the earth is left as proceeding from

the annular part of the solar atmosphere visible round the moon's

edge.

So far, the inference is pretty sure, because it depends on the

outcome of direct observations only.

What we want to deduce next, however, is an estimate of the

radiation due to the entire solar atmosphere — or rather to the

visible half of it. This we cannot do without making some simply-

fying assumptions concerning the absolutely unknown conditions

prevailing in the sun.

Let ZZ (tig. i) be the photosphere (with radius ;).

ABE the direction toward the earth. If the radiatin?

and scattering power of the solar atmosphere were distri-

buted homogeneously through its whole depth il, the

emission due to the hemispherical shell would bear

approximately the same I'atio to the atmospheric emission

observed at mid-eclipse, that the volume of the hemi-

Bi\ spherical shell (2.Tr' . (/) bears to the volume of the ring

produced by the rotation of the segment ABC about

the sun's diameter, which is parallel to AB, (2T;'-segin.

ABC).
That proportion is

rd

segmentABC

For small values of (/ the surface of the iseguient is nearly

'/, (/ . AB, and the ratio becomes

Suppose we may replace the actual heterogeneous atmosphere by



an ideal homogeneous one (or wliicli r/=r2000 kilometers (^ ' /„„

of the sun's ra<1ius\ Tlio rorresponding valuo of AB is about 0,15 /•,

giving for the ratio

P = V, —^ = 10.

Onr conclusion therefore is, that less than '/icoo '^f ''"f" sun's total

radiation is emitted or scattered bv parts of the celestial body 1\ ing

outside the pliolospheric surface.

Even though we are free to adiiiil an iincertaintv of several

hundreds percent in some of the estimates on which the above calcu-

lation is based, our result yet makes il impossible to maintain liio

current ideas on the nature of the photosphere.

Most solar theories, indeed, consider the photosphere to be a layer

of incandescent clouds, whose decrease of luminosity from the centre

toward the limb of the solar disk would be caused by absorption

and scattering of light in an enveloping atmosphere ("the dusky veil").

According to calculations made by Pkkkrim;, Wii.son. Schister,

VoGEL, V. Skki.igkr, ami others. >ucli an ainiosphcre should intercept

an important fraction (7, to '/?) of the photosj)heric radiation. The

atmosphere is of course in a stationary condition ; receipts and e.xpenses

must liaiance each other. Now, what would become of liiat immense

(pianlily of alisorbcd energy, of which only something of the ordei-

of magnitude '/looo '^ endltcd and scattered ? So long as we have

no evidence of any other form of solar output, especially |u-oceeding

from the aimospheric layers, and comparable in magnitude with the

sun's total radiation, we are forced to reject the cloud-theory of the

photosphere.

The radial variation of (he i)riglituess of the disk depends on the

nature of the |)h()tospliere itself, not of its envelope. A new inter-

l)retalion of the photosphere, agreeing with this result, will be

proposed in a subsequent paper.

Observations iiuide n-ith tlw tln'rinopilc.

We now proceed to the discussion of the observations ma<le for

finding the shape of the entire radiation curve. In this part of the

work our thermopile arrangement had the advantage of the bolo-

metric apparatus in point of proportionality, within wide limits,

between radiation and gahanomeler deflection.

The total resistance of the thermopile circuit had to be varieii in

a few steps from 1300 for full sunshine to 100 for the central

quarter of an hour, and back again. Talile I contains the delleclions
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TABLE I.

Leiden Intensity I Leiden I Intensity

mean time
|
of radiation mean time

I
of radiation

Intensity

of radiation

23hl2in23s



1 458

all reducetl to the lowest value of the resistance, and reckoned from

zero-|tosilions liiat were found l»y interpolation lietween a series of

zero-readings, made in the course of tiic eclipse with the thermojiile

shaded. Tiie shift of the zero was small and regular.

Plate XI') Fig. 1, is a reduced copy of the original mapping of the

Table l.Tiie deflections observed l)etween 0''28 "JO^ and(V'4J"'3(>, plotted

on a ten limes larger scale, are shown on Plate XI, Fig. 2. These latter

observations give evidence of the exceptionally favourable condition

of the sky especially during ihc miiidlo pari of ihe eclipse. When uniting

the observational points by a curve, 1 was quite surprised to find it

so perfectly smooth and symmeirical, for in our country a «iky without

even invisildo haze is a rare occurrence.

The central pari of lliis curve corroborates our conclusion drawn

from the plK)lngrai)hic curve, viz. that the minimum value of the

radiation Wiis '/sooo *^^ *''6 maximum. Indeed, the real minimum
value could not be reached by the slow apparatus ; but if we prolong

Ihe lower pai-ts of llie falling ami llie rising branch of the curve

downward as nearly straight lines (beginning at points corresponding

to 10 seconds before and 10 seconds after cenlralily), they meet at

otic milliuK'ler above zero; and according to Plate XI Fig. 1, the

maxiuniui was represented by about 5000 millimeters.

The rosi of the observations ran somewhat less regularly, both

in the failing and in the rising phase of the I'adiation. From notes

on sky-condilion, umde l)y other members of the party, we could

afterwards state that the depressions in the series of points exactly

corresponded lo hazy cloudlets passing before the sun. Yet some

arbitrariness wjus left in the process of tracing the radiation-curve

so as lo answer to an ideally conslant degree of transparency of the

sky. We simjjly made the curve pass through the liiyhest points

(because the observed values could oidy be too small), and for the

rest took care that the curvature should vaiy as regularly as possible.

Special attention may be drawn to the points B (Plate XI Fig. 1),

marked by small circlets. They are deduced from the Burgos obser-

vations of 1905') in Ihe following way.

In the course of that eclipse the sun shone sometimes for a few

minutes in a beautifully clear patch of sky between heavy clouds,

and happened to do so during the phases in which the radiation passed

through one-half of its maximum value. The exact epochs at which

1794000
the intensity was = 897000 occurred 33'"38« before second

') Cf. Astrophj/skul Journal, 37, p. 23i, 1913.

"; Ailrophysical Journal Vol. 23 p. 312, 1906.
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(•oiiliicl :vii(l .'^3"i4U'' iil'lcr lliini (oiilacl ; so, (m the average, 33*/>

minutes were re(Hiire(l tor I he iiKton lo covoi- llie socoml cnTcriixe

lialf of tlif solar disk.

Now, al Burgos llic moon's ('(Igo loolv 'i?'/, iMiniilrs lo cross IIh;

whole solar disk; at Maastriclil, in l\)l'2, il look Ht)'/, iniiiiilos. If,

llierefore, the ralio of ihe radius of the moon's disk lo the

radius of the sun's disk had been the same in both oases, then the

time uecessary for eovei-ing the second effeclive half of (he solar

80'/,
disk would have lieen, al Maastricht, liiJ'/s X = very nearly

It

'Ai> minutes.

But at i\'aastrichl the moon's radius was praelically etjual to

liie sun's radius, whereas at Burgos Ihe radii were in the propor-

tion 132,8 :12H,8. This ditFerenoe between the two cases inii)lies

that the interval of 35 minnles, calcidated for Maastricht, is a little

too great. hRlced, wiien drawing circles representing the sun and

the moon in the rigiit proporlion and position, and taking the

disti'ibution of brightness on Ihc (bsk into consideration, one easily

concludes that liic interval has to be laken about 25 seconds smaller

say 34'/,^ minutes.

Consequently, the results oblaiued in 1905 recpiircd that in I St 12,

al Ihe epochs Oi'0"20-' and li'9"'2(> (i.e. 34'/, minutes before and

after cenlrality), the radiation should have shown half its maximum
49G0

intensity, or = 2480 scale divisions. This is indicated iiy Ihe

points /]. The agreemeni wilh the actual observalions of 1912 is

indeed very salistactory.

During the middle phase of (he Burgos ccli[)se the conditions were,

on (he contrary, so unfavourable, (ha( (he central par( of (he radialion

curve, (here ob(ained, claims no confidence.

I( was wor(h while, (herefore, to found on our present eclipse-curve a

renewed application of the method, formerly devised '), of delerniining

(he ra(c of decrease of (he radiadug power fiom the centre (oward

(he limi) of (he solar disk.

Discussion of the t/u'riDopile rfsul/s.

On a homogeneous piece of paper a circle of 40 centimeters in

diameler, represendng (he sun, was drawn, and di\ ided in (he nuvn-

ner shown by (he adjoined figure '). There are concentric zones,

1) Astrophysical Journal 23, 312, 1900.

-) The figure is not a copy of ihe original drawing, as lliis could not be so

much reduced on account of the delicacy of Ihe lines.



14()()

indicatetl hv tlie nuinbers 1 lo 12, and arcs representing the moon's

linili in a series uf positions. Tiie widlli of the sickle-sliaped strips

bounded li_v these arcs, is '/„ of tlie sun's radius, excepting the

strips a, h. c, d, for which it is 74o-

Fig. 2.

Ill 4(1 ',. niiiiules the moon's limb accomplished a distance equal

to the sun's apparent radins; so tiie strips a, b, c, d, required

740 X 40'/a minutes each for reappearing from behind the moon,

the strips e to ?f took V»o X 40' , minutes e^xcii. On our curve (Plate

XI 1. c.) we read the successive increments of the ladiaiion, corre-

sponding to the series of sickle-shaped strips. We shall denote these

increnients by the same letters as the strips.

The increment a is entirely due to radiation from zone J ; the

increment b to radiation from the xones 1 and 2, etc.

Let US indicate by .)•„ the average intensity of the radiation with

which a unit of disk-surface, belonging lo zone n. snj)plies our

thermopile. Then the increment /(, for instance, will be composed

as follows

:

h — /V, .r, + 6',.r, -f . . . .H..r...

H^ , 8^ etc. being the surfaces of tJie parts that the corresponding



14iil

zones coutrihiite to llie strip //. Tlioiigli possil)le, it is extremely

tedious lo i-alciilato liicse sui-faces. We tlierefore dutennineil tlicm

by iMitliiiii- out au(i wt'igiiiiig the pieces of eacli strip. So tiic unit

of ;\rea, adoplcil lor measuring tiio surfaces, corres|»onds to a pii'ce

of (uir ilrawing-paper weigliing J milligram. E.vpresseil in llial unit,

tlie coefticieuts H^,8.,... 6, wcvq found to be 8,1, 11,9 298.

Table II contains all the coetlicieuts of j\,x^,.i\ c,, thus

TABLE II.

Increments.

Coefficients of:

^4 I Xs [ .rg .r; Xg Tg I T,o I X,, I Xy2

a= 47
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defines an equalion. From the first equation we obtain j, , from the

second equation j, , etc.

TABLE III.

Distance of

Zone from

Centre of

Di^i
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to the i)lacos dolined in tlic iH'tli coluiiiii. Our results are tliiis made

more easily coiniJaraliK' with tliose obtained by other observers.

It is not surprising to lind ihe shape of our distribulioii-curve

sensibly diffei'ent from the shape of any of the curves that re[)re-

serit VoGKi.'s spootropiiotoinetric measurements. Indeed, the latter

show the distriluitinus cliaracterislio of special groups of rays, each

covering a narrow part of the s|)ectrum; they arc germane, but

yet vary considerably with tlic wave-length. Tln! combined effect of

all waves (invisible ones included), that are absorbed by our ther-

mopile, must give a distribution-curve of another type, less simple

than that to which Vogki.'s curves for nearly monochromatic light

belong.

Surinndvij.

During the annular eclipse of the sun on Ajuil 17''' 1912 the

variation of the total radiation has been observed near Maastricht

under exceptionally favourable sky-conditions, with two mutually

independent sets of apparatus.

One set, comprising a bolometer and a short-period recording

galvanometer, served the pur[)Ose of finding as accurately as possi-

ble the proportion of the minimum to the maxinuim radiation.

The ratio vas found to be nearly '/sooo- ^^'i ''^'^ result we iiased

an estimate of the total amount of energy radiated and scattered by

the entire solar atmosphere; we thus obtained a very small fraction

of the solar output (about Viouo)-

It is impossible, thei'efore, to ascribe the fall of the sun's bright-

ness from the centre toward the limb of the disk to absorption or

scattering of the light by an atmosphere, enveloping a body that

otherwise would appear uniformly luminous. The cloud-theory of the

|)hotosphere is not borne out by the facts.

With the other set of apparatus, consisting of a thermopile and

accessories, we obtained a suflicient number of reliable readings for

constructing the whole radiation-curve, from the first until the

fourth contact, with a fair degree of exactness. Besides conllrming

the value of the miiiiiimni as found with the bolometer, this curve

procured the daia necessary for once more determining the rate of

de.-rease of the ra Hating pawer from the centre to the limli of the

solar disk.
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